Quantum 
Many- Particle 
Systems 



ADVANCED BOOK 



Quantum 

ManY'Particle 

Systems 



Advanced Book Classics 

David Pines, Series Editor 

Anderson, P.W., Basic Notions of Condensed Matter Physics 

Bethe H. and Jackiw, R., Intermediate Quantum Mechanics, Third Edition 

Feynman, R., Photon-Hadron Interactions 

Feynman, R., Quantum Electrodynamics 

Feynman, R., Statistical Mechanics 

Feynman, R., The Theory of Fundamental Processes 

Negele, J. W. and Orland, H,, Quantum Many -Particle Systems 

Nozieres, P., Theory of Interacting Fermi Systems 

Parisi, G., Statistical Field Theory 

Pines, D,, The Many-Body Problem 

Quigg, C., Gauge Theories of the Strong, Weak, and Electromagnetic Interactions 
Schwinger, J., Particles, Sources, and Fields, Volume I 
Schwinger, J., Particles, Sources, and Fields, Volume II 
Schwinger, J., Particles, Sources, and Fields, Volume III 



Quantum 

Many-Particle 

Systems 


John W. Negele 

Massachusetts Institute of Technology 

Henri Orland 

Service de Physique Theorique, CEA Saclay, France 


-^QJJfestVieW Advanced Book Program 

't' A Member of the Perseus Books Group 



Many of the designations used by manufacturers and sellers to distinguish their prod- 
ucts are claimed as trademarks. Where those designations appear in this book and 
Perseus Books was aware of a trademark claim, the designations have been printed in 
initial capital letters. 

Library of Congress Catalog Card Number: 98-88186 
ISBN 0-7382-0052-2 

Copyright © 1998, 1988 by Westview Press 

All rights reserved. No part of this publication may be reproduced, stored in a 
retrieval system, or transmitted, in any form or by any means, electronic, mechanical, 
photocopying, recording, or otherwise, without the prior written permission of the 
publisher. Printed in the United States of America. 

Westview Press is a Member of the Perseus Books Group 


Cover design by Suzanne Heiser 
10 9 8 7 6 5 



For our parents, our wives, and Janette, Julia and Jonathan 



This page intentionally left blank 



Editor’s Foreword 


Perseus Books’s Frontiers in Physics series has, since 1961, made it possible for 
leading physicists to communicate in coherent fashion their views of recent devel- 
opments in the most exciting and active fields of physics — without having to 
devote the time and energy required to prepare a formal review or monograph. 
Indeed, throughout its nearly forty-year existence, the series has emphasized 
informality in both style and content, as well as pedagogical clarity. Over time, it 
was expected that these informal accounts would be replaced by more formal 
counterparts — textbooks or monographs — as the cutting-edge topics they treated 
gradually became integrated into the body of physics knowledge and reader inter- 
est dwindled. However, this has not proven to be the case for a number of the 
volumes in the series: Many works have remained in print on an on-demand 
basis, while others have such intrinsic value that the physics community has 
urged us to extend their life span. 

The Advanced Book Classics series has been designed to meet this demand. It 
will keep in print those volumes in Frontiers in Physics or its sister series, Lecture 
Notes and Supplements in Physics, that continue to provide a unique account of a 
topic of lasting interest. And through a sizable printing, these classics will be 
made available at a comparatively modest cost to the reader. 

The many-body problem, the study of quantum many-particle systems, is an 
essential part of the education of graduate students in both chemistry and 
physics. In the present informal text/monograph, John Negele and Henri Orland 
provide advanced undergraduates and beginning graduate students with a self- 
contained introduction to the key physical ideas and mathematical techniques 
currently employed in fields as diverse as nuclear physics, atomic physics, con- 
densed matter physics, and theoretical chemistry. Written in lucid fashion, and 
containing homework problems at the end of each chapter, Quantum Many- 
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Editor’s Foreword 


Particle Systems can serve as both a text for a one-semester introductory course or 
as a reference book for the novice and experienced researcher alike. I am very 
pleased that the Advanced Book Classics series will now make it readily accessible 
to new generations of readers, 

David Pines 
Aspen, Colorado 
August 1998 



PREFACE 


The problem of understanding the properties of quantum systems possessing large 
or infinite numbers of degrees of freedom pervades all of theoretical physics. Hence, 
the theoretical methods and the physical insight which have been developed over the 
years for quantum many-particle systems comprise an essential part of the education 
of students in disciplines as diverse as solid state physics, field theory, atomic physics, 
condensed matter physics, quantum chemistry and nuclear physics. During the past 
decade, we have taught one- and two-semester courses on the quantum theory of 
many-particle systems to graduate students in these disciplines at the Massachusetts 
Institute of Technology, and this book is an outgrowth of these lectures. 

Compared to the texts that appeared in the early 1970’s, we have presented stan- 
dard topics from a different perspective and included a number of new developments. 
Because of the physical appeal and utility of the Feynman path integral, we have used 
functional integrals as the foundation of our presentation. Functional integral tech- 
niques provide an economical formalism for deriving familiar results, such as perturba- 
tion expansions, and yield valuable new approximations and insight into such problems 
as quantum collective motion, tunneling decay, and phase transitions. Because of the 
power and physical insights provided by these techniques and their prevalence in the 
literature, we believe it is essential to teach them to students at this level. 

Order parameters and broken symmetry play crucial roles in characterizing and un- 
derstanding the phases in which matter exists and the transitions between these phases. 
These concepts, which are familiar from the Landau theory of phase transitions, arise 
quite naturally from our general development in terms of functional integrals, and are 
discussed in detail in this text. 

Another new topic is the use of stochastic methods for many-body problems. 
Techniques have existed for a long time to use Markov random walks and Monte Carlo 
evaluation of integrals to calculate quantum mechanical observables of physical interest 
to any desired degree of accuracy. In the past, such techniques have received less at- 
tention than analytic methods involving summations of diagrams having undetermined 
convergence properties or other ultimately uncontrolled approximations. We believe 
that stochastic methods are intellectually interesting in their own right and that they 
provide a powerful tool to obtain definitive answers to certain classes of otherwise 
insolvable problems. Hence, we have included a pedagogical introduction to stochastic 
methods, showing how to calculate observables of interest, stressing the physical con- 
nection with path integrals, and demonstrating how to tailor the method to the physics 
of the problem under consideration. 

The scope of this book is intended to be sufficiently broad to serve as a text for a 
one- or two-semester graduate course. Thus, in addition to these new topics, we have 
also included the basic body of methodology found in older texts, such as perturbation 
theory. Green's function techniques, and the Landau theory of Fermi liquids. 
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PREFACE 


Our pedagogical objective is to convey the essential ideas and to prepare the 
student to read and understand the relevant research literature. We have attempted 
to present the formalism tersely, without undue emphasis on technical details and to 
show how it applies to a broad variety of interesting physical systems. 

Homework problems are provided at the end of each chapter, and are crucial to 
a thorough mastery of the subject. Instructive alternative treatments of formal devel- 
opments in the text are often presented as problems, as well as detailed calculations 
which are too lengthy for the text. One model system, particles in one dimension 
interacting via a 6-function two-body potential, is used extensively to illustrate meth- 
ods presented in the text. For this system, both exact solutions and a multitude of 
common approximations can be worked out in detail analytically. 

Finally, the organization of the book is as follows: We assume only an understand- 
ing of elementary quantum mechanics and statistical mechanics, so we begin in Chapter 
1 with a thorough, self-contained treatment of second quantization and coherent states. 
Chapter 2 presents the general formalism of path integrals, perturbation theory and 
its resummations, and non-perturbative approximations in the formally simple case of 
the grand canonical ensemble at finite temperature. Specialization to zero temperature 
and the canonical ensemble is discussed in Chapter 3. Chapter 4 addresses the role 
of order parameters and broken symmetry in many-body theory and shows how mean 
field theory embodies the essential physical content of the Landau theory of order 
parameters and phase transitions. The next chapter develops the general properties 
of Green’s functions, and their application in describing fundamental excitations and 
physical observables. The phenomenological description and microscopic foundation of 
the Landau theory of Fermi liquids are presented in Chapter 6. Chapter 7 describes a 
number of further developments of functional integral techniques, including alternative 
functional integral representations, the treatment of quantum mean field theory and 
tunneling decay, and the study of high orders of perturbation theory. The final chapter 
presents stochastic methods. 

As in all such efforts, we are indebted to many people for their invaluable assistance 
in writing this book. This book was originally stimulated by David Pines and benefited 
from the editorial guidance of Rick Mixter and Allan Wylde. Although it is impossible 
to list all of the teachers, colleagues, and students whose insights have contributed 
to this work, we would particularly like to acknowledge the contributions of R. Balian, 
J. P. Blaizot. E. Brezin, C. De Dominicis, C. Itzykson, S, E. Koonin, S. Leibler. S. Levit. 
G. Ripka. and R. Schaeffer. 

Portions of earlier drafts of the manuscript were typeset in T^X by Meredith 
Pollard, Karl Kowalski, and Dany Bunel. The majority of the T^X typesetting, as well 
as the final editing, improving the layout and appearance of formulas, and preparation of 
tables was performed by Roger L. Gilson, to whom the authors are particularly indebted 
for his outstanding work. We also wish to acknowledge the excellent technical art work 
by Don Souza and the work of the Addison-Wesley production department in providing 
the final copy. 


John Negele 
Henri Orland 
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CHAPTER 1 


SECOND QUANTIZATION AND COHERENT STATES 


The quantum mechanics of a single particle is usually formulated in terms of the 
position operator 2 and the momentum operator p. All other operators of physical 
interest may be expressed in terms of these operators, and a natural representation for 
quantum mechanics, the coordinate representation, is defined in terms of eigenfunc- 
tions of the position operator. In this chapter, an analogous formalism is developed 
for systems composed of many identical particles. For these systems it is useful to 
define operators which create or annihilate a particle in specified states. Operators of 
physical interest may be expressed in terms of these creation and annihilation oper- 
ators. in which case they are said to be expressed in "second quantized" form. The 
eigenstates of the annihilation operators are coherent states. A natural representation 
for the quantum mechanics of many-particle systems, the holomorphic representation, 
is defined in terms of these coherent states. 

As a prelude to the formalism for many-particle systems, it is useful to begin by 
reviewing some elementary aspects of quantum mechanics. 

1.1 QUANTUM MECHANICS OF A SINGLE PARTICLE 

Quantum mechanics describes the state of a particle by a state vector \<f>), which 
belongs to a Hilbert space X. This Hilbert space X is the vector space of complex, 
square integrable functions, defined in configuration space. Using Dirac notation, the 
scalar product of vectors in X is: 

(4>\*) = j {?)*{?) . ( 1 . 1 ) 

Then by definition, a vector |^} belongs to the Hilbert space X if the norm of \<f) is 
finite: 

(tl*) = Jd 3 rm\ 2 < +co . ( 1 . 2 ) 

Of particular importance are the vectors |r) and |p), eigenvectors of the quantum 


position operator r and momentum operator p 


F|r) = r|?) 

(1.3) 

k p) = m 

(1.4) 


Although these vectors do not belong to X. because their norm is not finite, they span 
the whole Hilbert space X. This is reflected by the following closure relations: 


J d 3 r|r)(r| = 1 (1.5) 
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2 SECOND QUANTIZATION AND COHERENT STATES 


fd*p\m = l ( 1 . 6 ) 

where 1 denotes the unit operator in M. 

A state vector |r) represents a state in which the particle is localized at point r. 
and a state vector |p) represents a particle with a momentum p. The overlap of these 
vectors is given by: 

= 8 <*)(?- ?) (1.7) 

<?|p') = * (3) (p-r) (1.8) 

and 

= (1-9) 

The wave function of a particle in a state \<j>) is given in coordinate representation by: 

m = m (i-io) 

and represents the probability amplitude for finding the particle at point r. 

In coordinate representation, the operators ? and |)act as follows: 

<?|?|*}=W) = W (1.11) 

and 

<«)=/ d 3 p(7\P\p)(p\4>) 

= J dPpp(f\p)($\4) 

= \y r j 


-7S*> • 

(1.12) 

Thus, in coordinate representation we may write: 


f = ? 

(1.13) 

and 


i dr 

(1.14) 


For a particle of mass m in a local potential V(r), the Hamiltonian is 




(1.15) 
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In this case, the time-independent Schrodinger equation 

(l ie) 

has the familiar form in coordinate representation 

[^ v r+m]Mn=^Mr) . (i.i7) 

For particles having some internal degrees of freedom, such as spin a or isospin 
r, the state vector \<j>) has several components, each corresponding to a different set 
of values <r, and r, of the internal degrees of freedom. Analogous to the definition of 
the states (?) in Eq. (1,3). we may define a state (For), which is a state of the particle 
localized at point ?, with a projection of the spin a and isospin r. These states span 
the Hilbert space of the particle: 

E E / d 5 r\?ar) (For| = 1 (1.18) 

tr—±% t =±£ 

and their overlap is given by: 

6^S rr ..6W[T-7) . (1.19) 


Whenever no ambiguities will arise, we will use the notation: 


1*) s I’M 

(1.20) 

and 

/ dx = E E / d * r 

(1.21) 

and the convention: 

«(*-x') = ^M (3! (7-?') • 

(1.22) 

With this notation, equations (1.18) and (1.19) simplify to: 


J dx\x)(x\ — 1 

(1.23) 

and 

(*!*') = 6(x - a') . 

(1.24) 
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1.2 SYSTEMS OF IDENTICAL PARTICLES 

The Hilbert space of states for a system of N identical particles is the space Xn of 
complex, square integrable functions, defined in the configuration space of the N parti- 
cles. The wave function ^n^u^—^n). which represents the probability amplitude 
for finding particles at the N positions ri,F 2) .„,rjv, must satisfy the condition: 

(iMtM = J <Pn---d 3 r N \il> N (¥ 1 ,i l 2 ,...,? N )\ 2 < +oo . (1.25) 

As we have defined it. the Hilbert space Xn is simply the N th tensor product of 
the single-particle Hilbert space X: 

X N =*X®X®..,®X ■ (1.26) 

If (|a)} is an orthonormal basis of X. the canonical orthonormal basis of Xn is 
constructed from the tensor products: 


|ai . . .a/v) = |ai) ® |a 2 ) ® . .. ® |aAr) • (1.27) 

Note for future reference that the states defined in this way utilize a curved bracket in 
the ket symbol. These basis states have the wave functions: 

&»iaa...aw (n *7v) = (n • • •i'jvlai ...ajv) 

= «f ! i| ® (? 2 | ® • ® (rjv|) (|c*i) ® |a 2 ) ® ® |a*v)) 

-*«,(* )*.,(*»)...*«,(?*) • (i- 28 ) 

The overlap of two vectors of the basis is given by: 


(dia 2 ...a/,r|aia 2 ...Q! , iV ) = ((«i|® <a 2 | ® . . . ® (ajv|) (|ai) ® |a 2 ) ® ...® |a^)) 
= {ai|ai)(«2|a 2 )---{“Ari«jv> ( L29 ) 

and the completeness of the basis is obtained from the tensor product of the complete- 
ness relation for the basis (|a)}: 

^ |aia 2 ...ajv)(ai« 2 ...ajv| = 1 (1.30) 

where 1 now represents the unit operator in Xn- Physically, it is clear that the space 
Xn is generated by linear combinations of products of single-particle wave functions. 

Thus far, in defining the Hilbert space Xn, we have not taken into account the 
symmetry property of the wave function. In contrast to the multitude of pure and mixed 
symmetry states one could define mathematically, only totally symmetric and antisym- 
metric states are observed in nature. Particles occurring in symmetric or antisymmetric 
states are called Bosons and Fermions respectively. 

The wave function of N Bosons is totally symmetric and thus satisfies 

■ ■■>tpn) = V 1 (rii rji • • • i^v) 


i/>(rpi,rp2, 


(1.31a) 
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where (FI, F2, . . . , PN) represents any permutation, P. of the set {1,2,..., N). 

The wave function of N Fermions is antisymmetric under the exchange of any pair 
of particles and therefore satisfies: 

$ {?Pi>?P2, •■•,rptr) - • (1.316) 

Here. (-l) p denotes the sign, or parity, of the permutation F, and is defined as the 
parity of the number of transpositions of two elements which brings the permutation 
(FI, F2, . . . , PN) to its original form (1, 2 ,...,N). 

Although the symmetry requirements for Bosons and Fermions are ultimately 
founded on experiment, it may be proven within the context of quantum field theory 
that given general assumptions of locality, causality and Lorentz invariance, particles 
with integer spin (0,1,2,...) are Bosons and particles with half-integer spin (§>§>•••) 
are Fermions. Familiar examples of Bosons include photons, pions, mesons, gluons, 
and the *He atom. Examples of Fermions include protons, neutrons, electrons, muons, 
neutrinos, quarks, and the 3 Hc atom. Composite particles composed of any number 
of Bosons and an even or odd number of Fermions behave as Bosons or Fermions 
respectively at energies sufficiently low compared to their binding energy. 

For convenience, we shall adopt the following unified notation for Bosons or 
Fermions: 

$ (»*pi, ?i »2 fW) = £ p il> (ri, Fa, . . . , rtf) (1.32) 

where F is the parity of the permutation, and f is +1 or —1 for Bosons or Fermions 
respectively. 

These symmetry requirements imply corresponding restrictions of the Hilbert 
space y of W-particle systems. A wave function r N ) of Un belongs to 

the Hilbert space of N Bosons, Bn . or the Hilbert space of N Fermions, In. if it is 
symmetric or antisymmetric respectively, under a permutation of the particles. 

We will define the symmetrization operator P B and the antisymmetrization oper- 
ator Pf in Pn by their action on a wave function i6(Fi 

jfiY^fWr PX ,r P2t ...?PN) ■ (1.33) 

P 

For example, for two Bosons: 

PbWuT 2 ) - ^ (^(Ft.Fa) + ^(r 3 ,?i)) (1.34a) 

and for two Fermions: 

JWP'i,^) = \ Wu?2) - *(Fa,?i)) • (1.346) 

The manifestly hermitian operator P^a j may be shown to be a projector as follows. 
For any wave function i/> of P N i 

f *) m l 1 - 35 ) 

p p> 
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where P'P denotes the group composition of P' and P. Since f F+J " , = f p ' p . the 
summation over P and P 1 can be replaced by a summation over Q — P'P and P : 

*>»>) 

“s;E '’(})♦('. w 

F 

~P { ‘)Wu ■■•,?*) • (1.36) 

Since this equality holds for any wave function t/>, the equality holds for the op- 
erator itself and the symmetrization and antisymmetrization operators are projectors. 
These operators project Mn onto the Hilbert space of Bosons Bn and the Hilbert space 
of Fermions Tn: 


Bn = PbMn (1.37a) 

Tn = PfMn • (1.376) 


Using these projectors, a system of Bosons or Fermions, with one particle in state 
<*i. one particle in state a 2 , . . ., and one particle in state c*jy , is represented as follows: 


|ai...ajv) s VmP { , ) \a l ...aN) 

~ i P \ a Pi) ® l«f>2) ® * > • ® |a/*jv) 


(1.38) 


Note that these symmetrized or antisymmetrized states utilize a curly bracket in the 
ket symbol. 

The Pauli exclusion principle, that two Fermions cannot occupy the same state, 
is automatically satisfied for antisymmetric states. Suppose two states are identical, 
for example, jc*i) = |aa) = |a). Then: 

|a 1 a 3 a 3 ...aw} = ^/N\P F \oiiot2a ^ . . . ajv) 

= -yfw.P F lajaias . . . a#) 

= 0 (1.39) 


and no acceptable many-Fermion state exists in this case. 

From Equations (1.37). it follows that if |«i . . . ajv) is a basis of the Hilbert space 
Mn. then P^a^\ax ...ajv) is a basis of Bn or Tn- The closure relation (1.30) in Mn 
becomes a closure relation in Bn or Tn'- 

53 P l B ) \a...a N )(ai...aN\P { * ) = 53 l®» •• •«*}{<*! • ..ajv| = 1 . 

at...a#r ' at »••<>! * 

(1.40) 

Further, if the basis |a) is orthogonal in M, then the basis |<*i ...on) is orthogonal in 
Mn. and the basis |ai ...a/v} is orthogonal in Bn or Tn- 
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The scalar product of two such vectors constructed from the same basis |a) is: 

{a' 1 ...a' JV K...ajv} = ■Nl(a , 1 ...a5 v |P { 2 Bj|ax...a. w ) 

= N\(a'i . . ■ ot’ N \P ^ » }|«i • • • <*jv) 

= {Q.i\api) ,..{a' N \apN) • (1-41) 

P 

Because of the orthogonality of the basis |a). the only non-vanishing terms in the right 
hand side of (1.41) are the permutations P such that: 

a\ = atpi,a' 2 = a P 2,...,a' N = a PN . (1.42) 

If a' l ,...,a' N is a permutation of ax,..., a*. the overlap may be evaluated straight- 
forwardly. For Fermions, since there is at most one particle per state |a), no two 
identical states can be present in the set {ori...,ajv} and therefore, there exists only 
one permutation P which transforms c*x...,ajv into The sum in (1.41) 

thus reduces to one term, and if the states |a<) are normalized, we obtain 

{<*1 ...a'^lai ...oat) = (~1) F (Fermions) . (1.43a) 

For Bosons, many particles may be in the same state, and therefore, any permutation 
which does interchange particles in the same state contributes to the sum (1.41). 
The overlap (1.41) is thus equal to the total number of permutations which transform 
(ai .. .ajv} into {a' lf . .. ,a' N }. If the set of states (c*x . . .,ajv} represents a system 
with «i Bosons in state ax, ns Bosons in state as, ... , n p Bosons in state a p , where 
the states a lt ...,a p are distinct, the overlap is given by: 

{a'i . ..ajvlax .. .ajv) = niinal •• *»»>! (Bosons) . (1.436) 

The results (1.43a) and (1.43b) may be combined efficiently by specifying a state 
with particles in states ax,...,cw in terms of occupation numbers n a for each state 
of the basis |a). For Bosons, the occupation numbers are a priori not restricted, 
whereas for Fermions they can take only the value 0 or 1. In both cases, the sum of 
the occupation numbers, which counts the total number of occupied states, must be 
equal to the number of particles N: 


* = . (1.44) 

For example, the three-Boson state with particles in states ai,ai,a 2 corresponds to 
»i = 2,r»a = 1, and n< = 0 for * > 3. The three-Fermion state with particles in states 
ax, a 2> a 3 corresponds toni = l,«ja l,na = 1, and m = 0 for t > 4. Using the 
convention that 0! = 1, the formulas (1.43) are equivalent to the single expression 

{a' 1 ...a' N |a 1 ...axv} . 


(1.45) 
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Finally, an orthonormai basis for the Hilbert space Bn or 7n is obtained by utilizing 
(1.45) to normalize the states |ai ...ajv}: 

= —-==== |ai . . . a# } 

vTI« n « ! 

= ~7Wtf = T s t i P i 0 ^ 1 ) ® l a «) ® • • • ® I«fjv) • (1-46) 


Note that in contrast to the states defined in (1.27) and (1,37), the normalized 
symmetric or antisymmetric states defined in (1.46) utilize an angular bracket in the 
ket symbol. Because orthonormality was used in the calculation of the normalization 
factor, it will be understood henceforth that whenever the symbol |<*i . . . on) is utilized, 
the basis {|o<)} is orthonormal. 

The overlap between a tensor product |ft ...Bn) constructed from an orthonormal 
basis \fi) and the symmetrized or antisymmetrized state |ai-..a^) is 

(ft , • • • Bn |qi • . • on) = — ^~^==== £ £ p (ft |«i>i)(ft |«f» 2 ) • • • <ftv I^PAr) 

= 5«ftky)) (1.47) 

where S (Mi,) denotes a permanent for Bosons 

Per (Mi,) = £ Mi'PiMi'Pi . . . Mn.pn (l.48o) 

p 

and a determinant for Fermions 

det(M,-j) = '^2,(-l) p Mx,p\MxP 2 ■ ■ ■ Mn.pn ■ (1.486) 

p 

In coordinate representation, we thus obtain a basis of permanent wave functions for 
Bosons 

(*!••. *n) — (*i • • • %n |ft • • • Bn) 

(149 “ ) 

and a basis of Slater determinants for Fermions 

(*i •••*//) = (xi.-.xn\Bi---Bn) 

= ^ det c ^-(^)) • ( L496 ) 

Similariy. the overlap of two normalized Boson or Fermion states is 

(ft...ftv[a i...aiv)= , ^((ftK)) • (1-50) 

Finally using (1.40) and the normalization in (1.46), the closure relation in Bn ° r 
7n is given by. 

£ n ^l«i.-«N)(ai...aN| = l • (1-51) 
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1.3 MANY-BODY OPERATORS 

We now consider matrix elements of many-body operators in the canonical basis of 
Mn- Eq. (1.27). From these, the representation of operators in the spaces Bn and 7 N 
follows straightforwardly using the symmetrization and antisymmetrization operators 
/> {?} .Eq. (1.33). 

Let 0 be an arbitrary operator in Bn or In- Independent of whether the particles 
are Bosons or Fermions, their indistinguishability implies that 0 is invariant under any 
permutation of the particles. Thus, for any states, and any permutation P: 

{Ppx.-.Ppn\0\P , px ...P' pn ) = {P 1 ...Pn\0\P , x ...P' n ) . (1.52) 

We begin by considering the case of one-body operators. An operator t} is a 
one-body operator if the action of t) on a state of N particles is the sum of 

the action of & on each particle: 


N 

*^l«x •••<*«•) = 52 ^,|ai-..aAr) 


(1.53) 


where the operator operates only on the i th particle. For example, the kinetic energy 
operator f in the {p} basis, acts as: 


N £2 

?\?x • • • ?w) = E • Ipi • • • P/v) (1.54a) 

and a local one-body potential in the {*} basis acts as: 

N 

• ( L546 ) 


The matrix element of a one-body operator (J between two states |ai...ajv) and 
I Px-Pn) is given by 


(ai ...aw |#|£i ...Pn) = E(a 1 ...a JV |0i|/? 1 ...Pn) 


= E n>« ' ( a *l#IA) (1.55a) 

i=l k^i 


and thus for two non-orthogonal states: 


( a i ■•■Pn) _ (o‘i\^\Pi) 

(“i ...cxn\Px ■■•Pn) 


(1.555) 
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The one-body operator U is entirely determined by its matrix elements (a|#|/9) in the 
single-particle Hilbert space )i. 

Similarly, an operator V is a two-body operator if the action of ^ on a state 
|ai...a,y) of N particles is the sum of the action of V on all distinct pairs of particles: 

^|ai...a/v)= E tyij\cti...a. N ) (1.56) 

1<K/<W 

where Vy operates only on particles » and j. The restriction i < j yields a summation 
over distinct pairs. The symmetry requirement (1.52) on implies that V i3 - = 
and the expression (1.56) can be rewritten as: 

f|a 1 ...a JV ) = i E %[<*! ■ (1.57) 

1 <i*l<N 

The matrix dements of P' are given by: 

(«i ...a A r|?'|#i ...Av) - ^E^® 1 •■■ a n\Vi}\Pi---PN) 

= \ E II KI&) • iwAVm*) ( 1 . 58 a) 

and for non-orthogonal states, 

{a x ...a N \Q\pi ...fa) _ 1 y> (a«a/|frlAAf) , g .. 

(ai...ai»lA...M ' 11 

Thus, a two-body operator V is entirely determined by its matrix elements (aa'\$\Pf}') 
in the Hilbert space Xa of two-particle systems. 

Further, a two-body interaction V is said to be local, or velocity independent, 
when it is diagonal in configuration space (and spin and isospin if appropriate): 

(Pi*a|PlW = &{?i - ? 3 )5(r 2 - r 4 )«(? 1 - ? 2 ) • (1.59) 

in this case. Equation (1.57) takes the simple form: 

E •••**) • u- 60 ) 

1 <i*j<N 

In general, we define an n-body operator A as an operator which acts on a state 
|ax— « jv) in the following way: 

A|a t ...a/f) = E • (1-61) 

That is. the action of A on a state of N particles is the sum of the action of A on all 
distinct subsets of n-particles. Analogous to the previous cases, the matrix elements 
of A satisfy: 

(<*1 ...an\A\pi ...fly) _ i_ y> («n . . . <Xj n |^|Ai ••.#») fi.62) 

(a 1 ...a N \P l ...p N ) nl •■■(<** Jh*) 

and an n-body operator is entirely determined by its matrix elements 
(ai ... a„\A\Pi . . . fi n ) in the Hilbert space M n of n-particle systems. 
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1.4 CREATION AND ANNIHILATION OPERATORS 


Creation and annihilation operators provide a convenient representation of the 
many-particle states and many-body operators introduced in the preceding sections. 
These operators generate the entire Hilbert space by their action on a single reference 
state and provide a basis for the algebra of operators of the Hilbert space. 

For each single-particle state |A) of the single-particle space X, we define a Boson 
or Fermion creation operator aj' by its action on any symmetrized or antisymmetrized 
state |Aj . . . Ajv} of Bn or 7n as follows: 

o<|A 1 ...A A r}s|AA 1 ...A J v} . (1.63a) 

For the present treatment, it is convenient to use an orthonormal basis (|Aj)}, for 
which the definition of aj may also be written 

4|A 1 ...A jv ) = v^T+T 1AA 1 ...A w ) (1.636) 

where n* is the occupation number of the state |A) in |A X . . . Ajy). Note that whereas 
we have previously denoted other operators by a circumflex, d. since the symbols a 
and will be reserved exclusively for creation and annihilation operators, no circumflex 
will be used. Physically the operator adds a particle in state |A) to the state on 
which it operates, and symmetrizes or antisymmetrizes the new state. In the case of 
Fermions, since there can be at most one Fermion in a given state. Eq. (1.63b) takes 
the simpler form: 




if the state (A) is not present in |Aj ...A*) , . 

if the state |A) is present in |Ai ...A#) . ' ’ ' 


In the following, to avoid a distinction between Bosons and Fermions, we shall use Eq. 
(1.63). 

In addition to the many-particle states we have used thus far, it is useful to define 
the vacuum state, denoted |0). which represents a state with zero particles. A natural 
extension of (1.63) is the definition that a* acting on the vacuum |0), creates a particle 
in state |A) 

a A |0> = |A) . (1.65) 

The vacuum state jO) is a physical state with no particles, and must be distinguished 
from the zero of the Hilbert space. As a physical example, consider an atom in an 
excited state which can emit a photon. The initial state of the system is a direct 
product of the excited atomic state and the photon vacuum. After decay, the state is 
a product of the final atomic state and a one-photon state. 

The creation operators aj^ do not operate within one space B n or 7 n . but rather 
operate from any space B„ or 7 n to B„+i or 7 n +i- Hence, it is useful to define the 
Fock space as the direct sum of the Boson or Fermion spaces 


S=B 0 ©Bi®S 2®.-. = ®“ =0 Sn 


(1.66a) 
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/= ©&©&©••• = ©*o^n 

( 1 . 666 ) 

where by definition: 


II 

5* 

II 

3 

(1.67a) 

and 


II 

II 

>: 

(1.676) 


A general state |$) of the Fock space is a linear combination of states with any 
number of particles. For instance, the state: 


w-ii°>+>>+!i*> (L68) 

belongs to the Fock space and represents a system of particles in which there is 
probability £ for having no particles, probability § for having one particle in state |A), 
and probability | for having two particles in state |A#*). 

Suitable bases for the Fock space utilize either unnormalized or nor- 
malized states of the proper symmetry, {|0),|Ai}, |AiA 2 },|AiA 2 ...A n },...} or 
{|0), |Ai), |AxA 2 ), |Ai A 2 . . . A 3 ), . . , , } and in subsequent derivations we will choose the 
most convenient form. The closure relation in the Fock space may be written 

l=|0)(0|+£-^ £ |A 1 ...A*}{A 1 ...A„| 

AT=1 

= | 0 )< 0 |+f:^ £ (n«A») |A»...A W )<A 1 ...A W | . (1.69) 

JV= 1 Ax...lw \ A / 

Any basis vector |Ai Ajv} or |Ai Ajv) may be generated by repeated action 

of the creation operators on the vacuum jO): 

|A 1 ...A w > = 4 1 4 I ...aljO) (1.70a) 

and 

|A 1 ...A^) = -^==at i a| 1 ...aljO) . (1.706) 

Thus, the creation operators generate the entire Fock space by repeated action on 
the vacuum. The absence of factors of N or it* in Eq. (1.70a) is the reason for the 
definition of the states j } and their use throughout this section. 

The symmetry or antisymmetry properties of the many-particle states impose 
commutation or anticommutation relations between the creation operators. For any 
state |Ai...Ajv} and any single particle states |A) and |/x), we obtain: 

a ^a^|AiA 3 — A//} = |A#iAi ...Ajif} 

= rl/jAAj ... A*} 

= fa^aJ|AiA 2 ...Aw} 


(1.71) 
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where we have used the permutation properties of the states and, as usual, £ is +1 
for Bosons and -1 for Fermions. Since Equation (i-71) holds for any state, the a*'s 
satisfy the operator equation 

44-f44 = °- (i-ra*) 

Thus for Bosons, the creation operators commute: 

[•I ®JI- = l4,«£l = 44 - 44 = 0 ( 1726 ) 

whereas they anticommute for Fermions: 

14,41+ = 44 + 44 - 0 * ( 1J2c ) 

It is convenient to combine Eqs. (1.72) in a unified form with the following notation 

l4,4l» = 44 ~ f44 = 0 . (1.73) 

The operators a| are not self-adjoint, and therefore we define the annihilation 
operators ax as the adjoints of the creation operators a*. The commutation relations 
of annihilation operators follow immediately from the adjoint of Eq. (1.73) 

[°A,°M]-f = «a°m - = 0 (1.74) 

and their action to the left on bras follows from the adjoints of Eqs. (1.64) and (1.65). 
The action of ax to the right is obtained by evaluating its matrix element between two 
arbitrary states. From the adjoint of Eq. (1.63a), we obtain 

{<*i • • . ..fin) = {Aai .. . ..0 n } , (1.75) 

The r.h.s. of (1.75) is non-zero only if m + 1 = n, so one effect of a\ acting to the 
right is to decrease the number of particles in the state on which it acts by one. In 
particular, when acting on the vacuum it yields 0 for any state |A): 


oi|0) = 0 . (1,76a) 

Similarly 

(0|a* = 0 . (1.766) 

From Eq. (1.76) it is evident that the vacuum is the kernel of the annihilation operators. 

In order to calculate the action of ax on a many-particle state, consider an or- 
thonormal single-particle basis (|a)} such that |A) is one of the basis states. Using 
the closure relation (1.69), we obtain: 

a ! \Pi •••$»} = 53 -pj 53 {ai...ap|ax|^i • ••/?»} |«i...aj»} 

JPssO ai...ap 
P — O 


(1.77) 
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Only the terms with P = {n - 1) and the set equal to a permutation 

of {f3i...p n } are non-vanishing and the scalar product is given by (1.41) with the 
result 


«a | 0i • • • Pn} * |A • • • fii-lfii+l • • • M 

»•= i 

= E |A ... A ... A*} (1.78a) 

»=i 


where A indicates that the state fa has been removed from the many-particie state 
|A ... fi n } For a normalized state, | Pi... fi„) with occupation number n* for the state 
A we may write 


aIA-.-Ai) = -“E=E ? ’ 1& Wi\ A..-A---A) . (1.786) 

v nx 


We observe from Eq. (1.78) that the effect of a\ acting on any state is to annihilate 
one particle in the state A from this state. For the case of Bosons, the general result 
is more conveniently expressed in occupation number representation. We denote by 
\np t , ri 0 , , np , ...) a symmetrized state with n# t particles in |A). particles in |ftj) 
and so on. Since n* non-vanishing equal terms arise in Eq. (1.78), the Boson result 
may be written 


a*|r»/» t n^...nA...)=\/«ri n /Si n ^...( w A-l)...) • (1.79a) 


For Fermions, it is convenient to write Eq. (1.78) in the form 


«a| A •••A 



(-i^IA.-A...^) 

0 


if |A) is occupied 
if |A) is unoccupied 


(1.796) 


As expected physically, if there are no particles present in state (A) to be annihilated, 
a^ yields zero. 

To close the algebra of the creation and annihilation operators, we need to evaluate 
the commutators of creation and annihilation operators. As in the previous calculation, 
we consider the case in which |A) and |*t) are two states belonging to the orthonormal 
basis (|a)}. Then, according to Eqs. (1.63) and (1.78) 


= 5a„|0!1 • • * <*„} + 53 ?***«< Ia“*i ...&<•••«»} (1.80) 

»=a 


aJ,a A |ai ...a„} = ]jPf‘ • • -&i ■ ■ •«„} • 


and 


(1.81) 
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Hence 

a*a],|ai . . . a„} = {S x „ + <roJ,ax) |ai .-“4 (1-82) 

for any state |c«i . . . a„}. so the creation and annihilation operators satisfy the operator 
equations: 

[°A,oJ»]-f = a * a t ~ ?<*],<** = • (1.83a) 

Thus. Bosons satisfy the commutation relations 

[«*,°It]- = ( Bosons ) (1.836) 

and Fermions satisfy the anticommutation relations 

[a Aj at] + = Si? ( Fermions ) . (1.83c) 

Creation and annihilation operators in another basis may be obtained straightfor- 
wardly from the operators {aj,,a a }. Consider a transformation which transforms the 
orthonormal basis (|a)} into another basis (|a)} as follows 

l a > * ]CW 5 H a ‘> - (!«84) 

By this equation and the definition of the creation operators a| and a£. 

<»a|ai...a„} = |a5i...a n } 

= • ( 185 ) 

Since this result holds for a set of basis states |Si,..5„}. the creation operators 
satisfy the operator equation 

°l = (i- 860 ) 

and annihilation operators satisfy the adjoint equation 

°a “ X^( 5 I«) 0 <» 1 (1.866) 

A convenient mnemonic for this result is the fact that the action of the operator Eq. 
(1.86a) on the vacuum reproduces the transformation for single particle states. Eq. 
(1.84). 

Commutation and anticommutation relations for at and a ^ are computed straight- 
forwardly from (1.86). For example 

= WK41-C 

af) 


= ]T<fla)<a|3) 

= (fc) 


(1.87a) 
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and similarly 

l4,«£]-< = K a iS]-<= 0 ■ (1.876) 

in the event that the basis (|a)} is orthonormal, Eqs. (1.87) produce the same com- 
mutation relations for at* and a a as for a* and a a . and the transformation (1.84) is 
canonical. 

Of particular importance is the {|x)} basis defined in Eq. (1.20), where |a) repre- 
sents |?crr) In this case, the creation and annihilation operators are traditionally denoted 
by ty(x) and $(*) and are called field operators. Their commutation relations follow 
from equation (1.87a). 

M*) ,* f (i01-r - (*(*),*(*)}-, = 0 (l.88o) 

\H x ),^{y)]-i * H * - y) ■ ( 1 - 886 ) 

The expansion of these operators on a basis {(at)} follows from (1.86) 

$ f (*) = E< a i*><4 = E^«( x ) a « ( L89a ) 

$( x ) = H( x l«) a « = E *•(*)«• (1.896) 

where <f> a {x ) is the coordinate representation wave function of the state |a) 

In addition to generating all the many-particle states in the Fock space by repeated 
action on the vacuum, a fundamental property of creation and annihilation operators 
is that they provide a basis for all operators in the Fock space. That is, any operator 
can be expressed as a linear combination of the set of all products of the operators 

W ,<*«}• 

A convenient technique for representing an operator in terms of creation and 
annihilation operators is to first use a basis in which it is diagonal and then transform 
to a general basis. To represent the operator in the diagonal basis, we define the 
number operator h a : 

h a =ala a . (1.90) 

Using Eqs. (1.63) and (1,78), we observe that the action of n a on a state |^) is 
to count the number of particles in state |a) in the state |^): 

A„jai ...a//} = <4a„|ai . ..a//} 

N 

= Eg*~ 1 6qa,al|ai ...&i ...Ctjy} 

•= l 

= 1*1 •••«.••• **} (1-91) 

where £*<*< yields the number of particles in state |a) in )ai . . . a#}. The oper- 
ator ft which counts the total number of particles in a state is given by: 

^ = E ft “ = E a « a « . 


(1.92) 
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We now consider a one-body operator, tf. which is diagonal in the orthonormal 
basis |a) 


Q = U a \a) 

U a = {a\U\a) . 


Using (1.55), and (1.41) we obtain 


Since this equality holds for any states, we obtain the operator equation 

# = E v « h « = E<°i l7 i ai > a « a ‘* • 


(1,93a) 

(1.936) 


{<*i ...a' N \U\ai • • • = X) X) nW*W(^h) 

P imlkjH 

= (E^<) •••«*} 

= {ai...a5 v |^l7 a ifl 0[ |ai...aAr} . (1.94) 


(1.95) 


Thus, in order to obtain the action of t, we must sum over all states |a) multiplying 
U a by the number of particles in state |a). 

We may now transform from the diagonal representation to a general basis, using 
Eqs. (1.86). Then 


- (1.96) 

Am 


where 


= J dxdy </>l(x){x\U\y)<l>p{y) . (1.97) 

For example, using field operators in the {£} representation, the kinetic energy operator 
t , and a local one-body operator tf may be written 

f=-¥-j (1.98) 

tl — J d 3 xU(2)P{ 2)^(5) 


(1.99) 
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and in the {p} representation, the kinetic energy is: 

*2 

?= f ■ (i-ioo) 

Similarly, a two-body operator P may be expressed in terms of creation and 
annihilation operators. Using the basis V a0 in which & is diagonal. 

P\ a p)^V afi \ ap) (1.101a) 

V aP = { a p\V\<xfi) , (1.1016) 

We calculate a general matrix element as before: 

Wi - *5v •••«*> = £ i £ II 

p w Hi 

- (I £ V «*«/) {“!••• • (1-102) 

The factor | ' s a sum over a '* distinct pairs of particles present in the 

state |«i...ajv). so we need to construct an operator P„ e which counts the number 
of pairs of particles in the states |a) and \ff). If |a) and |/S) are different, the number 
of pairs is n a n 0 whereas if |a) = |/9), the number of pairs is n a (n a - !)■ Hence, the 
operator which counts pairs may be written 

P a p = h a n 0 - S a0 i i a (1.103) 

or in terms of creation and annihilation operators, 

Pafi = al,aaa 0 a0 - SafiO^Oa 

= aU a 0 a « a 0 

= a| a^a 0 a a . (1.104) 

Using this operator, Eq. (1.102) may be rewritten 

{a' x . . .<*' n \?\ ai . . .<*„} « {a' x . . .a'„|i £ V a0 P afi | ai . . . a n } (1.105) 

<*& 


and hence, V satisfies the operator equation 

^ = 5£^^ = i£M m<*PK4 a fi a ° • ( L106 ) 

aft aft 

Analogous to the case of a one-body operator, the action of a two-body operator is 
obtained by summing over pairs of single-particle states |a) and \0) and multiplying 
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the matrix element {<xf}\V\af}) by the number of pairs of such particles present in the 
physical state. Transforming from the diagonal representation to an arbitrary basis, 
the general expression for a two-body potential is 

? = 5 12 • (1.107a) 

Xpup 

Note the order of annihilation operators in this expression which is required to remove 
the factor f from Eq. (1.104). and thus yield a simple result for both Fermions and 
Bosons. Indeed, one of the great virtues of representing operators in terms of creation 
and annihilation operators is the simplicity and convenience of Eq, (1.107). which 
concisely handles all the bookkeeping for Fermi and Bose statistics. Occasionally, it is 
convenient to use the following variant of Eq. (1.107a) in which the matrix element is 
manifestly symmetrized or antisymmetrized: 

V = ~ (AH^IM + flH) a l«£ a P°*' 

x w 

= \ Y, * (1.1076) 

Xp.vp 

As an example, if V is an interaction which is diagonal in the {2} representation. Eq. 
(1.107a) yields: 


V = (Px<Pyv{2-$)$^2)$^y)#{y)${2} . (1.108) 

In terms of its antisymmetrized matrix elements, Eq. (1.107b) may be used with: 
{A^|V'|i/p} = Jd 3 xd 3 yt;(2-|i)^(*)^*(y)(^(2)^ p (g)-^ (!) (2)^(y)) . (1.109) 

The preceding derivations for one- and two-body operators may be straightfor- 
wardly generalized to n-body operators, with the result: 

R= ~\ 12 12 (Ai... A, a Ml . (1.110) 

The only technical complication in the general derivation is to carefully count n-tuples 
of particles in states |ai),..|a„) when not all {a,} are distinct (See Problem 1.1). 

Finally, for future reference, it is useful to define normal ordering for a many- 
particle operator. By definition, an operator is in normal order if all the creation 
operators are to the left of all the annihilation operators. For example, the first line 
of Eq. (1.104) is not in normal order whereas the last line is in normal order. Clearly, 
any expression which is not in normal order may be brought into normal order by a 
sequence of applications of the commutation or anticommutation relations for creation 
and annihilation operators. 
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1.5 COHERENT STATES 

Thus far we have used permanents or Slater determinants as a natural basis for 
the Fock space B or T. Another extremely useful basis of the Fock space is the basis 
of coherent states which is analogous to the basis of position eigenstates in quantum 
mechanics. Although this is not an orthonormal basis, it spans the whole Fock space. 
Just as the position states I?) are defined as eigenstates of 7, the coherent states are 
defined as eigenstates of the annihilation operators. 

To see why annihilation operators are selected rather than creation operators, 
it is useful to consider the existence of eigenstates of the creation and annihilation 
operators. If we denote by \4>) a general vector of the Fock space, we can expand \4>) 
as: 

W“E E •••<*«) • (1.111) 

nssO •••<*« 

Thus, |^) necessarily has a component with a minimum number of particles and if we 
apply any creation operator to |^), we see that the minimum number of particles in |^) 
is increased by one. Thus, the resulting state cannot be a multiple of the original state 
and therefore a creation operator cannot have an eigenstate. On the other hand, if we 
apply an annihilation operator to this decreases the maximum number of particles 
in |^) by one. since | <f>) may contain components with all particle numbers, nothing a 
priori forbids j$) to have eigenstates. 

Assuming we have succeeded in constructing an eigenstate |^} of the annihilation 
operators, then 

= • ( 1 - 112 ) 

When more than one annihilation operator acts upon such a coherent state, a significant 
difference arises between Bosons and Fermions. The commutation or anticommutation 
relations (1.74) imply corresponding relations for the eigenvalues 

[^]_,=0 . (1.113) 

For Fermions, the eigenvalues anticommute, and in order to accommodate this un- 
usual feature we subsequently will need to introduce anticommuting variables called 
Grassmann numbers. For Bosons, however, the eigenvalues commute and we will be 
able to proceed straightforwardly using ordinary numbers. Hence, we shall begin by 
considering Bosons. 

BOSON COHERENT STATES 

For Bosons, the eigenvalues <f> a of the annihilation operators may be real or com- 
plex numbers. It is convenient to expand a Boson coherent state in occupation number 
representation 

!$) = E &*<», no,... n„ r ... |«Oi n «a ••• n a p ■■ •) (1.114) 

where as usual \n ai n at ...n a „ ...) denotes a normalized symmetrized state with n ai 
particles in state |ai), n a , particles in state |a 2 )>-.. and (|a»)} is an orthonormal 
basis. 
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The eigenvalue condition, Eq. (1.112) for an annihilation operator a ai acting on 
|^) implies the following conditions on the coefficients for all {n 0 } 

(1.115) 

Relating each coefficient by induction to the coefficient for the vacuum state which we 
arbitrarily set equal to 1. we obtain 


Substituting (1.116) in (1.114) and using the fact that 

(4,)""* (4,)”“’ (4,)"“” 


|n ai n 0a . . . n af , . .) 
we finally obtain 


w -. 

==e E„*«4j 0 ) 


...| 0 ) 


\/ n « i- x/W 

4.)"** {&*» 4J n - 


(1.116) 


(1.117) 


r*a-i I 




| 0 ) 


(1.118o) 

(1.1186) 


Note by taking the adjoint of (1.112), that the adjoint of a coherent state is a left 
eigenstate of the creation operators: 


= * 

The action of a creation operator a* on a coherent state is given by 

4|$) = 4«£«'*“'4'|o) 

with the adjoint relation 

(<f>\ a « = 5 ^ 7 ^! • 

The overlap of two coherent states is given by: 


(1.119) 

(1.120a) 

(1.1206) 


(m = £ 


«<», ' ‘ ‘ * ‘ ’ V<?- ‘ ' ‘ 

x (n ai ...n a ,...|n' ai ...n' ay ) . (1.121) 
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Since the basis |a) is orthonormal, the scalar product (n^ . . . n ap . . . |n' 0l , . . n' a ...) 
is equal to 6 nai n> ai ■ ■ ■ ■ • • which leads to: 

. ( 1 . 122 ) 

A crucial property of the coherent states is their overcompleteness in the Fock 
space, that is, the fact that any vector of the Fock space can be expanded in terms of 
coherent states. This is expressed by the closure relation 

d-123) 


where 1 is the unit operator in the Fock space, the measure is given by: 

d(Re^ a )d(Im^tt) 

2 iw w 


(1.124) 


and the integration extends over all values of Re$ a and Im^„. 

As explained in Problem 1,2, one may verify Eq. (1.123) straightforwardly by 
integrating the left hand side to obtain the familiar completeness relation Eq. (1.51). 
A more economical proof is provided by Schur’s lemma, which in the present context 
states that if an operator commutes with all creation and annihilation operators, it is 
proportional to the unit operator in the Fock space. Using equations (1.120), 


so that evaluating the commutator of Eq. (1.123) and integrating by parts. 

h / n ww] 


(1.125) 


(1.126) 


By taking the adjoint of Eq. (1.126), we observe that the left hand side of Eq. (1.123) 
commutes with all the creation operators as well as the annihilation operators so it 
must be proportional to the unit operator. The proportionality factor is calculated by 
taking the expectation value of the left hand side of (1.123) in the vacuum: 

= 1 . (1.127) 


This proves Eq, (1.123). 
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This completeness relation provides a useful expression for the trace of an oper- 
ator. Let A be any operator and let {|n >} denote a complete set of states. Then 

TV .4 = ]£^(n|A|») 

-/ . (ii 28 ) 

In quantum mechanics, the completeness of the position eigenstates allows us to 
represent a state j^} = / dxt6(x)|x) where \p{x) = (x\H is the coordinate representa- 
tion of the state (V 1 }. Analogously, Equation (1.124) implies that any state |^) of the 
Fock space can be represented as: 

w- / ( L129a ) 


where by definition: 

nr) = (m (i-^) 

is the coherent state representation of the state \ip). and <j> denotes the set {^* }. 
The coherent state representation for Bosons is often referred to as the holomorphic 
representation, which arises from the fact that ip is an analytic function of the variables 
<p* a . Physically. Hr) is simply the wavefunction of the state |\6) in the coherent state 
representation: that is, the probability amplitude to find the system in the coherent 
state | <p)- 

Just as it is useful to know how the operators x and p act in coordinate represen- 
tation, it is useful to exhibit how the operators a), and a a act in the coherent state 
representation. Using Eqs, (1.119) and (1.120) we find: 

(*M/> = ~ f(r ) (1.130a) 

and 

(4>W a \f) = r a f{r) . (i.i306) 

Thus we can write symbolically 

= (!. 1.31a) 


and 


(1.1316) 
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which is consistent with the Boson commutation rules: 

l^fi] = Sa0 ' (L1326) 

Aside from factors of *, the behavior of a and af in the coherent state representation 
is thus analogous to that of x and p in coordinate representation. 

The result, Eq. (1.130), yields a simple expression for the Schrodinger equation 
in the coherent state representation. If H(a* a ,a«) is the Hamiltonian in normal form, 
then projection of the Schrodinger equation 

H(at,a a M = E\4) ( 1 . 133 ) 

on the left by {^| yields 

H (*“’ w) ^ = ' (L134o) 

For a standard Hamiltonian with one- and two-body operators, it reads: 


. ( 1 . 1346 ) 


In the space of holomorphic functions ${<!>*). the unit operator is obtained by 
using (1.123): 

<*!*>« / ( 1 - 135 ) 

which implies: 

*(n- -w) ■ u- is6 ) 

Note that this is just a general form in the complex plane for the familiar representation 
of a 6-function S(x- x") = f 

Another useful property of coherent states is the simple form of matrix elements 
of normal-ordered operators between coherent states. If we denote by A{<4 ,a a ) an 
operator in normal form, the action of the a a to the right and a* to the left on coherent 
states immediately yields 


3 


7 + 5 £ d 


( 1 . 137 ) 
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where is the normal form of the operator where the creation operators a* 

have been replaced by and the annihilation operators a a have been replaced by rfi' a . 
For example, a two-body potential is written; 

mw) = | 

Klivp 

= \ ■ ( L138 ) 

k/ivp 

From their definition, it is clear that coherent states do not have a fixed number 
of particles. Rather, the occupation number n a for each state a is Poisson distributed 
with mean value |^<*| 2 


K n «i n oa • • • WP 



Thus the distribution of particle numbers has the average value 


~ m ~ m 


(1.139) 


(1.140a) 


and variance 

■ v-m 

In the thermodynamic limit, where N +oo, the relative width % = goes to 
zero, and the coherent states become sharply peaked around N. reflecting the fact that 
the product of Poisson distributions approaches a normal distribution. 

GRASSMANN ALGEBRA 

In order to construct coherent states for fermions which are eigenstates of an- 
nihilation operators, we have seen in Eq. (1.113) that it will be necessary to use 
anticommuting numbers. Algebras of anticommuting numbers are called Grassmann 
algebras, and in this section we briefly summarize their essential properties. For our 
present purposes, it is sufficient to view Grassmann algebra and the definitions of in- 
tegration and differentiation as a clever mathematical construct which takes care of 
all the minus signs associated with antisymmetry without attempting to attach any 
physical significance to it. A complete treatment of Grassmann algebra is given in the 
treatise by Berezin (1965). 

A Grassmann algebra is defined by a set of generators, which we denote by 
{&,},<* = l,...,n. These generators anticommute: 




(1.141a) 


so that, in particular: 


£ = 0 . 


(1.1416) 
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The basis of the Grassmann algebra is made of all distinct products of the gener- 
ators. Thus, a number in the Grassmann algebra is a linear combination with complex 
coefficients of the numbers {l)£<*i, £<»i &*»>••• •••£<*«} where by convention 

the indices oti are ordered an < < ...a n . The dimension of a Grassmann algebra 

with n generators is 2” since distinct basis elements are produced by the two possi- 
bilities of including a generator 0 or 1 times for each of n generators. Hence, a matrix 
representation of Grassmann numbers requires matrices of dimension at least 2” x 2 n . 

In an algebra with an even number n = 2p of generators, one can define a con- 
jugation operation (called involution in some texts) in the following way. We select a 
set of p generators £„, and to each generator £ 0 , we associate a generator which we 
denote £* . 

The following properties define conjugation in a Grassmann algebra: 


(€.)•- e 

(1.142a) 

*5 

H 

2 

(1.1426) 

If A is a complex number, 


(A£ a )* - A*£: 

(1.143) 

and for any product of generators: 



(1.144) 


To simplify notation, we now consider a Grassmann algebra with two generators. 
We can denote the generators by £ and £*, and the algebra is generated by the four 
numbers {1, £,£%£*£}• 

Because of property (1.141b), any analytic function / defined on this algebra is a 
linear function: 

/(£) = /o + /i£ (1-145) 

and this is the form we will obtain for the coherent state representation of a wave 
function. Similarly, the coherent state representation of an operator in the Grassmann 
algebra will be a function of £* and £ and must have the form 

v4(£*,£) = ao + ai£ + ai£* + a ia£*£ . (1.146) 

As for ordinary complex functions, a derivative can be defined for Grassmann 
variable functions. It is defined to be identical to the complex derivative, except that in 
order for the derivative operator jg to act on £, the variable £ has to be anticommuted 
through until it is adjacent to For instance: 

5 £^ 0 = ) 


(1.147) 
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With these definitions: 


— A(£*,£) = a 1 -a ls £* 

(1.148a) 

■<*(£*> £) = ai + ai 3 £. 

(1.1486) 




(1.148c) 


Note from Eq. (1.148c) that the operators and anticommute. 

In defining a definite integral, there is no analog of the familiar sum motivating the 
Riemann integral for ordinary variables. Hence, we define integration over Grassmann 
variables as a linear mapping which has the fundamental property of ordinary integrals 
over functions vanishing at infinity that the integral of an exact differential form is zero. 
This requirement implies that the integral of 1 is zero, since 1 is the derivative of £. 
The only non-vanishing integral is that of £, since £ is not a derivative. Hence, the 
definite integral is defined as follows: 

fdt 1 = 0 

^££ = 1 ( 1 . 149 ) 

and as in the case of a derivative, in order to apply (1.149b), one must first anticommute 
the variable £ as required to bring it next to cf£. A simple mnemonic for this definition 
is the fact that Grassmann integration is identical to Grassmann differentiation. Since 
half of the generators £* have been defined arbitrarily to be conjugate variables but 
are otherwise equivalent to the generators £„, it is natural to define integration for 
conjugate variables in the same way: 

J dC 1=0 

f dt*e = 1 ■ ( 1 - 150 ) 

Note, however, that in contrast to a Riemann integral in which dx is an infinitesimal 
real variable, d£* is not a Grassmann number and it makes no sense to apply Eq. 

(1.144) to the quantity (/ d££*) to try to relate Eq. (1.149) to Eq. (1.150). 

The following examples illustrate the application of these integration rules. Using 

(1.145) , we obtain: 

/ dU(t) = h 

and using (1.146) we get: 

j dt-A(e> £) = J d£(oo + a 1 £ + o 1 £* + a 12 £*£) 


(1.151) 
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= «i — ««£* 

(1.152o) 

j dCAlC.Q- 5i+a 12 £ 

(1.1526) 

J dedtA(CQ--a a 

= - / dtdiTA(eo . 

(1.152c) 


The motivation for this definition of integration is that with these conventions, 
many results look similar to those of complex integration. For instance, consider the 
definition of a Grassmann 5-function by; 

*(€.€*)■ Jd V c-"«-V 
= I dn( l-utf-O) 

= -(c - e') • (i.i53) 

To verify that this definition has the desired behavior, we use Eq. (1.145) to obtain 

/ d(’mme') = - - ouu + ua 

~ fo + fit 

= m (i.i54) 


for any function /{£). 

Motivated by Eq. (1.135) for Boson coherent states, it will be useful to define a 
scalar product of Grassmann functions by: 

( /Iff ) = J dedt:e-t m <r(i)g{n (1.155) 

where /(£) is defined by (1.145) and 

ff(£) = ffb + ffi£ • (1.156) 

With definition (1.155), we see that: 

(/Iff) - J dCdi( 1 - T£)(/o* + ft 0(90 + ff*D 

dCdtCUSgo + 1 dt*dSU*n9i 

= /offO + /iffi (1.157) 

and it can be shown that Grassmann functions have the structure of a Hilbert space. 
The results we have presented for the case of two generators £ and £* generalize 
straightforwardly to 2p generators 6 ...£ P , •••?£ as shown in Problem 1.3. 
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FERMION COHERENT STATES 

If we try to construct coherent states for Fermions, we immediately encounter 
the difficulty that if we expand them according to (1.114). the coefficients must be 
Grassmann numbers. Therefore, in order to construct coherent states, we must enlarge 
the Fermion Fock space. 

We first define a Grassmann algebra $ by associating a generator ( a with each 
annihilation operator a a . and a generator with each creation operator a* . We then 
construct the generalized Fock space as the set of linear combinations of states of the 
Fock space 7 with coefficients in the Grassmann algebra §. Any vector |tf>) in the 
generalized Fock space can be expanded as: 

W = £x.|rf«> (1-158) 


where the x« are Grassmann numbers and the |$ a ) vectors of the Fock space. 

In order to treat expressions containing combinations of Grassmann variables and 
creation and annihilation operators, it Is necessary to augment the definition of the 
Grassmann variables to specify the commutation relations between £'a and a's and 
the adjoints of mixed expressions. To obtain results analogous to those obtained 
previously for Bosons, it is natural and convenient to require that 

[£ SJ+ = 0 (1.159a) 

and 

(£&)* = a*e* (1.1596) 

where £ denotes any Grassmann variable in {£„,£*} and a is any operator in {a^.a*,}. 

We now define a Fermion coherent state |£) analogous to Boson coherent states 
by 


= U.{1 - f-«i)|0) - (1.160) 


Note that the combination commutes with so that the second line in Eq. 
(1.159) reproduces each non-vanishing term of the expansion of the exponential in the 
first line. Although the coherent state belongs to the generalized Fock space and not 
to 7 , as we shall see, the crucial point is that any physical Fermion state of 7 can be 
expanded in terms of these coherent states. 

We now verify that coherent states as defined in (1.159) are eigenstates of the 
annihilation operators. For a single state a, the anticommutation relations of a a ,af , 
and £ a yield the relation. 

aa(l-€.«i)|0)-+e«|0) 

-Ml-f«4)|0> • 


(1.161) 
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Using Eqs. (1,154) and (1.160) and the fact that a a and £ a both commute with 
the combination Zpaj, for fi a. we obtain the desired eigenvalue conditions. 

p 

= n - te a l) a «( l - €«4)l°> 

/>*<* 

0* a 


-t,4m 

0 


-€.10 • 

(1.162) 

Similarly, the adjoint of the coherent state is 


<£| = <0|«-E a ““C = 

(1.163a) 

and is a left-eigenfunction of a* 


IS 

ii 

** 

(1.1636) 


The action of aj, on a coherent state is analogous to the Boson result. Eq. (1.120), 
and differs only in sign: 


4io»4(w«4)II( 1 -^4)i 0 > 

=4 n <*-«■•» 

Pita 

= -^-(1-^4) lid -6«i)|0> 

Za Pita 

= ~H) (1.164a) 

and similarly one may verify 

• (1,1646) 

The overlap of two coherent states is easily calculated: 

«IO-<0|]I( 1 + G a -)( 1 -f«4)|0> 

= na + €£€.) 

= e E.<:<« . 


(1.165) 
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As in the Boson case, the closure relation may be written 

/ = 1 ( li66 > 

where the 1 denotes the unit operator in the physical Fermion Fock space 7. This 
closure relation may be proved using Schur’s lemma as we proved Eq. (1.123) once 
integration by parts has been derived forGrassmann variables (See Problem 1.4). Here, 
we present an alternative proof. We define the operator A to be the left hand side of 
Eq. (1.166). 

A = J . (1.167) 

To prove (1.167). it is sufficient to prove that for any vectors of the basis of the 
Fock space: 

(«i • • • a»\ A(A . . . fi m ) = (ax . . . « n \fix . . . fi m ) . (1.168) 

Using the eigenvalue property of the coherent states (1.161) we obtain 

(ot l ...a„|£) = ( 0 |o o> ...a ai |0 

= £a„...£a» (1.169) 


and the analogous adjoint equations. Thus 

(1.170) 

Now consider the integrals which may arise in Eq. (1.170) for a particular state 7 : 


/ 


<*$<*€,( 1 -^ 7 ) 


z^z; 

z; 

Zj 

1 



(1.171) 


Thus, the integral in Eq. (1.170) is non-vanishing only if each state 7 is either occupied 
in both (ai...a n | and \fii ■■ ■ fin.) or unoccupied in both states, which requires that 
m=sn and {ai . . . a„) is some permutation P of {fix . . .fi n }- In this case, the integral 
is easily evaluated by writing £«„ ... ... = {-l) p ( an •••££» and 

noting that an even number of anticommutations is required to bring the integral over 
each state into the form of Eq. (1.171). so that the value is just {-l) p ■ The left hand 
side of Eq. (1.168) thus yields the result previously derived in Eq. (1,50) for the right 
hand side, so the equality is established for any vectors in the Fock space. 

As in the case of Bosons, this completeness relation provides a useful expression 
for the trace of an operator. Because the matrix elements (0,|£) and <£|&) between 
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states |^,) in the Fock space and coherent states contain Grassmann numbers, it 
follows from the anticommutation relations that 

<*l«N€lfc> - {-eto>(*l€> • (1.172) 

Hence, if we define a complete set of states {|r»)} in the Fock space, the trace of an 
operator A may be written 

TrA = J^{n|A|n) 

= / n E “ ct “ h€\* e i») wio 

= / • (ins) 

The overcompleteness of the Fermion coherent states allows us to define a Grass- 
mann coherent state representation analogous to the coherent state representation for 
Bosons in Eq. (1.129a) 

iv>) = J (i- i74a ) 

where 

<«|*> -*(£*) • (1.1746) 

Within this representation, it follows from Eqs. (1.161) and (1.164) that the 
creation and annihilation operators satisfy: 

= “T^(r) (1.175a) 

<04 W«^(n • (1-1756) 

Thus, as in the Boson case, the operators a a and a* are represented by the operators 
and £* respectively. The anticommutation relation (1.83) is represented by 

[4«;] + -^ • (»•”•> 

As in the Boson case, the matrix element of a normal-ordered operator A(a^ a a ) 
between two coherent states is very simple: 


(0A(4,«a)l0) = « S « C ^A(C,0 a ) • 


(1.177) 
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However, in contrast to the Boson case, the expectation value of the number 
operator is not a real number: 

= ££&» (1.178) 

and it is meaningless to speak about the average number of particles in a Fermion 
coherent state. 

Finally, we conclude this section by contrasting the physical significance of Boson 
and Fermion coherent states. Boson coherent states are the physical states which 
emerge naturally when taking the classical limit of quantum mechanics or of a quantum 
field theory (See Problem 1.5). In the classical limit, when the field operators are 
assumed to commute, the definition of a classical field <f>(x ) at each point of space is 
identical to saying that the system is in the coherent state |^) = e / 

For example, a classical electromagnetic field can be viewed as a coherent state of 
photons. 

In contrast. Fermion coherent states are not contained in the Fermion Fock space, 
they are not physically observable, and there are no classical fields of Fermions. Nev- 
ertheless, Fermion coherent states are very useful in formally unifying many-Fermion 
and many-Boson problems, and we shall use this property extensively in the following 
chapters. 

In the subsequent development, this physical difference will give rise to some sig- 
nificant differences in the treatment of Bosons and Fermions. For example, application 
of the stationary-phase approximation to an expression formulated in terms of Boson 
coherent states yields a useful expansion around a physical classical field configuration. 
For Fermions, no corresponding physical solution exists, and the Fermion degrees of 
freedom will have to be integrated out explicitly. 

GAUSSIAN INTEGRALS 

In the ensuing formal development, we will frequently evaluate matrix elements of 
the evolution operator in coherent states, leading to integrals of exponential functions 
which are polynomials in complex variables or Grassmann variables. In the case of 
quadratic forms, these are straightforward generalizations of the familiar Gaussian 
integral, and we present several useful integrals in this section for future reference. 
For brevity, we derive the identities for the special case of symmetric and Hermitian 
matrices, and refer the reader to the standard references for the general case. 

We begin by proving the following identity for multi-dimensional integrals over real 
variables: 

/ dX -^p” *~ ixiAii * i+xtJi = [det ** (1.179) 

where A is a real symmetric positive definite matrix and summation over repeated Latin 
indices is understood throughout this section. This identity is established straightfor- 
wardly by changing variables to reduce it to diagonal form and using the familiar 
Gaussian integral 

■ 


W\t) 

m 


(1.180) 
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Performing the transformations y t = Xi — A,/ J,- and 2 * = where 0 is the 

orthogonal transformation which diagonalizes A, we obtain 


J dx x ... dxne~* XiAikX,,+JkXk ~* JiA ** Jh 

= J dyf-dvne-*"* 4 ™ 
= J dzi . . . 


( 2 *)* 
|det A] i 



(1.181} 


which proves Eq. (1.179). Note that the positivity of A is essential for convergence of 
the Gaussian integral. 

A similar identity for integrals over pairs of conjugate complex variables is 


/ =[det J i (1.182) 


which is valid for any matrix H with a positive Hermitian part. For the special case 
of a Hermitian matrix, it is proved in the same way as Eq. (1.179) by defining the 
transformation y, = xt-H^Jj and its complex conjugate, transforming H to diagonal 
form and evaluating the diagonal integral 


/ 


dg*iz . 
2 mi 6 


-/ 


^fEv«(« a +„>) 

K 


1 

a 


(1.183) 


Finally, we wish to establish the analogous identity for Grassmann variables 


J dVidme- n ‘ II{ ^ +< * w+ *“»? = [det (1. 184) 


where, for simplicity, H is again assumed to be Hermitian but not necessarily positive 
definite and ",£<,&*} are Grassmann variables. Note that Eq. (1.184) differs 
from Eq. (1.182) by the appearance of the determinant in the numerator instead of 
the denominator. To prove this identity, we need to derive two additional results for 
Grassmann variables; the transformation law for an integral under a change of variables 
and the formula for a Gaussian integral. 

A Gaussian integral involving a single pair of conjugate Grassmann variables is 
easily evaluated as follows. 

j dfdte - = J d?dt( 1 - r«!) « a • 


(1.185) 
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Note that for a single variable, the Grassmann Gaussian integral yields a in contrast 
to - in Eq. (i.183) for the ordinary Gaussian integral. Hence, if we can bring the 
multivariable Grassmann integral (1.184) into diagonal form, we expect to obtain the 
product of eigenvalues, and thus the determinant of H, in the numerator instead of in 
the denominator as for complex variables. 

In order to transform Eq. (1.184) into diagonal form, we need to derive the law 
for linear transformations of Grassmann variables 

J dtfdii . . . d£d$ n P($*, f) = | | / d vl d m ■ ■ ■ df ln d V n 

X P(t*(r}*,ri ), ?(*?*.*?)) ( 1 , 186 ) 

which differs from the transformation law for complex variables by the appearance of 
the inverse of the Jacobian instead of the Jacobian. The derivation is facilitated by 
relabelling the variables as follows: 


(fl* fa • • • in SnSn- 1 ■ ■ ■ fl ) » (fl & • • • f2n) 

(rttV2--- 1 7n , Jnr)n-l-- m) = (»?1 »?2 • • • »? 2 n ) (1.187) 


and writing 

ii = M ii f u , (1.188) 

The only non-vanishing contributions to Eq. (1.186) come from the term in the poly- 
nomial containing each as a factor, which we write as plli=i&- Thus, we must 
evaluate J in the equation 


2n ( 


[ dtfdft . . . d(*d$ n p ll« = J f drtldrn... dt£df?„p ( ]T Myfjy . (1.189) 
J <= l J i=i \ i / 


The left hand side yields p(-l)” and the right hand side is evaluated by noting that 
the only non-vanishing contributions arise from the (2n)! distinct permutations P of 
the variables {»)} generated by the product. Thus 

p(-l)" = JpJ dtildrn...dri*df}nY[ 

= Jp dr)l dqi , . . dr)l dr) n JJ MiPiijpi 

J p i 

= / d Vl d yi--- d *ln d Vnfjlil2---fan 

P i J 

~ Jp det Af(-l) n 


d(fj) _ d{n*,v) 
d(i) 5(f*,f) 


so that 


J=(detM)~ 
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which proves Eq. (1.186) for a general linear transformation. 

Finally. Eq. (1.184) may now be proved by defining the transformations = 
W ~ = ’ll ~ fy . diagonalizing H with a unitary transformation U, 

defining & = U£ l pj and = £/£ l *p*-, noting that all the Jacobians are unity, and 
using the Gaussian integral Eq. (1.185). Thus 

* »=x 

~ / II dp i i Pi er ‘ > * Him 

= J QdtZdtie-'£ ( W* 

= n /» m = det F (1.190) 

m=l 

which proves Eq. (1.184). Note, as in the previous case, that the derivation may be 
generalized to a non-Hermitian matrix H. 

It may appear curious that the Gaussian integral for Grassmann variables requires 
no restrictions on the matrix H whereas for ordinary variables H must be positive defi- 
nite for the integral to converge. Formally, the distinction arises because the expansion 
of the exponential e m, ' n terminates at first order, yielding a finite integral irrespec- 
tive of the sign of o. This formal property, however, reflects a fundamental difference 
between Fermions and Bosons, and it is the Pauli principle restriction that occupation 
numbers be either 0 or 1 which guarantees finite results for Fermions irrespective of 
the eigenvalues of H. 

This point is illustrated by the simple case of the partition function of non- 
interacting particles, which will be shown in the next chapter to yield Gaussian in- 
tegrals of the form of Eq. (1.184). For non-interacting particles in the Grand Canonical 
ensemble, the partition function may be written 

z = n5Z e_/,(£o_M)n “ 

a n a 

where n a denotes the occupation number of the state a. For Fermions, the series for 
each a terminates after two terms 

z F ~n(i + 

so no restriction is imposed on(e« - p). However, for Bosons. 

A-n(‘+f 

so that the partition function is finite only if < 1 for all a which requires 

that (e„ - p) be positive for all a. Thus the operator ( H - pN) must be positive 
definite for Bosons, but no such requirement arises for Fermions, 

The salient results from this introductory chapter are collected for subsequent 
reference in Table 1.1. 
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««l*> = £«!£> 

{£14 - tfir 

4 | e ) = f” | o 

<fl®. = a|^<ei 

{?iA(4,a«)ic') = « E “ C4 “^: > ea) 

i = J 

trA = j rff*(e)« _S * e:e *<rf|A[?> 

|*>« J 10 

tf(0 = <«|*> 

<*I4W = £*(n 

(£I««W = ^rV’(r) 

[det » J dM ( f ) e - ■£>:«.+».«:> 


JV = 
? = 



Bosons 

Fermions 

Bosons 

Fermions 


Table 1.1 SUMMARY OF PRINCIPAL RESULTS OF CHAPTER 1. Formulas 
are written In a unified form for Fermions and Bosons using the conventions 
that for Bosons £ and r) denote complex variables and f = +1 whereas for 
Fermions £ and »? denote Grassmann variables and f = —l. 

PROBLEMS FOR CHAPTER 1 

The subject of quantum many-body theory is too vast to treat all the formalism 
and illustrative examples adequately in the text. Thus the problems are intended 
to be an integral part of the course, and in contrast to most texts, entirely new and 
separate topics will often be introduced. Readers are strongly encouraged to read 
through all the problems and solve those which appear appropriate. As a guide, 
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introductory comments will be made concerning the problems in each chapter, and 
particularly crucial problems will be denoted by an *. 

Chapter I was necessarily completely formal, and Problems 1-4 are intended to 
develop expertise with the formalism and fill in details omitted in the text. Problem 
5 is intended to develop a physical appreciation for Boson coherent states. 

Problems 6-9 deal with the physics of the Hartree Fock approximation. It is as- 
sumed that students have been exposed to the conventional treatment of the Hartree 
Fock and Fermi gas approximations in elementary quantum mechanics courses, so 
these topics are not repeated in the text. However, this mean-field physics is fun- 
damental to all the subsequent physical applications, so it is optimal to have it 
clearly in mind before proceeding to the general formalism. For those unfamiliar 
with these approximations, sufficient details are provided to work out everything 
using the treatment of permanents, determinants, and matrix elements of one- and 
two-body operators provided in this chapter. 

Problem 9 is particularly important because it introduces the problem of parti- 
cles interacting in one spatial dimension with 5-function forces. Most of the methods 
developed in later chapters may be worked out analytically for this system, so it 
is essential to explore the elementary properties developed here as a foundation for 
subsequent applications. 

PROBLEM 1.1 Show that the operator which counts the number of n-tuples in 
the states |ai), |<* 2 ), • • • |«n) may be written 

A a , a .,...a» = a ai a a, ••*°aj a oi (l) 

from which Eq. (1.110) immediately follows. One straightforward method is to 
repeat the argument leading to Eq. (1.103) for three particles and then generalize 
to obtain 

A* == U ai (n 0 a - 5<*i«3)( n a> - ^ona») • • • ( w a» — $a ia, — • • • — 

from which (1) may be proved by induction. Note that the complications associated 
with non-distinct states only arise for Bosons, 

PROBLEM 1.2 Derive the completeness relation Eq. (1.123) by integration. First 
consider one single-particle state a and let |n) denote the state with n particles in 
a. Show that by writing <j> in polar form <j> = pe tB one obtains 



= X>x«i • 


Now generalize to a set of single-particle states ()a)} noting that the closure relation 
Eq. (1.89) may be written 

^ 1 \ n ai n ai ■ • •) {»<*, • • • I ~ 1 
where {n a } denotes a complete set of occupation numbers. 
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PROBLEM 1.3 Generalize the properties of Grassmann variables demonstrated 
in Section (1.5) for the pair of generators £, £* to the case of 2p generators 
(£i • • • £p£’, • ■ • £p). In particular, determine the general form of a function /(£<*) 
and an operator A(£*,£ a ), show that f 7 , and anticommute, determine 

if an analogous property holds for integration, find and verify an expression for the 
p-dimensional 5-function 5 F (| — | ), and generalize Eq. (1.157) for {f\g)- 

PROBLEM 1.4 Prove the closure relation Eq. (1.116) for Fermions using Schur’s 
lemma. As in the Boson case, [o a , |<5)(^)J = (£ a ~ 80 one must 8 h° w 

n d£dt a r £* «-<»(^ - ~)M^ a = o (i) 


for any A. 

First, prove Eq. (1) as it stands, establishing that the left-hand side of Eq. 
(1.116) must be proportional to unity, and evaluate the constant of proportionality 
by calculating the matrix element in the zero-particle state. 

Then note that Eq, (1) is a special case of integration by parts for Grassmann 
variables. Show that the general rule for integration by parts is 

/ = / n *.)*£*(€:.&) (2) 

where acts to the left and the variable £„ must be anticommuted to the 

right to be adjacent to the derivative. Note in particular that the sign in Eq. 
(2) is reversed from the usual relation for complex variables and that expressions 
like/rL ^£a^£agf^M£«i£<*)]^(££,fa) not reproduce the right-hand side. 

PROBLEM 1.5 Coherent States and the Classical Limit of the Harmonic Os- 
cillator Consider a simple harmonic oscillator 

1? = ^+^ = ^+ i) 

where 

a) Show that a minimum uncertainty wave packet solves the time-dependent 
Schrodinger equation, giving a probability density 
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b) Now consider the Heisenberg representation coherent state 

jo>-£^l"> • 

Prom the eigenvalue condition 

(z\a\4>) = ~jL=z{x\w£ + t'p|^) = <t>{z\4>) 
show that the coordinate space wave function <f>(q) = (g|$) satisfies 

?♦-?*)**> 

so that 3 

^(sc) . 

The Schrodinger representation wave function is obtained by noting 

i*w = E . 

Thus, neglecting the inconsequential phase factor the Schrodinger wave func- 

tion is obtained from the Heisenberg wave function by the substitution 4> —* 4> e ~' ut - 
Hence, show that the coherent state wave function has the properties 

{*> = \<t>\coewt 

(p) = (2Aw)^|^|sinwt 

W-Jltf*) + «*<**)] -MW 9 + 5) 

where { ) denotes the coherent state expectation value. 

Thus, the coherent state \4>) is the minimum uncertainty wave packet of part 
(a). The mean values of the coordinate and momentum satisfy the classical equa- 
tions of motion and execute simple harmonic motion with amplitude proportional 
to |^|. The probability density associated with the oscillator ground state is simply 
translated by this classical motion, and the expectation value of the energy differs 
from the classical result §[{p) 3 +w 2 (a) 2 ] only by the zero point energy Finally, 
use Stirling’s approximation and the distribution of oscillator quanta P(n) = 
to show that the most probable oscillator state in the coherent state has n = \<t>\ 2 
with E n = hw(n + |) = MW 2 + |) = W- 

Further applications of coherent states may be found in the following two refer- 
ences. The preceding treatment of a single oscillator mode is generalized to treat the 
quantized electromagnetic field by R. Glauber (1963). The S-raatrix for a harmonic 
oscillator coupled to an arbitrary time-dependent field is solved by P. Carruthers 
and M.M. Nieto (1965). 
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PROBLEM 1.6 The Hartree-Fock Approximation 

a) Show that the expectation value of a Hamiltonian with a one-body kinetic en- 
ergy operator Eq. (1.98) and local spin independent two-body potential Eq. (1.156) 
in a Slater determinant is 

<*> = £/ dx<t>* a (x) (^) 

1 N . 

+ / dxdy<f>* a (x)<t>*i,(y)v(x - y) (<f> a {x)4>f,{y) - <j> a (y)</>,}{x)) . (1) 

By the Ritz variational principle, the best determinantal approximation to the exact 
wave function is obtained by minimizing (H) with respect to the single-particle wave 
function 4a- Hence, introduce Lagrange multipliers with to maintain or- 
thonormality and vary [(JET) — with respect to each wave function. 

The variation is simplified by noting that variation with respect to the real and 
imaginary parts of 4a i* equivalent to independent variation with respect to 4* a 
and 4a- Finally, perform a unitary transformation on the wave functions 4a (which 
cannot alter the determinant) to diagonalize y a 0 and obtain the Hartree-Fock equa- 
tions 

- 2 ~V 2 <M*) + VH(x)4a{x) - J dyV E (x,y)4 a (y) = e a 4 a (x) (2) 
where the local Hartree potential is 


the non-local exchange potential is 

V B (x, y) = J2 - y) 

0 

and the diagonalized Lagrange multipliers are now denoted e a . Recall that x in- 
cludes both space and spin variables, and write the spatial Hartree-Fock equations 
explicitly for the case of spin 5, assuming the number of particles N is an integer 
multiple of the spin degeneracy (25 + 1). 

b) Repeat the derivation for the case of Bosons with all particles in a single state 
4- Compare the equations with the Fermion result in the special case 25 + 1 = N. 
Explain this comparison physically. 

c) Show that the total energy of the Hartree-Fock solution for Fermions may 
be written 


Ehf = ~ £>« + T a ) - - i Y>P\ v \«fi - M 

a a a0 


where T a = ( a |- 5 LV 2 |a>. 
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Also prove Koopmans’ theorem which states that if one evaluates the Hartree- 
Fock energies of the N and (N — 1)— particle system using the Hartree-Fock wave 
functions for the N — particle system, 

E hf {N)-E B f(N~ l) = e a 

where e a is the eigenvalue of the N th single particle state. Hence, to the extent 
to which single-particle wave functions only change to order S when the particle 
number changes by 1, —e„ specifies the removal energy for the last particle to order 
6 2 . 

d) Now, define a one-body potential Vjjf such that diagonalizing H 0 = 
T+Uffp reproduces the Hartree-Fock equations. In the subsequent study of pertur- 
bation theory, it will be useful to regard T+Ujif as the unperturbed Hamiltonian 
and treat S»<y w (®< — */) ~ &BF as the perturbation. 

PROBLEM 1.7 Stability and Equilibrium Conditions for Uniform Matter 

Consider the thermodynamic limit of a system of N particles at zero temperature 
confined in a box of volume V in a state with energy E having uniform density. 
Denote the density p — |r and the energy per particle e(p) = 

a) Show that the pressure is given by P = P 3 §f- 

b) Show that the equilibrium density, often called the saturation density, for 
self-bound unconfined bulk matter occurs at the density which minimizes e(p). 

c) Show that the chemical potential p = E(N+ 1) - E(N) is given by p = e + — 
Thus, for a self-bound saturating system at equilibrium density p = e. 

d) Examine the stability with respect to long wavelength density fluctuations 
as follows. Consider dividing the volume V in half, and calculate the total energy 
if one half has density p + 6 and the other half has density p — S. Show that this 
energy exceeds that of the uniform configuration, and thus the system is stable, 
if -^(pe(p)) > 0 which is equivalent to ^ > 0. When we subsequently exam- 
ine stability with respect to finite wavelength fluctuations using the random phase 
approximation, this result will be recovered in the long wavelength limit. 

PROBLEM 1.8 Uniform Fermi Gas A particularly simple stationary solution 
to the Hartree-Fock equations for a translationally invariant system is a Slater 
determinant of plane waves. In a finite box with periodic boundary conditions, the 
normalized wave functions have the form 

v/ZITO * 

where k ni = and x» is a spinor representing spin, isospin, color, Or any other 
non-spatial quantum number. If the degeneracy associated with the non-spatial 
quantum numbers is denoted n,, the lowest M — momentum states are occupied. 
In the continuum limit in D dimensions, £?f =l F(fc n ) —* (^) D J kr d D kF(k) and 
one simply integrates over all k less than the Fermi momentum kf, which is specified 
by the density 


N 


d D k 
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Fig. i.l Equation of state of neutron star matter 

a) Consider a non-interacting gas, for which (\{>\T\i>) is the exact energy. Find 
the energy per particle as a function of density, for non-relativistic and ultra- 
relativistic spin | fermions in three dimensions. 

b) As a concrete physical example, calculate the pressure (dynes/cm 2 ) as a 
function of mass density (gm/cm 3 ) for a non-relativistic neutron gas. Taking into 
account the fact that weak interactions allow a proton and electron to form a neutron 
(and a neutrino which escapes) and thus Ep\e + Ep\ p + m e + rn p = J?f|„ + m,,, 
calculate the pressure versus mass density for a neutral mixture of non-relativistic 
protons and neutrons and ultra-relativistic electrons. Assess the validity of this 
simple approximation for 10 n ^~ < p < 10 J4 ^* an( j compare your results for the 
neutron gas and the neutron-proton-electron gas with the complete microscopic 
calculation including nuclear forces shown in the graph in Fig. 1.1. 

c) Consider a D-dimensional system of Fermions with spin degeneracy n, = 
25+1 and mass m interacting with the two-body potential t>(r,- — ?j) = — aS{?%— ry), 
where a > 0. Calculate the Fermi gas energy per particle ^Jp- s e(n) in the 
thermodynamic limit. Determine whether or not the system is stable in 1, 2, and 3 
spatial dimensions. 

d) Now, add arepulsive three-body potential «(?,-, ry,?*) = 06 (?, — r } )6 (r, - r*) 
with 0 > 0 and calculate e(n) in three dimensions. How does this compare with the 
results in (c) when n, = 2? Explain physically. 

Explain why the case n, = 4 is relevant to nuclear matter, that is, a system 
having equal densities of neutrons and protons interacting with nuclear forces but 
no Coulomb forces. Find values for a and p such that the minimum in e(p) occurs 
at the experimental values po = 0.16/m -3 and e(po) = — l&MeV. Sketch t(p) for 
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these values. Using the results of Problem 1.7, show the density regions for which 
the system has positive pressure and for which it is stable against long wavelength 
density fluctuations. Calculate the compression modulus * = k 2 F at the Fermi 
momentum k F corresponding to equilibrium density, and compare with the exper- 
imental value k = 200 MeV. How would one measure k in a bucket of liquid 3 He? 
How would one measure it in a finite nucleus? 

PROBLEM 1.9* A model problem which will serve as an example for many 
topics in many-body theory is a one-dimensional system of particles interacting via 
S — function forces. In units such that = 1, the Hamiltonian is 

f==_ ]C£? (**■*') • w 

.=1 • i>] 

a) Show that both ~ and |g| may be removed from the problem by appropriate 
scaling of the length and energy. What does this imply concerning a perturbation 
expansion in g for states with a finite number of particles? For uniform translation- 
ally invariant systems, show that J- is the only dimensionless parameter. Note that 
high density corresponds to the weak coupling limit. 

b) Solve for the exact bound states for an attractive interaction as follows. Note 

that the totally symmetric function of the form exp I®* ~ satisfies a 

free Schrodinger equation when the x'a coincide. Thus obtain the following ground 
state wave functions and energies for any N bosons and for N < n. Fermions where 
n, is the degeneracy 25 + 1 for some additional quantum number we will call spin: 

^Bo»on(*i 

^Fermi(*i • • • *//) = IAbok*. 

and 

(2) 

where x denotes a totally antisymmetric spin wave function (spin singlet for N = 
25 + 1) and C is a normalization constant. Note the behavior of the size and 
energy a a N —* oo. Do you expect there to be any Fermion bound states for N > 
25 + 1? This Hamiltonian was first solved exactly by H.A. Bethe, (1931) and the 
wavefunction is often referred to as the Bethe anaatz. 

c) For an attractive interaction and N Bosons or N < n. Fermions, solve for 
the approximate bound state in the Hartree-Fock approximation (see Problem 1.6). 
Note that the Hartree-Fock equation 


|l- ? (l\r-l)|^)| 2 ] m = 


(3) 
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is the well-known cubic Schrodinger equation with localized solutions of the form 
co»h f 5 a ) ' Hence, show that 


(id*- 1 ))* 

cosh(iflr(iV-l)*) ( 4 ) 

E hf = ~£(N 3 ~2N 2 + N) . 

4o 

Note that Ehf agrees with the exact E to leading order in N, For those who 
enjoy challenging integrals, it is interesting to calculate the exact one-body density 
distribution from the exact wave function (2) and show that it agrees with the 
Hartree-Fock density 

Phf{*) = 

to leading order in N . (The integral is done by F. Calogero and A. Degasperis 
(1975),) These two results which agree to leading order in N are special cases of the 
general result proved later that the mean field approximation gives the leading term 
in a i expansion. Since the scaling argument in (a) shows that there is no expansion 
parameter in the Hamiltonian, jj is the only possible expansion parameter for the 
bound state problem. 

d) Note that the energy in part (c) arises from the use of a variational wave 
function which is not translationally invariant, so that some spurious center of mass 
motion is included. A better approximation is to minimize the intrinsic Hamiltonian 

^intrinsic ~ H — HcM (6) 

where, in units such that = 1, 

\»=1 / % ijtj 

Explain why the PiPj term vanishes for the permanents or determinants we are 
using and show that the Hartree-Fock energy obtained by minimizing the intrinsic 
Hamiltonian is J Ej/j?" = — Jg (JV 3 - IV 2 ), thereby eliminating one half of the 0(M 2 ) 
discrepancy. 

e) Translationally invariant solutions. Using the result for a Fermi gas wave- 
function obtained in Problem 8 part (c), show that for Fermions with spin degen- 
eracy n» = 2S +1 the energy per particle is 

E , gkpS . . 

_ = T + _. ( 8) 

Note that for an attractive g, jf has a minimum at with = 

— ? I |L j L . Compare this Hartree Fock energy per particle with that of a condensed 


f jy(isr - i) g 

cosh 2 (|g(iV - 1)*) 


(5) 
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phase comprised of a dilute (and thus non-interacting) gas of Hartree Fock bound 
states, each containing 25 + 1 particles (see part (d) above). Show that the ratio is 



{bound state 




< .91 


so that in this approximation it is energetically favorable for the uniform phase to 
break up into clusters. Using the criterion in Problem 1.7, show that the uniform 
solution is stable against long wavelength fluctuations for all which in- 

cludes the equilibrium density. (We will see later that is unstable with respect to 
fluctuations of wavelength comparable to the size of the bound state.) 

The following references treat the 8 — function problem in greater detail. The 
exact bound states are discussed by J. McGuire (1965) and the complete S-matrix 
is calculated by C.N. Yang (1967). Time dependent mean field solutions and per- 
turbative corrections to the Hartree-Fock approximation are given by B. Yoon and 
J.W. Negele (1977) and the model has been solved using functional integral tech- 
niques by C.R, Nohl (1976). Many of the salient results for the model and the fact 
that it is the non-relativistic limit of the sigma model are discussed in Section VI. A 
of the review by J.W. Negele (1982). 
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2.1 INTRODUCTION 

The ultimate objective of the quantum theory of many-particie systems is to 
understand experimentally observable properties of a diverse range of physical systems. 
Techniques will eventually be presented which are suitable for small finite systems as 
well as extensive macroscopic systems, for observables in isolated systems at zero 
temperature as well as finite-temperature systems. Once the appropriate theoretical 
groundwork has been established, specific experimental observables in a variety of 
systems will be treated in detail. 

The intent of the present chapter, however, is to present the essence of the general 
theory in the particularly simple and convenient case of systems at finite temperature 
which may be treated in the grand canonical ensemble. To place the subsequent 
formalism in proper perspective, quantum statistical mechanics is reviewed, the ob- 
servables and response functions accessible experimentally are summarized, and the 
general strategy of systematic approximations is discussed, Feynman path integrals are 
presented and functional integral techniques are developed for the many-body problem. 
Perturbation theory is derived and detailed rules are presented for Feynman diagrams. 
Finally, generating functions are derived for Green's Functions and irreducible diagrams, 
and the stationary-phase approximation is applied to the functional integral. 

QUANTUM STATISTICAL MECHANICS 

In quantum statistical mechanics, the themodynamic properties of a system in 
equilibrium are specified by the assumption of the equal occupation of accessible states. 
The physical problem is idealized by considering an appropriate ensemble of identical 
systems, and the probability of observing a particular state is given by the ratio of the 
number of systems in the ensemble in that state to the total number of systems in the 
ensemble. 

Three ensembles are commonly used. The microcanonicat ensemble describes an 
isolated system, which has fixed energy E and fixed particle number. The probability 
of observing a state of energy E' ^ E is zero and that of observing a state of energy 
E' = E is constant, equal to the inverse of the total number of states of energy E. 
The canonical ensemble describes a system of fixed particle number in equilibrium with 
a thermal reservoir with which it may exchange energy at a specified temperature. By 
enumerating the number of states in which the system and the reservoir combined have 
a fixed total energy, it follows that the probability of observing this system alone with 
energy E is proportional to e~ & where k is Boltzmann's constant. The average energy 
of the system is fixed and is controlled by the temperature T. The grand canonical 
ensemble describes a system in equilibrium with a particle reservoir, with which it may 
exchange particles, as well as a thermal reservoir. Enumeration of the states in which 
the system and reservoir have fixed total energy and particle number leads to the result 
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that the probability of observing the system alone with energy E and particle number 
N is proportional to e~ . In addition to the average energy of the system, the 
average particle number is now fixed and is controlled by the chemical potential ft. 

The thermodynamic limit for a physical system of N particles contained in a 
volume V is defined by taking the limit as N and V go to infinity such that the ratio 
p = (£ remains constant. An essential result of thermodynamics is that the three 
ensembles are equivalent for describing the macroscopic properties of most system in 
the thermodynamic limit. One is then free to select the ensemble on the basis of formal 
convenience, and as in the case of classical statistical mechanics, the grand canonical 
ensemble offers the greatest formal simplicity. 

The principal case in which the three ensmbles yield nonequivalent results arises 
when some observable has divergent fluctuations in one ensemble and is constrained not 
to fluctuate in another ensemble. This situation occurs in physical systems composed 
of a mixture of phases such as a liquid-gas transition or Bose condensation. If one 
looks at a subsystem, the fact that droplets of one phase can move in the other phase 
is responsible for the divergence of the fluctuations of the particle number in the grand 
canonical ensemble, whereas these fluctuations are zero by definition in the canonical 
ensemble. 

Given the fact that the probability of observing a state of energy E and particle 
number N is proportional to c ~^ B ~'* N h where = jfe,, the thermal average of an 
operator k may be expressed as 




( 2 . 1 ) 


where {|^ a )} denotes an orthonormal basis of the Fock space and ft is the particle 
number operator. Eq. (1.92). It is convenient to define the partition function, Z, 


Z =Tre~ 0 ^~ l ‘^ 


( 2 . 2 ) 


and the grand canonical potent ! al, fl 

t~ 0n = Z . (2.3) 


By explicit differentiation of the function U(ft,V,T) and use of Eqs. (2.1- 2.3) the 
familiar thermodynamic relations may be established: 


an 

dft 


= -N 



an u-u-ftN 

dT T 


= -S 


(2.4a) 

(2.46) 

(2.4c) 


where P is the pressure, U is the internal energy, and 5 is the entropy. The Gibbs- 
Duhem relation 


U — TS ~ PV + ftN 


(2.5) 
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follows from the fact that the internal energy U(N,V,S) is an extensive function of 
extensive variables and may be combined with Eq. (2.4c) to yield 


0 = -PV . (2.6) 

Since the thermodynamic properties of a system at equilibrium are specified by 0 
and derivatives thereof, one of the immediate tasks in this chapter will be to develop 
methods to calculate the grand potential, fl. The techniques developed for ft will also 
apply directly to thermal averages of operators, Eq. (2.1). allowing the calculation of 
any equilibrium properties of interest, 

PHYSICAL RESPONSE FUNCTIONS AND GREEN’S FUNCTIONS 

Before embarking on the development of the general formalism, it is valuable to 
specify conveniently calculable quantities which characterize the range of experimentally 
accessible observables to be addressed in physical systems. In addition to measuring 
the equilibrium properties discussed above, experimentalists learn about physical sys- 
tems by measuring their response to a diversity of external probes. The results of such 
measurements are conveniently expressed in terms of response functions or Green's 
functions. The relation of specific experimental observables to these quantities will be 
derived in detail in later chapters, and in the present section we simply present general 
arguments to show how they arise naturally from experiments. 

Consider a system which at initial time U is in an eigenstate |¥ a (t<)) of the 
hamiltonian 6. Subsequently, let it be subject to a time-dependent external field 

ftu(t) = &+ U{t)6y. (2.7) 

where the field couples to the system through an operator denoted 6\ and the states 
and operators are in the Schrodinger representation. 

A convenient representation of the evolution operator for a system with a time- 
dependent hamiltonian is given by a time-ordered exponential. The time-ordered prod- 
uct of a set of time-dependent creation and annihilation operators, denoted {{?„}, is 
defined 


210a, (tl)0a, (* 2 ) . . . 0a B (fn)l = f P 0a,, (t/>l)0a„ (*P 2 ) • ■ • 0a,„ (t Pn ) (2.8) 

where according to our standard convention f is -1 or 1 for Fermions or Bosons respec- 
tively and P is the permutation of {l,2,...n} which orders the times chronologically 
with the latest time to the left: 


tpi > tp2 > > fpi 


and which orders creation operators to the left of annihilation operators (normal order) 
at equal times. The time-ordered exponential is defined by 

- / dtA(t) 

T e = lim „-«*<**-«) .. _ e -<^(*,) e -<;A(t 0 ) ( 2 .9) 

AT— oo V ' 
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where e — and t„ = t a + ne. As shown in Problem 2.3, it may be expanded in a 
Taylor series as follows: 


- fdtAW oo ‘i 

T e u „ £ S-jL /*»... AnTlA^) . . . A(t n )] . (2.10) 

n=0 I 


Using this time-ordered exponential, the evolution operator may be written 

ttM-T rZ *"'*’'*' 

since it satisfies the equation of motion 

-i£v( 

and the boundary condition 

fife.td-l • 

The response of a wave function originally in eigenstate |^„) at time U to an 
infinitesimal perturbation by an external field acting between time ti and t is thus 
given by the functional derivative 


( 2 . 11 ) 

(2.12a) 

(2.126) 




\*.M) 


= r dt,SU{ tl )Tr S': rK 

Jti 

Jtt 

= -i f dhSUitJe-^O^Hh) |4*>) 

Jn 


hMM) 


(2.13) 


where the operator <5^(6) in the Heisenberg representation is related to the operator 
di in the Schrodinger representation by 


6{ H \t) = e iHt di e- im 


(2.14a) 


and the state in the Heisenberg representation is related to the state |V»(t)) in 

the Schrodinger representation by 


\1> {H) ) = |*(t)> . 


(2.146) 
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Finally, consider the expectation value of an operator 0 2 evaluated at time *2 in the 
state |^(ia)) - The response of this expectation value to an infinitesimal perturbation 
in the external field is given by 

W(ta)|&Wt3)> = -if *i«'(ti)(*l ir, l |4 H) > 

=-«■ J i 4 h) > 

( 2 . 15 ) 

where a 6 function has been inserted to extend the upper limit of the time integral 
and the lower limit U has been extended to -oo to include all possible variations of 
U(t j). This equation may be weighted by the Boltzmann factor Z~ l and 

summed over a complete set {a}. Hence, the response of a measurement of (<5 2 (t 2 )) 
to a perturbation coupled to 0i is specified by the response function 


D[ 1,2) s 


^(<3 2 (t 2 )) 

SU(h) 

^(t 2 -fi){[a 2 w (t 2 ),t5 1 (H, (t l )]) 


( 2 . 16 ) 


where the brackets denote the thermal average, Eq. (2.1). 

The physical response of a system to an external potential is thus characterized 
by correlation functions of the form (^^(tajd^fti)). This result that a transport 
coefficient characterizing the dissipation in a system is specified by a matrix element 
of the thermodynamic or ground state fluctuations of an operator is often called the 
fluctuation-dissipation theorem. For example consider measuring the magnetization of 
a spin system in the presence of a time and spatially varying magnetic field. Since 
the magnetic field couples to the spin through B(x) ■ S{x), the operators di and 
62 are spin operators & and the response function is given in terms of the spin- 
spin correlation function (5(*i,fi)5(a: 2 ,f 2 )). Fourier transforming to momentum and 
frequency then directly specifies the dynamic magnetic susceptibility x(A;,w). Similarly, 
an electromagnetic field couples to a system of charged particles though the vector 
potential ] ■ A, and in a gauge in which $ = 0,J& = -Jjl. Thus, the response 
of the current to a variation in the electric field, that is the electrical conductivity, is 
given by the current-current correlation function (j(*i,ti) l(* 2 ,f 2 )). This argument is 
evidently quite general, and a large class of experiments in which a system is subjected 
to a weak controllable external probe is characterized by simple correlation functions 
of operators at different times. 

In addition to these experiments involving an external potential, there is an im- 
portant class of inclusive scattering experiments used to study many-body systems 
which may be characterized similarly by correlation functions. Consider an external 
particle which interacts with the constituents of a system through a weak potential v. 
Let a particle with initial momentum k scatter from the system in initial state |^ a ) 
transferring energy w and momentum q leading to a final state \ipp) and final particle 
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momentum k — q. The matrix element for this transition is 

T ai s = [ dx 1 ... dx n dxi/> m 0 (xi,. . . ® n )e"*' (S “ 3 >* ^ v t x ~ 1 •••*») 

J i 

= J dxdye'1'*v(x — y)\(ipp\p{y)\i>a) 

= H-diMH-qM*) (2-i7) 

where 5(g) = 5(— q) is the Fourier transform of the potential v(|x|) and the Fourier 
transform of the density operator is defined by 

P(k) = J * p{x)dx . (2.18) 

If the interaction is weak, the inclusive cross section may be calculated in Born ap- 
proximation by summing over the unobserved states \i/> 0 ) of the system having energy 
Ep = E a + w 

o(g, W ) = 2*-^^(^-£«-«}«(#K^!p(-9)l^>| 2 ■ (2.19) 

0 

Writing the ^-function in terms of a time integral and using completeness, this may be 
recast in the following form 

*(«,«) = m 2 J dte iu * 

0 ( 2 . 20 ) 
= j dte iut J dxdye~ i «*-»Hl, a \c mt ftx)t~ iHt fi(y)\t a ) . 

Summing over a complete set of states |^„) with thermal weighting factors yields the 
desired result that the inclusive cross section is specified by the correlation function 
(fi a) (x,t)pW(y,o)). 

The inclusive cross section or structure function cr(q,w) has been measured for a 
variety of systems of physical interest. Striking examples which will be discussed in 
Chapter 5 are liquid He 3 and He 4 , for which the combination of neutron scattering and 
X-ray scattering provide high-precision results over a wide dynamical range. From Eq. 
(2.20), the integral / dw<r(<j, w) yields the Fourier transform of the two-body correlation 
function {p{x) p{y)) which has now been measured to impressively high accuracy for 
liquid He. Equation (2,20) applies equally well to a finite system at zero temperature 
in its ground state, and extensive high-precision data are now available from inclusive 
electron scattering from finite nuclei. 

From these considerations, we are led to the conclusion that a wide range of 
observables of direct experimental interest may be expressed in terms of the thermal 
average of products of operator at different times. This motivates the definition of 
Green's functions, which on one hand are the thermal averages of time-ordered products 
of operators that are the most convenient to calculate in perturbation theory and on 
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the other hand can be related by suitable analytic continuation to the quantities arising 
from experimental observables. 

The n-body real-time Green's function is defined by 

§*■ n ) (aih , . . . a n t n !<*! t[ a'ntn) (2.21) 

= (-*r <T(aLf > (h) . . . aW(t n )aif(t' n ) . . . a^ft))) 

where a£, K) (t) and ai^^t) denote annihilation and creation operators in the Heisen- 
berg representation. Eq. (2.14). T denotes a time-ordered product, and the brackets 
denote a thermal average. Aside from 5-functions restricting relative times arising from 
the time-ordered product, all the response functions discussed above may be expressed 
in terms of two-particle Green's functions with suitable choice of the time arguments. 
We will demonstrate in Chapter 5 that when Q is Fourier transformed from time to 
frequency «, the effect of the 6 function is merely to displace poles infinitesimally above 
or below the real axis and that physical observables may be obtained staightforwardly 
from Green's functions. 

When one writes a real-time Green's function explicitly in terms of the thermal 
weighting factor and Heisenberg operators e iHt a a e~ iHt , the simultaneous 

appearance of real and imaginary times multiplying H is formally inconvenient. It 
is therefore advantageous to define thermal, or imaginary-time. Green's functions as 
follows: 


in, . . . anrala'jrj, , . . a' n r^) (2.22) 

= <r[aW(»i) , . . «W (r.)-g ) 1 V.) • • • “if*' «)] 


where a^^(r) and a^(r) are the imaginary-time Heisenberg representation of a* 
and a a 

aWV) - e'<*-**) 0 t e -r(A-^) (2.23a) 

a W( r ) = e H6-^) aae -r { 6-^) (2.236) 

and T now orders operators in imaginary time. Note that aj,(r) and a„(r) are not 
Hermitian adjoints. In Chapter 5 we will also show how real-time Green's functions 
can be obtained easily from imaginary-time Green's functions by analytic continuation. 

The essential conclusion of this section is that the physical observables of interest 
may be obtained by analytic continuation of imaginary-time Green's functions. We will 
subsequently show in the remainder of this chapter how thermal averages of time- 
ordered products of Heisenberg operators in imaginary time emerge naturally from 
path integrals and how to evaluate them in perturbation theory. 

APPROXIMATION STRATEGIES 

We will presently develop a number of techniques which formally appear to provide 
a systematic sequence of successive approximations for many-particle systems. To 
maintain a realistic perspective, however, we should consider at the outset what level 
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l x 3 + M x 4 


(o) 



-l s 2 + kLx* 


(c) 


Fig, 2.1 Three qualitative cases for the quadratic plus quartic potential. 


of mathematical rigor one can actually expect and how in practice one may select and 
assess an approximation scheme. 

The most familiar systematic approximation scheme from elementary quantum 
mechanics is perturbation theory. It is based on the belief that the behavior of a 
physical system is continuous in some “small” parameter describing the difference 
between a solvable problem and the actual system. It is crucial to note, however, 
that in general perturbation theory yields an asymptotic rather than convergent series. 
Under appropriate circumstances, it may yield a useful physical approximation, but it 
cannot be applied systematically to abritrary precision. 

The salient features of asymptotic expansions for our present purposes may be 
illustrated by the simple integral 

(2.24) 

corresponding to the classical partition function Z = f dxe~ v W for a particle in a 
quadratic plus quartic potential 


V( X ) = £ + 1 X * . (2.25) 

We will subsequently see that this integral is highly suggestive of the path integral 
describing the quantum mechanics of a particle in the same potential. Depending 
on the signs of the quadratic and quartic terms, the potential has three regimes of 
qualitatively different behavior sketched in Fig. 2.1 

Physically, the classical or quantum behavior in this potential changes completely 
when g changes sign, since a particle is localized in (a) and not in (b). Thus, we expect 
that the theory is nonanalytic at g = 0 and that an expansion in powers of g has zero 
radius of convergence. This physical behavior is reflected in the integral Z{g) which 
diverges for g < 0 and is thus non-analytic at g = 0. 

The perturbation series for Z(g) is easily obtained by expanding e ~* x *, with the 
result 


with 


z(g) = Y,<rz n 


(2.26a) 



2.1 INTRODUCTION 


55 


9 n Z n = 


l ( 4gri\" 
n-'oo y/nw \ e ) 

where the asymptotic behavior in the last line is obtained using Stirling’s formula 
n! = y/2x n n+ %e~ n . Since Z n grows like n!, the series diverges as expected from 
the non-analyticity at g = 0. Later on when we think in terms of diagrams, we will 
understand the growth of Z„ in terms of the proliferation of the number of diagrams 
with increasing order and the factor (4n- 1)!! in the present example which overwhelms 
the factor will be recognized as the number of diagrams generated in performing 
the Gaussian integral of x 4n using Wick's theorem. 

The crucial point for our present discussion is the fact that, under appropriate 
circumstances, a finite number of terms of an asymptotic series may give an excellent 
approximation. The residual error after n terms is bounded by the (n+ 1)** term 

R n = Z(g) - J2 rZ m 

m=s0 


_L f dx 

4»i y/2^ 


(-g)" 
n! 

(— g )"(4n-l)li 
w! 4” 
(-g)"(4n)i 
n!16 n (2rt)I 


e x 


(2.26 b) 



so the approximation continues to improve as long as g"Z n decreases. Figure 2.2 
shows R n and g n \Z n \ as a function of rt for several values of the coupling constant 
g. To assess the precision, one should compare the minimum error with the total 
shift due to g, \Z(g) - Z( 0)| = Re- As g decreases, the minimum error decreases 
and occurs at larger values of n so that at g = .01, for example, one attains the 
extremely high precision of R 25 /R 0 = 1.1 x 10" 10 after 25 terms. From the asymptotic 
expression for g n Z„, Eq. (2.26b), we note that the minimum occurs for n ~ so 
that the minimum error is g n Z n | ln ~ s/Ag/ve™ ** . This exponential dependence on 
the inverse coupling constant is characteristic of perturbation theory and indicates the 
exceedingly high precision obtainable from a divergent theory for weak enough coupling. 
Quantum electrodynamics is a good example of a theory in which such weak coupling 
is realized. As in our physical argument for the quartic potential, it is clear physically 
that electrodynamics is non-analytic at a = 0 since negative a = would change 
the signs of all electromagnetic forces. Nevertheless, is so small that perturbation 
theory is adequate for all conceivable purposes. 

The real problem comes at large coupling constant where the series begins to 
diverge in very low order. At g = 0.1, for example, one must stop at the third term 
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40 20 30 40 

n 


Fig, 2.2 Asymptotic expansion of Z(g). For five values of the coupling 
constant, ^g n \Z n \ Is plotted at each Integer n and the residual error R n Is 
plotted at each half Integer n + |. 

after only attaining an accuracy of 25%. If one wishes to do better, one must either 
extract the non-analytic part of Z{g ) using the Borel summation discussed in Section 
7.5 or find an alternative expansion. 

For other regimes of the potentials sketched in Fig. 2.1, other expansions are more 
appropriate than (2.26). For large positive g. it is more reasonable to make a strong 
coupling expansion by starting with the solution to the quartic potential and treating 
the quadratic potential as the perturbation. For case (c). the natural approach is the 
stationary phase approximation which will be discussed at length in Section 2.5. In this 
case, the partition function is written Z(g) = f i - V+ V] 

and the exponent is expanded around its two maxima y = ±1 corresponding to the 
minimum of the potential. 
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The general features illustrated by the quadratic plus quartic potential are pertinent 
to the richer and more complicated case of the many-body problem. We will find that 
different approximations will address different aspects of the physics. Perturbation 
theory in the two-body interaction, while at best an asymptotic expansion, will serve 
to organize our thinking and elucidate much of the general structure of the problem. 
Various resummations will focus on different parts of the physics such as short-range 
or long-range correlations. The stationary phase approximation will address still other 
aspects of the problem such as large amplitude collective motion and tunnelling. In all 
of these expansions, there will be some formal expansion parameter which provides no 
real mathematical control on the problem. The most we can ask in practice, as in the 
example in Fig. 2.2. is that successive terms in the series of approximations decrease. 

2.2 FUNCTIONAL INTEGRAL FORMULATION 

Functional integrals provide a powerful tool for the study of many-particle systems. 
The partition function is represented by an integral over field configurations which pro- 
vides both a physically intuitive description of the system and a useful starting point for 
approximations. Approximations which arise naturally from functional integrals include 
perturbation expansions, loop expansions around stationary solutions, approximations 
in terms of solitons or instantons, and stochastic approximations. Before proceeding 
to the general case of many-particle systems, it is instructive to illustrate the essential 
idea with Feynman path integrals. The essence of the path integral was introduced in 
a germinal paper by P.A.M. Dirac (1933) and developed extensively by R.P. Feynman 
(1948,1949,1950). All these historic papers are published in the reprint volume edited 
by J. Schwinger(1953). 

THE FEYNMAN PATH INTEGRAL 

For physical clarity, we will first introduce the Feynman path integral in real time. 
Subsequently, in order to represent the partition function, we shall perform an analytic 
continuation to imaginary time where this path integral is closely related to the Wiener 
integral and is mathematically well-defined. 

Consider a matrix element of the evolution operator for a particle governed by the 
Hamiltonian H(§,x) 


U{xft/,Xiti) == {x f \e * A(tf . (2.28) 

Whereas the matrix elements of the evolution operator cannot be evaluated exactly 
for finite time intervals, for infinitesimal time intervals they may be calculated to any 
desired degree of accuracy. Thus, the basic idea of the Feynman path integral is to 
break a finite time interval into infinitesimal steps, evaluate the evolution operator for 
each step, and chain the matrix elements together to obtain the result for the finite 
interval. 

Let the time interval t / - f< be divided into M equal steps of size e 


(2.29a) 



58 GENERAL FORMALISM AT FINITE TEMPERATURE 


with intermediate times denoted 


+ (n - l)e . (2.296) 

With this notation. 

to = ti and t M s t, (2,29c) 

and it will be convenient to use the same convention for initial and final coordinates 


x 0 = Xi and x M = x } . (2.29d) 

By inserting the closure relation Eq. (1.23) M - 1 times, the matrix element of the 
evolution operator may be written: 


U{x f t f , Xiti) = {x s | (e - ***) | a.) 

.M-l 

= / n (2.30) 

J km 1 


The key step is to find an appropriate approximation for the matrix element of the 
infinitesimal evolution operator, which may be written 

= j d?p n (x n |Pre) |x»- 1 ) • (2.31) 

For our purposes in obtaining a practical functional integral, we desire an approxima- 
tion to the infinitesimal evolution operator e“ which not only reproduces the 

exact evolution of a wave function in the limit e -* 0, but also yields acceptable re- 
sults when acting on position and momentum eigenstates |x) and jp) as in Eq. (2.31). 
We obtain such an approximation, which generalizes directly to the subsequent treat- 
ment of coherent state functional integrals, by considering a form of normal-ordered 
exponential. 

For operators expressed in terms of p and x, we will define an operator to be in 
normal form when all the p’s appear to the left of all the 2 ‘s, and the result of reordering 
an operator 0(p,x) into normal form will be denoted :0 {$,$>): ■ For example, the 
Hamiltonian for a single particle in a potential 

H v (p,&)=£-+V(Z) (2.32) 


is in normal form and 


n =0 *=0 ' l \ / 


(2.33) 
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The Hamiltonian for a particle in a magnetic field described by a vector potential A(x) 
may be rewritten in norma) form as follows 




( 2 . 34 ) 


For any H(p,£) in normal form. 


»-***<**>: -(~) 2 f:^i(^-r +2 - mp,m n+2 --) 

( 2 . 35 ) 

and for the special case Eq. (2.32), the leading correction is 

e 2 




4 m%' 


-{V" + 2iV'p) . 


( 2 . 36 ) 


Thus, if the infinitesimal evolution operator is approximated by the normal-ordered 
evolution operator, the error is of order e 2 times an operator which may be expressed 
in terms of multiple commutators of the operators comprising the Hamiltonan. When 
acting upon a normalizable, differentiable wave function ^(x), the error term is e 2 
times a finite number, so that in the limit e -+ 0, we are assured that 
yields the correct evolution of the wave function. Furthermore, in contrast to other 
approximations which are valid to first order in e, the normal-ordered evolution operator 
may be used in the integral in Eq. (2.31). 


<x„| (*._i> = / d 3 p„(x n |p n ){p„| *-***<*»•. 


-[*1 

J (2iri 


d 3 Pn 

h? 




( 2 . 37 ) 


For the case of a particle in a potential, Eq. (2.32). this integral over p is a Gaussian 
integral yielding 






-t{jk+vw) 


: !*»-»> + 0(«*) 


-(aSs)*'* 1 *" >■-'''■--» + <>«’> ■ 

( 2 . 38 ) 

At this point, approximating the infinitesimal evolution operator by 

Jnstead Qf j _ ^ + v(*j) or some other expression valid 

to order e may well appear artificial. The essential issue is to obtain an approximation 
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X 



yielding convergent momentum integrals both in the present case of real time and in 
subsequent expressions continued to imaginary time. Whereas individual terms in the 
Taylor series expansion yield powers of p which diverge, since p 2 is bounded from 
below, both and c~ 4 t£ are bounded. Mathematically precise derivations of 

successive levels of generality are provided by Simon (1979). Trotter (1959), and Kato 
(1978). 

Although it is crucial to use a form in which p 2 has been exponentiated, there still 
remains some arbitrariness in the approximation Eq. (2.37). As shown in Problem 2.4, 
one may replace F(x„_i) by V{x„) or A(V(a„_i) + V(x n )) and in applications such 
as in Chapter 8 where e remains finite, this freedom may be exploited to improve the 
approximation. 

The problems arising when the Hamiltonian contains terms in which p and £ 
are combined are exhibited in Problem 2.5 for a particle in a magnetic field. The 
ultimate justification for any expression such as Eq. (2.38) used to approximate 
(*„je - ^(^ 5r+v, ^0|a n _ 1 ) is that it reproduces the correct evolution of the wave func- 
tion, and this may be verified straightforwardly (see Problems 2.4 and 2.5). 

Using Eq. (2.38) and the notation of Eq. (2.29). the matrix element of the evolution 
operator Eq. (2.30) may be written 


U{xftf,Xiti) — lim 


frr w » 

J P, dXk ^2meh) 8 


(2.39) 

The set of points {x 0 , *i, . . . } defines a trajectory as sketched in Fig. 2.3. For 

notational convenience, in the limit M oo we will often denote this trajectory by 
*(t) with starting point x(U) = Xi and endpoint x(tf ) = xj, but it is crucial to note 
that this notation does not imply continuity or difFerentiability. Rather, the trajectory 
should always be thought of as a set of M points x{tk) indexed by the discrete times 
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tfe. In the same spirit, it is convenient to represent — f— - by the symbol Again, 
no differentiability is implied and the precise definition of is given by the finite- 
difference expression. With this notation, the Riemann sums in the exponent may be 
indicated symbolically 


e 




(2.40a) 


and 

w y 

/ dtV(x(t)) . (2.406) 

fc=i l 

The Feynman path integral, which is defined as the limit of Eq. (2.39) as M -* oo, 
is denoted 

(*/.*/) i/dt(?(ft) , -»'(*(‘))) 

U(x f t f ,x i t i ) = j D[x[t)]e *< = J P[*(t)]e* s W*)l 

(*«**) 

(2.41) 

where 

/ wM-jts. /iWss) m 
(**,**) fc_1 

represents a sum over all trajectories starting at position a u at time U and ending at 
position Xf at time tj, the action S[*(f)] is 


$[*(*)] = J dtL\x(t ) ) (2.43) 

u 

and the Lagrangian L\x[t)] is 

L\x{t))~\rn(^j -V(x{t)) . (2.44) 

The matrix element of the evolution operator between states |®<) and \xj) is thus the 
sum over ail trajectories beginning at sc,- at time U and ending at xj at time tj of the 
exponential times the action along the trajectory. 

Several remarks concerning the Feynman path integral, Eq. (2.41) are germane 
at this point. Because the path integral is an exact representation of the evolution 
operator, it may be used as the starting point for the formulation of quantum mechanics 
(see Feynman and Hibbs (1965)). The superposition principle, which may be written at 
any time t in the form 

U(xft/,xiti ) = J dxU(xftf,xt)U(xt,Xiti) 


(2.45) 
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is expressed in terms of path integrals as 

(*/*/) { f (*/*/) i'frtW)) 

J 0{x{t)\e ** = J dx j P\x{t)]e * 

(**) (2.46) 

x J 

and quantum mechanical interference arises directly from the sums over trajectories. 
A natural approximation to the path integral. Eq. (2.41) in the limit as h -* 0 is 
the stationary-phase approximation. As will be shown in detail in Section (2.5), the 
dominant contribution to the transition amplitude in this limit comes from trajectories 
surrounding the classical trajectory joining to xj. Finally, since the measure in Eq. 
(2.42) is still ill-defined when e goes to zero, it is useful to note that the functional 
integral may be normalized by solutions of an analytically solvable reference problem. 
For example, one may require that when the potential V is set to zero, the transition 
amplitude is 

Uo(xftf,XiU ) = 

_ i - l2 ' 47) 

[2inh(t f - t,)J 

The functional integral in Eq. (2.41) is called the Lagrangian form and requires 
that the Hamiltonian have quadratic momentum dependence as in Eq. (2.32). The 
Hamiltonian form of the functional integral is obtained by substituting Eq. (2.37) in 
Eq. (2.30) without performing the p integration, in which case the matrix element of 
the evolution operator becomes 


- js./ n n ^£>.<>.-’.-.>-4-.^ 

*/ 

- J mm (p(*)i« *• • (2.48) 

(*<*»•) 


The trajectories x(t) obey the same boundary conditions as in the Lagrangian form 
and the trajectories p(t) have no boundary conditions. The Hamiltonian form of this 
functional integral is a priori more general than the Lagrangian form, but requires 
care in the ordering of the non-commuting operators £ and p when N contains mixed 
terms in x and p (see Problem 2.5). 

At this point, it is useful to note that path integrals automatically represent time- 
ordered products. Let 0i{£,h) and ^(Ms) be operators acting at times ti and t 2 
with ti > f 3 and let f m denote the discrete time in Eq. (2.30) closest to fi and f„ 
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denote the discrete time closest to 1 2 . Then 
-i f 8 (t)dt 

(x/|r0i(£,ti)02(M2)e *' |*») 

-bf6(t)<u 

= <x,| Te ** 0(St,h)Te ** 0(&,t 2 )Te |x<> 

/ M-l 

dxfc (®/ 1 e ^ H . . . |x m ) (x m | (£) e~* |x m _ i) (x m _ 1 1 . . . 

fc=i 

x e~ i t a \x n )(x n \02(x)e~ i t H \x n -i)(x n -t\..-e~ iiH \xi) 

(*/•*/) * / «L|.(t)| 

« J P[»(*)l<M*(*i))fc(*(*3))« “ (2-49) 

(■*.«*) 

*■ /dt(p(*)*(*)-JT|p(t),^*)|) 

= J P[*(*)]PIp(*)]Oi(*(*x))<? (*(*»))« ’• 


Thus, although there is no explicit indication in the notation that operators have been 
time-ordered, in order for the operators Oi(Mi)> 0 a(*i* 2 ). and .tt(t) to be replaced 
by the c-numbers 0i(x(fi)), 0 2 {x{t 2 )), and H[p(t), x(t)j. it is implicit in the construc- 
tion of the functional integral that each operator had to act on the complete set of 
states introduced at the corresponding discrete time. Operators depending upon the 
momentum fi are treated in the same way by letting them act on the complete set of 
momentum states introduced at the corresponding time. The fact that functional inte- 
grals necessarily yield time-ordered products is the reason for the assertion in Section 
2.1 that time-ordered products are the quantities which arise naturally in the formal- 
ism and that physical response functions should ultimately be evaluated in terms of 
them. From the definition of the time-ordered exponential. Eq. (2.9), and the path in- 
tegral, it is evident that both quantities deal with the non-commutativity of operators 
in quantum mechanics in the same way. In both cases the time interval is divided into 
sufficiently small subintervals that the commutator terms become negligi- 

ble. There is no reason why the continuous parameter must necessarily be the physical 
time, and we will see that it is also useful to use temperature (or imaginary time) as 
the formal parameter for developing path integrals. 

IMAGINARY-TIME PATH INTEGRAL AND THE PARTITION FUNCTION 

The partition function for a single particle may be written 

Z = Tt'- 0 * 

= J dx{x\e~ fiA \x) 


(2.50) 
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and may be thought of as a sum over diagonal matrix elements of the imaginary time 
evolution operator 

«(*/f /,*«) = {s/|e- (T '- T ‘>*N> (2.51) 

evaluated for the interval r/ - r< = fih. Note that for the one-particle problem, we work 
in the canonical ensemble and there is no chemical potential. Given the observation 
that the essence of a path integral or time-ordered exponential is the subdivision of the 
interval into sufficiently small intervals that commutators of the quantum operators 
appearing in H may be neglected, all the steps in the derivation of the real-time path 
integral may be repeated for the case of imaginary time. For the Hamiltonian. Eq. 
(2.32), we obtain 


U{xft ft xiti) = Jim f li^ fc n<**l< 

j fc=1 Is=l 

“ J™,/ IE ^ + Oflxk-i) 

J t=i k~i 


-J* fn - 

(l/ : r/) -it 

J mr)\e " 


(*(.«•<) 

(*/,'/) 




(2.52) 


(««.»*) 


where e = ^.(ry-r,). Thus, the imaginary-time path integral is a sum over trajectories 
starting at (z,,r,) and ending at (x/,r/) of the exponential of a modified action in which 
a change in sign of the kinetic term yields the Hamiltonian instead of the Lagrangian. 

An alternative derivation, which shows explicitly how the Lagrangian in the real- 
time case is transformed into the Hamiltonian in the imaginary time case, is to preform 
an analytic continuation of Eq, (2.41) to imaginary time. This continuation, known as 
a Wick rotation because it may be viewed as a rotation of the integration contour in 
the complex f-plane. is effected by the variable transformation 

t = —ir . (2.53a) 


dx _ dt dx _ ,dx 
dr dr dt * dt 


Thus. 


(2.536) 
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and the action, which is called the Euclidean action, becomes 


r* 


(2.53c) 


The kinetic energy thus changes signs because each time derivative acquires a 
factor of ». The same sign reversal arises in the classical equations of motion in 
imaginary time, and the interpretation of a particle moving in an inverted potential will 
subsequently provide a picturesque way to visualize the stationary solutions to path 
integrals in classically forbidden regimes. 

For the imaginary-time path integral, the measure appearing in Eq. (2.52) is equiv- 
alent to the Wiener measure defined in the study of continuous stochastic processes 
(Wiener, (1924,1932)) and the functional integral can be given a rigorous mathemati- 
cal definition. This path integral will provide the foundation of the stochastic method 
presented in Chapter 8, and the nature of the trajectories which contribute to it will 
be studied more thoroughly in that context. 

Using Eqs. (2.50) - (2.52). the partition function may be expressed 


i(/9h)=i 

Z = J dx J P[*(r)je 
*(<>)=» 


jr rfT ^(<*ui)* + v(*(r))) 


■ / 




(2.54) 


The partition function is thus a sum over all periodic trajectories of period ph and the 
shorthand notation in the last line emphasizes the fact that the integral over x m at 
the endpoint of the interval is equivalent to the integral over each of the internal s fc ’s 
within the interval. For notational clarity, except when we are specifically concerned 
with the classical limit in which h 0, it will be convenient to use units in which 
h= l. 

Finally, the Feynman path integral in real or imaginary time may be straightfor- 
wardly extended to many-particle systems. For example, using the symmetrized or 
antisymmetrized states defined in Eq. (1.38) where we used f = ±1 for Bosons or 
Fermions, the partition function for an JV-particle system may be written 



= jr\'£'* P l n •”*p w I* • ( 2 - 55 ) 

p »=i 


As in the case of a simple variable, the time interval p may be divided into infinitesimal 
steps. However, now we have the additional choice of inserting at each step the 
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closure relation Eq. (1,30) with product states or Eq. (140) using symmetrized or 
antisymmetrized states. Either choice yields exact evolution and the symmetry or 
antisymmetry of the final states in the trace suffices to impose the proper statistics. 
The use of product states yields the simplest formal result completely analogous to 
Eq. (2.52). and for the case of a Hamiltonian of the form 

* = + 5 £«(*-**) ( 2 - 56 ) 

tsssJ. 

the partition function may be written 

Z= W\^ (P / (2.57) 

P 0) 

*K («=*/■ W(0) 

x e -J>[£L 

In the case of stochastic evolution of path integrals for Fermions, the alternative choice 
of using antisymmetrized states at intermediate steps will prove advantageous in certain 
applications, as discussed in Chapter 8. 

COHERENT STATE FUNCTIONAL INTEGRAL 

For a general many-particle Hamiltonian expressed in second quantized form, a 
functional integral representation for the many-body evolution operator may be ob- 
tained using the coherent states |^), Eq. (1.118) and (1.160) instead of the position 
and momentum eigenstates used for the Feynman path integral. Recall that the rela- 
tions for Fermions and Bosons have the identical form tabulated in Table 1.1 at the end 
of Chapter 1 where the integration variables are understood to be complex variables for 
Bosons and Grassman variables for Fermions. We will evaluate the matrix element of 
the evolution operator between an initial coherent state |^,) having components 
and a final state (^/| with components As before, the integral is broken 
into M times steps of size e = a closure relation in the notation of Table 1.1 

is inserted at the k tb time step, and we use the notation at the end points: 



For second quantized operators, the appropriate form of normal ordering is that defined 
in Section (1,4) with all creation operators to the left of annihilation operators, and we 
will assume that H{a t at a„) is written in normal form. As in the path integral case. 

,**<«*•> = + 0(e 2 ) 


(2.59) 
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where the term of order e 2 is e 2 times an operator which is finite when acting on a 
normalized, differentia! wave function ^(<£*). Thus, using Eqs. (1.137) or (1.177) to 
evaluate coherent state matrix elements of the normal ordered exponentials, the matrix 
element of the evolution operator may be written 

- Aar— i . _ M 

-jun j n 

X n<^| + O(^)l^-i) (2.60) 

k=l 

= / n n 


Note that in the case of Fermions, since there is no metric in the Grassman algebra, all 
the integrals indicated in Eq. (2.60) are finite. For Bosons, the argument is analogous to 
that for the path integral case. In real time e~^ H is oscillatory and the factor «*».**“>* 
arising from the measure produces convergence. In imaginary time we again rely upon 
the physical fact that the Hamiltonian is bounded from below, which implies that 
s * s a * so bounded f rom below. Hence *>+«.*-») 

is bounded and the Gaussian factor from the measure again ensures convergence. 

As in the case of the path integral, it is convenient to introduce a trajectory <f> a (t) 
to represent the set • • -4>a,M} an ^ t0 introduce the notation 

a £(*) j^( t ) ( 2 . 61 a) 

and 

1) s H(<t>* a (t),</> a (t)) (2.616) 

in which case the exponent in Eq. (2.60) may be rewritten symbolically 


+“E 


M-l 

■Y 

k=l 


iE«.* ( *•■»-/•■»- ) - 

*f r 

a if l a 

= ][>;(*/)*«(*/) + if dtL(f a (tU a (t)) 


(2.61c) 
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where the Schrodinger Lagrang'ian operator is - H. As in the Feynman path 
integral, the trajectory and derivative notation is purely symbolic, and for any case in 
which ambiguity may arise, the correct physical quantity is calculated by performing 
the integral over the discrete action in Eq. (2,61c) and then taking the limit M -* oo. 
With this notation. 




where 

r+a (*/) r Alz* __ 1 

A (t ) ~ y IT II J J d ^a,k d< l>a,k ■ (2.626) 

Note in the discrete expression, that the boundary conditions specified 4a,o and 
4>a t w tbat there were no variables 4a,o or 4a, m- anc * that all the internal conjugate 
variables 4 „ ,k and 4a,k for k = l,Af - 1 are integrated. In the trajectory notation 
4* a {t) and <j> a {t) are associated with variables displaced by one time step, 4a, k and 
4a, k- 1 . respectively, so that 4% (f/) and $„(*<) are specified by the boundary conditions 
but 4a{tf) and 4* a (*/) correspond to internal variables of integration not subject to 
boundary conditions. The boundary term 4a,M ( t , <*M-i appearing in the exponent. 
Eq. (2.61c) represents a term left over at the end of the path from our grouping of 
terms in defining the derivative Eq. (2.61a). Had we chosen the alternative convention 
\{~^a,k + 1 + = (~at^a(*)) ^( 4 ) «*he remaining boundary term would have 

been 4j.4o ■ Both results correspond to the same fundamental discrete expression and 
are thus equivalent. If a symmetric formal expression is desired, one may use the 
average of the two. 

One significant difference between the coherent state functional integral. Eq. (2.62) 
and the Feynman path integral is the dependence upon h. In the Feynman case, £ 
appears as a constant multiplying the entire exponent, so that the stationary-phase 
expansion immediately yields the classical limit. In the present case, the action contains 
h within the Lagrangian as well as a multiplicative factor, so that the stationary-phase 
method yields a result quite distinct from the classical limit. 

THE PARTITION FUNCTION FOR MANY-PARTICLE SYSTEMS 

As in Eq. (2.57), the partition function for a many-particle system may be ex- 
pressed as the trace of an imaginary-time evolution operator. Using Eqs. (1.128) or 
(1.173) for the trace with Boson or Fermion coherent states and units such that h = 1, 
the partition function may be written 

Z = Tbe-HA-rf) 

= j U d 4‘ a d4ae 5 • 


/■*£(*/)=*»,/ 


(2.62a) 


(2.63) 
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When the continuation of Eq. (2.50) to imaginary time is substituted in this 
expression, the trace imposes the periodic or antiperiodic boundary conditions 


4a,o — 4>a 

^*a,M = S& a ■ 


(2.64) 


The equivalence of the interior and exterior coherent state integrals is emphasized 
by relabelling <f> a = $4 >c,m and the resulting partition function is 


Z = lim 

M—*oo 



j d K*d+.**- sl **'* ) 


(2.65a) 


where 


S(^*, ^) = « |]C - n<f> a ,k-i | + <f> a ,fc_i) 


+ e 


[e«.{ 


~ ^a,M 




. (2.656) 


Using the trajectory notation, this may be rewritten 

r - If ar I E 

Z= D(K( r)<t> a {r))e U 

(2.66) 

with the usual understanding that the derivatives and integrals are defined in terms of 
the discrete expression, Eq. (2.62). Note that the integration is over complex variables 
satisfying periodic boundary conditions for Bosons and Grassman variables satisfying 
antiperiodic boundary conditions for Fermions. 

In a formal sense, the problem has now been reduced to quadrature and we only 
need to develop techniques to evaluate the integral in Eq. (2.62). Our overall approach 
will be to group the one-body part of H{4*, $) together with the other quadratic terms 
in the exponent and to develop a perturbation series in which the exponential of the 
many-body part of is expanded in a Taylor series. This will give rise to 

a series of integrals of the products of a Gaussian times polynomials which may be 
evaluated straightforwardly using the techniques developed in the next section. 

The thermal Green's function, defined in Eq(2.22), has a simple form expressed in 
terms of a coherent state path integral. It is useful to give the creation and annihilation 
operators a formal r label, {a* (r),a a (r)}, denoting the time slice r upon which they are 
defined. This purely formal r label is introduced to allow the time-ordering operator to 
appropriately interlace operators with no explicit r-dependence. and when the evolution 
operator is represented by a functional integral, the operators (a* (r),a a (r)} on the 
time slice r will be replaced by the coherent state variables {^*(r), ^ a (r)}. To facilitate 
manipulation of the time-ordered product, it is convenient to write the thermal Green’s 
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function, Eq. (2.22), as follows: 


9 (n) («in • • .<*nTn\a 2 nT 2 n ■ . . a„ +l r„ + i) (2.67a) 


where the permutation P arranges the times in chronological order and a ai is an 
annihilation operator for * < n and a creation operator for i> n. Using the definition 
of the Heisenberg operator, Eq(2.23), and the fact that a functional integral corresponds 
to a time-ordered product,Eq(2.49), the Green's function may be written as follows: 


S {n) (°nn.. .a„r n |a 2 »r 2n ...a n+1 r„ + i) (2.676) 

x e Tpt(&-n(l)g^ _ e Tpt„(fi~H&) g g-Tp3»(fi-Vtft)] 


T rl 

- / (H-HN) 




Oap, • • ■ 


- / id-rf) 

= -i P Tr[ e a aFl c 

* - / (&~pN) 

= -Tr[Te • “ajn) .. .a aw (r JV )aJ tK+l (r^+i) . -.al,,.(r 2 „)] 

4jw«( f )i[ e ° 

X (ri)...^»(r„)^ (r„+i)...^* Jn (r 2 „)] , 


As preparation for the general case of a many-body Hamiltonian, it is useful to 
evaluate the partition function for a system of non-interacting particles described by a 
one-body Hamiltonian. For convenience, we choose a basis in which Ho is diagonal: 


Ho = . 


( 2 . 68 ) 


The discrete expression for the partition function. Eq. (2.65), may be written 

^ f " r ! -£♦;<* 

*«ji» n n j jf&id+ke 


(2 
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where, with the convention that the time index increases with increasing row and 
column index 


S’!") - 


' 1 

0 


... 0 

--fa' 


-<h ' 

—a 

1 

0 


0 


<t> 2 

0 

—a 

0 

1 

—a 

•. 0 






0 

1 

0 



. 0 



. . . —a 

1 


Am . 


(2.70a) 


and where 


•- 1 - £(«•-'■> • 


(2.706) 

The determinant of may be evaluated by expanding by minors along the first row 
Jjm^detsW = Jirn^ [l + (-i)^~i ? (_ 0 )^] 


- u m u-'fa.eh&Ay 

M~> oo I \ M ) 


(2.71) 


= l - -*(*«-<*) , 

Substitution in Eq. (2.69) yields the familiar result for non-interacting particles 

2o = II (i ~ f • (2.72) 


Note that | S arising from the definition of the functional integral corresponds 
to a specific discrete approximation to the continuum operator JL + e a - p with 
periodic or antiperiodic boundary conditions. As seen in Problem 2.6. other discrete 
approximations to ^ + e a - /* give inequivalent results emphasizing the fact that Eq. 
(2.65) rather than the continuum shorthand. Eq. (2.66) is the defining expression. 

Finally, we evaluate the single-particle Green's function for non-interacting parti- 
cles, § o . Let r„ correspond to the time qjg and r r correspond to the time for 
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integers q and r. Using Eq(2.67) for the non-interacting Hamiltonian, iJo.we obtain: 


So(«r,br r ) = ^Tr [ 2 W.' 

= i J5L / II II JjWlkdfoM 


- E 


- E WF* 

_ e JJIfeif $M$*1 ts^L 

~ ° a "> M 

frT - E *i s }! } ** 

IUk d K^ e i,kmt 

c f a 2 /n k d+id* k e-'E»** 8 F* k+ 'EiW*‘+*i*) 
= aidJ ^ in kd r k dHe-^ s ^ 

= * e E M J i s i* a) ~ lj *l 

ai 9JidJ r Ir-r.-n 


The inverse of 5 in Eq. (2.70a), with a defined by Eq. (2.70b) is 

" 1 fa M_l fa M ~ 2 ... fa 

a 1 fa M_1 fa 3 

a 2 a 1 


n M~2 n M-3 


Hence, for q > r 

lim 1 = lim — ^ — ~rr 

M-*oo q ’ M~* oo 1 - fa M 


“ ~ Hr (e “ “ (‘ + 

= e -(^-M)(r,-r r )( 1 + fna ) 


A*))""-? 


where n a is the familiar Boson or Fermion occupation probability 


(2.756) 
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Similarly, for q < r 


<a M+<t~r 

lim S " 1 = lim r r 

M-*oo g,r M-*ca l-fa W 

(9, 


= <5 -(«»-F)(r,-r,) ?na 


(2.76) 


The two results specify the single-particle Green's function when r, < r r and when 
r, > r r respectively, so there only remains the case in which creation and annihila- 
tion operators act at equal physical times, as occurs for example whenever a second- 
quantized operator is evaluated at a specific time. Using the fact that the time-ordered 
product is defined to be equal to a normal-ordered product at equal time, the equal-time 
propagator may be obtained two equivalent ways. If the operator a^ap is surrounded 
by evolution operators, subdivision of the interval in the usual way yields 


= «-"!**) + 0(e)) (<f> k -i\... . 

(2.77a) 

Thus, like the operators in H. the creation operator is evaluated one time step later 
than the annihilation operator, and the appropriate expression for the Green's function 
corresponding to equal times is Eq. (2.76) rather than Eq. (2.75). Alternatively, the 
time-ordered product may be written T(oy»(T)a^(r)] = fa), (r)ap(r) = a^(r)a^(r) - 
S a p in which case the evolution operator is expressed 


t^fc+i)(^fc+i|e e ' H aa|^fc)(^fc|a^e _dtf |^fe-i)(^fc-i| • • • (2.776) 


and <j> a and are evaluated at equal times. Thu$,(Ta a (r)a], (t)) = S~J - 1 = fn a 
as before. 

Combining these results, the single-particle Green’s function may be written 
$ 0 («r|aV) = <T«„ (,>*,(/)> 

= 6aor<e - ^“ _ ''^ r_T 1 {8(r - r' - rj)(l + fn a ) + $B(t' - r + »;)n a } 

= 6 aa >g a (r - r 1 - ri) 

(2.78) 

where the infinitesimal i? serves as a reminder that the second term contributes at 
equal times. (A convenient mnemonic for the ri is the fact that the time r' associated 
with the creation operator is always shifted one time step later). 

Although we have derived Q carefully as the inverse of the discrete expression 
appearing in the exponent of the partition function, it may be obtained directly as the 
inverse of (d T + e a - n) by solving the differential equation 


(d r +e a - ^)$(ar\ar') = S(r - r') 


(2.79a) 
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subject to the boundary condition 

§(afi\aT') = f$(aO|ar') . (2.796) 

The only ambiguity in the continuum derivation is the result at equal times. Whereas 
the discrete expression defining the functional integral produces the physical result at 
equal time, other discrete approximations to the continuum expression may be incorrect 
(see Problem 2.6). 

2.3 PERTURBATION THEORY 

In this section, we consider the case of a Hamiltonian which has been decomposed 
into the sum of a one-body operator Ho and the residual Hamiltonian V. which in 
general may contain a one-body interaction as well as many-body interactions, and 
develop a systematic perturbation expansion in powers of V. The basis will be chosen 
to diagonalize Ho = ]C € <* a a a <* and we will write the normal-ordered many-body part 

as V(aJ,ajj .. . a,a« . ..) The starting point is to express the Grand partition function 
in terms of thermal averages defined with respect to Hq. To establish notation which 
will be used subsequently, we will define equivalent expressions in terms of operators 
and functional integrals. As in Eq. (2.67), creation and annihilation operators will be 
given a formal r label denoting the time slice upon which they are defined. These 
operators {a^ (r), o«(r)} are replaced by the coherent state variables {^(^^(r)} 
on the corresponding time slice in the functional integral and should not be confused 
with the Heisenberg operators defined in Eq. (2.23). The operator 

form of the partition function is written 

Z = Tr \t<T So dT (£<,i ea - M ) 0 « (T ) 0 “ ( ’') +vr ^““< T J a J( T ) "“''^ r ^ a, ^ T ')| 

l i (2.80a) 

= 2b(e-/o' , ‘ lrV ^<^ (r, -“-' (T)a<W )o 

where the thermal average of an operator F is written 

<F(a£(n-)a£(fy) . . . a,(r*)a« (r*) . . .)) 0 

- ±Tr [re" St (*)„♦ fo) . . . a 7 (r fc )a 4 (n) . . .)] . 

L (2.806) 
it is crucial to note that all the operators in F are subject to the time-ordering operator 
included in the definition of (F)o. 

Equivalently, in terms of functional integrals, the partition function may be written 
_ Zo { e ~ 



(2.81a) 
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where the thermal average is defined 

= _ J P{il>* a rl> a )e » (2.816) 

*(0)=o/HO) 

Note that the time-ordering which was explicit for operators is implicit because the 
functional integral always represents time-ordered products. 

The partition function of the non-interacting system, Zo, appearing in Eqs. (2.58) 
and (2.81) may be written 

Zo « TV (2.82a) 

« J . (2.826) 

*(/j)=nHo) 


Because of the equivalence of Eqs. (2.80) and (2.81). we will henceforth pass freely 
between thermal averages ( )o of operators and of complex or Grassman variables. 
Note that analogous expression will also be introduced later for thermal averages { ) 
defined with respect to the full Hamiltonian by replacing Ho by H in Eqs. (2.80b) and 
(2.81b). 

The perturbation expansion is obtained by expanding Eq. (2.81a) in a power series 


Z_ 

Zo 



dri . . . dr n 


(Violin) ■■■ .v (tf £ (n») • • • » iM*») • • -))o . 


(2.83) 


We will proceed by deriving a form of Wick’s theorem to evaluate the thermal averages 
of the products of and i> which arise in Eq. (2.83) and then develop a systematic 
set of rules for constructing Feynman diagrams. 

WICK'S THEOREM 

In the form we will use it. Wick's theorem corresponds to the following identity 
for the integral of a product of a polynomial with a Gaussian 


~ J2 Mii'I’i 

f j • • • li 

J ** 




(2.84) 

where, as usual (^*,^) denote complex or Grassman variables, P(^*$) is the appro- 
priate measure, and we have simplified the notation by letting j denote the state and 
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time labels. We will first prove this identity and then relate it to evaluation of Green's 
functions, thermal averages, and the traditional statement of Wick’s theorem. 

The identity Eq. (2.84) is a generalization of the result Eq. (2.73) and may be 
derived in the same way using the generating function 

*'**''*' (2.85) 

= e E (i . 


Differentiation of the first line of Eq. (2.85) with respect to the sources J and J* 
yields 


S 2n G 






, / • • • r ix 


(2.86) 

Note that in deriving this result, we used the fact that all the terms in the exponent 
are even in the J ‘ s and t/>'s and thus commute with if>. i/>*, J and J* and the fact that 
an odd number of interchanges is required for each differentiation with respect to J. 
Differentiation of the second line of Eq. (2.85) yields 


6 2n 




SJ . (E ■■■(£ •?, ) <E ‘' 




*» kn 


*» 


= ( n J2< PM irlu--- M frlh 


(2.87) 


Equating the two expressions Eqs. (2.86) and (2.87) proves Eq. (2.84). 

We now apply this identity to the case of physical interest by defining Mi, to be 
the discrete matrix representing ( d t + H 0 -fi ). Eq. (2.69), replacing i>, by rp 0tk , where 
a denotes the basis states in the diagonal representation and k denotes the time point 
on a mesh of M points with At = As shown in the preceding section. M^ 1 is 
then the single particle Green's function, Eq. (2.78): 

„ , , , fPirMMKA 

= M 

— (3 r + € a Mjajr, ;ajTj 

— &aia,9ai{Tl ~ tf) . 

The identity (2.84) then states that the n-particle Green’s function for a non-interacting 
system is the sum of all permutations of the products of one-particle Green's functions 

9 {n) (<*m . . .a„r„|air( . . . «) 

= J2 fej (tP 1 “*!)•• • ( T Pn ~ <) ■ 


(2.89) 
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We may establish contact with the traditional statement of Wick's theorem by 
defining contractions of time-dependent operators. Let a„(r) denote any creation 
operator a* (r) or annihilation operator a a (r) and let 0 a (r) denote the corresponding 
complex or Grassman variable 0£(r) or 0 o (r). A contraction is then defined as 

CwLm = <r[5 a (r)a a ,(r')!>o = (o a (r)o a ,(r'))o (2.90) 

where the thermal average is defined by Eq. (2.80) and the explicit T-product may 
be omitted because the operators are necessarily time-ordered by the definition of the 
thermal average. An equivalent definition is given by 

0o(7)0«<( r') = <0«(r)0«'(r'))o (2.91) 


where the thermal average is given by Eq. (2.81). From Eq. (2.88) we obtain 


a a (r)a t o ,(r , ) = 0a(r)0:,(r') 
= ^aa'Sa(7-7') 


(2.92a) 


and 


a L'(^) a o( r ) = 0a'( r ')lM r ) 


(2.926) 


Because the expectation value of two creation or annihilation operators is zero in 
any state of definite particle number, or by explicit integration of the corresponding 
Gaussian integral, the following contractions vanish: 

aj,(r)a*, (r') = 0*H0V ('') = 0 (2.92c) 


a«(f)a a .(r') = 0 a (r)0«.(/) = 0. (2.92d) 

Given these definitions, note that with M s (3 t + Ho - m) the left hand side of the 
identity Eq. (2.84) is (0^0,-, ...0,- .0^ •••0y,^/,)o aid each factor in the right hand 
side corresponds to a contraction 0,-0J = (d T + Ho — . Thus, in this case, the 

thermal average is given by the sum over all complete sets of contractions, where a 
complete contraction is a configuration in which each 0 is contracted with a 0* and the 
overall sign is specified by $ p where P is the permutation such that 0,>„ is contracted 
with 0£ h , If one considered the expectation value of a product of an unequal number of 
0’s and n 0*’s, it would still be equal to the sum of all contractions since the complete 
expectation value would vanish and at least one contraction in each complete set of 
contractions would also vanish. Thus, the general statement of Wick's theorem, using 
the notation of Eqs. (2.90) and (2.91) to denote creation or annihilation operators, is 
the following: 


<T(a 0l (ri)...a„„(r„)])o = (0« 1 -(ri)...0« n (r n ))o 

= all complete contractions . 


(2.93) 
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For example, 

+ w) 

= ~ f j) 

+ ?$<u «'£»,<»', 9a% (n - 4)901 ( r 2 ~ r l) ■ 

(294) 

The utility of Wick's theorem is now evident, since the power series for jl in 
Eq. (2.83) may be represented as the sum of all contractions in which single-particle 
propagators g a (r - r') connect the products of the potential V in all possible ways. 
Although we have used a diagonal basis for notational convenience, Wick’s theorem 
holds in a general basis |a) which is not an eigenbasis of Ho. in which case the only 
difference is that the single-particle propagators are no longer diagonal. An alternative 
derivation of Wick's theorem as an operator identity is presented in Problem 2.8. 

LABELED FEYNMAN DIAGRAMS 

Using Wick's theorem, the perturbation expansion for is obtained from the 
series Eq. (2.83) by enumerating ail the complete sets of contractions contributing to 
the thermal average of products of the potential V . It is convenient to represent this 
expansion in terms of diagrams, and in this section we will develop simple rules for 
constructing diagrams which provide an economical representation of the enormous 
number of contractions. For simplicity, we will consider the special case in which V is 
a two-body interaction 

= M v h 6 )^l{ T )^{ T )M4^-i(4 (2-95) 

afii S 

and subsequently address the generalization of the rules to n-body interactions. The 
term of order n in V in Eq. (2.83) for jfc in this case is 


O) m E E • • • (a»Ai|vhfnft») J dn...dr n 

/ n " * <*\Pi 0 


x (n)d>0 t (n)t&«, (n)^, (n) • • • K, . 

(2.96) 

A faithful representation of all the complete sets of contractions contributing to 
(■§-)* is given *>y labeled diagrams defined to reproduce each of the contributions 
to°Eq. (2.96). Each contraction will join some ^* ( (n) to some (ry) yielding a 
propagator S m „ s g m (t s - n) which will be represented by a directed line originating 
at V>* ( (n) and terminating at ^(n). Each interaction will yield a vertex having two 
incoming lines, corresponding to V'4i(7,-)V"r i ( T >) and two outgoing lines, corresponding 
t0 ^(nj^/fctn). The n interactions in Eq. (2.96) will thus be represented by n 
vertices with two outgoing lines and two incoming lines acting at time r< 
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corresponding to the factor 

A 

) / = (ccMliSi) ■ ( 2 - 97 ) 

y, ' '8j 

Each outgoing line will be connected to an ingoing line with a directed line corre- 
sponding to the propagator 


r, — S ninj g m (i j - n) 

r i - A = + tn ni ) 0 (r } - - r<) + fn, ( J(ry ~ r <)l • 


(2.98) 


The set of all possible ways of connecting interactions with propagators corresponds 
precisely to the set of all the contractions arising from Wick's theorem, so summation 
over a complete set of distinct diagrams will faithfully reproduce each of the desired 
contractions. At order n = 1, there are two diagrams corresponding to the two con- 
tractions contributing to Eq. (2.96). 


y O-- 1 — O S = 


If *51 (*)*■> MMMtO 

2 Jo a % 



~lj o (2.99a) 

f dr 53 (r)i, (r) M vfrS) 

2 J o 

~l S j 0 • (2 996) 


Note that because the propagator is diagonal in the single-particle indices, each directed 
line in a diagram is labeled by a single index which is summed over all states. Recalling 
the form of the propagator at equal times, we obtain 

Jr = 1 - ~ 53 n 7»« IM l«M) + ?( 5 t!vM)J • (2,100a) 


For Fermions, this is just the finite-temperature generalization of the expecta- 
tion value of the energy in a Slater determinant composed of eigenfunctions of Hq. 
Expanding the partition function to first order in the grand canonical potential yields 

n = n 0 + i53 n '' n «[( < 7 5 l u H^) + f(^i v N 5 )l • (2.1006) 

ti 


For Fermions in the low temperature limit, the occupation numbers simply sum over the 
occupied states reproducing the interaction energy derived in Problem 1.6. Although in 
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general the single-particle eigenfunctions |a) may not coincide with the self-consistent 
Hartree-Fock wave functions (see Problem 1.6), in the special case of uniform matter, 
any translationally-invariant H 0 will yield a piane wave basis in which case Eq. (2.100) 
corresponds to the Hartree-Fock energy. 

The diagram rules presented thus far correctly account for all the contractions, 
propagators, and matrix elements, and we have only to augment them by the rules 
for the overall sign and factor and a careful general definition of summation over all 
distinct diagrams. 

In higher orders, one could imagine deforming a diagram in such a way that two 
different drawings correspond to the sa m e co ntraction. For example the contraction 

I i i r 1 ' —i r~ , , 1 | " ^ | 

^p(m)C( T i)^<r(»'2)^(r'2)^( , 'i)V’«(n)V’ 1 (n)^ a (ri)^*(r3)Vi*(r3)^p(r3)^(r3) 

(2.101a) 

may be drawn the following ways 




. 3-0 


(2.1016) 


Although these drawings look different, they are not distinct diagrams; rather they are 
merely deformations of the same diagram. The essential feature of the propagator line 
labeled S is that it begins at the right side of the interaction at r x . and ends at the 
left side of the interaction at r 2 and whether the diagram is drawn so that the arrow 
is pointing upward or downward is immaterial. 

For subsequent developments, it will be useful to introduce a precise general def- 
inition of distinct diagrams. Imagine that the interactions and propagators comprising 
a diagram are arbitrarily flexible and may be lifted of the plane upon which they are 
drawn and twisted and deformed in all possible ways. All labels and arrows associ- 
ated with interactions and propagators, however, must be retained as the diagram is 
deformed. Two diagrams are defined to be distinct if they cannot be made to coincide 
with respect to topological structure, direction of arrows, and labels by some deforma- 
tion. By this definition, the two diagrams drawn above are clearly not distinct, because 
deforming the left diagram by raising the interaction r 2 above n will make it coincide 
precisely with the right diagram. The summation over all distinct labeled diagrams 
defined in this way then correctly counts each contraction once and only once. 

Since the state label on each propagator is summed over all single-particle states, 
it is superfluous to include these labels on each diagram. The only essential role these 
labels have played thus far is to distinguish the variables \j)* a and V'i associated with 
the left-hand side of the interaction (afi\v\'jS) from the variables i>* p and associated 
with the right. Thus, we may make the replacement 

(2I02) 

and a labeled diagram is now specified by the times r,-. the arrows on propagators, and 
the left (L) and right (R) designation on interactions. 
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Finally, we must consider the overall factor associated with each diagram. Each 

term of n‘ h order in Eq. (2.96) contains the overall factor krii multiplied by a sign 

associated with the specific contractions (which is always positive for Bosons). Each 
contraction will result in a diagram in which the single-particle propagators form some 
number of closed loops. n c . For example the first-order direct diagram, hboxEq. (2.99a) 
has n c = 2. the first-order exchange diagram. Eq. (2.99b) has n c = 1 and the contrac- 
tion in Eq. (2.101) has n e = 3. Each closed loop corresponds to a cycle of interactions 
which begins at the left or right side of some vertex, connects to one side of an- 
other vertex, connects to some side of yet another vertex and so on until it finally 
returns to the original side of the original vertex. For example, the contraction in 
Eq. (2.101) generating the closed loop comprised of the 7 ,6,p propagators may be 
rewritten schematically: 

I , : ~ | 

+H>r1>r+l 'Pl'i’R'f’R'pL (2.103a) 


where we have specifically indicated the variables corresponding to the left and right 
sides of each vertex and suppresed all other labels since we are only concerned with 
the signs. Since at each vertex is separated from by two variables. 
may be rewritten and the closed loop has the form 


I c - t r — — - — | 

'I>1'I>l$r4>r ■ 


(2.1036) 


The pairs included in the cycle corresponding to the closed loop under consideration 
may be reordered without affecting the sign until the cycle of contractions has the 

following form: | - | 

1 /,*$ • (2.103c) 

The sign associated with this closed loop is now obvious. By Eq. (2,92) the interior 
contractions V’V’* each yield +g whereas the outer contraction $*"? b produces the factor 
$g. Any closed loop may be expressed in a similar form, in which the pairs 
involved in the cycle of contractions are separated by pairs of variables not involved 
in the contraction. The sign is not altered by commuting all the pairs included in the 
cycle to the left of all the other pairs. Thus the contribution of a single cycle has been 
separated from the rest of the contractions, which may subsequently be analyzed by 
similar decomposition into cycles. Hence, each closed loop contributes a factor f in 
addition to the propagators already included in the diagram rules and a diagram with 
ni, closed loops thus acquires a factor ( nt . 

In summary, we have now derived the rules for constructing labeled diagrams which 
provide a faithful representation of the complete set of contractions contributing to the 
n tb order perturbation expansion of -jj-. The rules stated below are distinguished from 
subsequent variants by the subscript % indicating that the diagrams are labeled. 

1 1 Draw all distinct labeled diagrams composed of n vertices connected 

by directed lines ^ . Two diagrams are distinct if they cannot be deformed so 
as to coincide completely, including all times labels r<, left-right labels L-R and 
the direction of arrows on propagators. For each distinct diagram, evaluate the 
contribution as follows. 
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2 £, Assign a single-particle index to each directed line and include the corresponding 
factor 

T ja = g«(r - t') = + ?na) *( r - r 1 - r,) + < n J(r' - r + r,)} 

where the infinitesimal rj is included in the 0 functions to indicate that the second 
term is to be used at equal times. 

3i For each vertex, include the factor 

a @ 

)— --- ( = («£MtO • 

y s 


4 x, Sum over all single-partide indices and integrate all times over the interval [0,/?]. 

5& Multiply the result by the factor where n*, is the number of closed loops 

of single-particle propagators in the diagram. 

UNLABELED FEYNMAN DIAGRAMS 

The number of labeled diagrams proliferates dramatically with order. At order n 
in the interaction there are 2 n variables tf>* to contract with 2 n variables yielding 
(2n)! diagrams. At third order there are thus 720 diagrams and at fourth order 40320 
diagrams so that combinations quickly become unmanageable. Since many distinct 
diagrams have the same numerical contribution, it is worthwhile investing some addi- 
tional effort in developing a systematic method to account efficiently for all diagrams 
which have the same contribution. 

For a general interaction v which has no special properties other than the symme- 
try 

M«hr*) = (2.104) 

there are two types of transformations which leave the value of a diagram invariant: 
permutation of the time labels and exchange of the extremities of each vertex. Since all 
the time labels ...r n are integrated over the same interval [0,/?], any permutation 
of the time labels leaves the value of a diagram invariant. For n interactions, there are 
n! permutations which yield the same value. Any vertex in a diagram is connected to 
the rest of the diagram by four propagators, and we may schematically represent the 
dependence of a diagram T upon one particular vertex as follows 


T= 1 


p 

- \ I dr Y, ~ t M t ~ T i) 

0 a ^ s 

X g 0 (T 0 - r)gs(r - T S )F a 0 lf {T a ,T 0 ,T^,r s ) . 


(2.105a) 
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The graph F' obtained by exchanging the extremities of the vertex is 

T = 

dr J2 ~ T )9i(r - r 7 ) 

aff'it 

x gp (rp - r)g t (r - Tg)F a p lS (r« , rp , r 7 , r s ) . 




(2.1056) 


By the symmetry of the matrix element. Eq. (2.104) the value of the diagram T' equals 
that of T. For a diagram with n interactions there are 2" exchanges which yield the 
same value. Note that extremity exchange symmetry corresponds to interchanging 
the spatial integration variables in a potential matrix element such as Eq. (1.109), so 
that all the transformations leaving a labeled Feynman diagram invariant correspond 
to permutations of spatial or time variables of integration. 

The most general transformation which leaves the value of a labeled diagram 
invariant is a combination of a permutation of the time labels and an exchange of 
vertex extremities. Some such transformations acting on a given diagram generate 
distinct diagrams while others simply generate deformations of the original diagram 
which must not be counted as distinct diagrams. Thus, the combinatorial task facing 
us is to calculate the number of distinct diagrams which have the same value so that 
we can multiply this number by the value of any one such diagram. 

To this end. we note that the set of transformations of an n th order diagram 
generated by any permutation of the time labels and any exchange of extremities of 
vertices is a group, which we will denote by G, and has 2 f *n! elements. Consider 
the action of this group of transformations, G. on a labeled diagram F. Some set of 
transformations Gr will transform F into a deformation of itself and the rest of the 


transformations will yield diagrams which are distinct from F. The set G r defined in 
this way is a subgroup of G. 

We define the symmetry factor S of the diagram T as the number of deformations 
of F generated by the action of G. By the definition of Gr. S is the number of 
elements of Gr and since Gr is a subgroup of G, S is a divisor of 2 n nl. Now 
consider a graph F' distinct from T which is obtained from F by a transformation in G. 
Since T' corresponds to some permutation of the r and LR labels on F, it transforms 
into a deformation of itself under Gr and S of the remaining graphs are therefore 
deformations of F'. Continuing in this way by selecting a graph distinct from all the 
previous graphs and identifying its S deformations, the 2 ,l n! diagrams generated by 
G acting on T can be grouped into sets of S diagrams, such that the diagrams 
in each set are deformations of each other and diagrams in different sets are distinct. 


We therefore conclude that the group G of transformations which leave the value of 
a labeled diagram invariant generates exactly distinct diagrams with the same 


value. All distinct diagrams will thus be correctly counted if we take the value of one 


diagram and multiply by 2^1. 


Finally, a single diagram-from the set of 2 n n! diagrams generated by the group 


of transformations G is specified by an unlabeled diagram. An unlabeled diagram 
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is obtained from a labeled diagram by removing the time labels and the L-R labels 
on the vertices. Thus it is composed of completely unlabeled vertices connected by 
directed lines. As before, two diagrams are distinct if they cannot be deformed so as 
to coincide. However, since there are now no time labels or L-R labels, the condition 
that two diagrams coincide is less stringent: they now only need to have the same 
topological structure and the same direction of arrows on propagators. With the time 
and L-R labels removed, all the permutation and extremity exchange transformations in 
G transform an unlabeled diagram into a deformation of itself. Thus the contribution 
of all contractions, that is of all distinct labeled diagrams, is obtained by calculating all 
distinct unlabeled diagrams and multiplying by Note that the factor 2 n n! cancels 
the factor 5 ^ in Eq. (2.96). 

The rules for calculating the n th order contribution to the perturbation expansion 
of using unlabelled Feynman diagrams are summarized below. These rules are 
designated by the subscript F for Feynman and we will subsequently assume Feynman 
diagrams to be unlabted unless explicitly stated to the contrary. 

1/- Draw all distinct unlabeled diagrams composed of n vertices ^ connected 

by directed lines ^ . Two diagrams are distinct if they cannot be deformed so as 
to coincide completely including the direction of arrows on propagators. For each 
distinct unlabeled diagram, evaluate the contribution as follows. 

If Calculate the symmetry factor S for the diagram. This may be accomplished by 
adding times and L-R labels to the diagram to make it a labeled diagram. Then S is 
equal to the number of transformations composed of time permutations and vertex 
extremity exchanges which transform the labeled diagram into a deformation of 
itself. 

3jp Assign a time label r< to each vertex, and a single-particle index to each directed 
line. For each directed line include the factor 


X L =g a (r-r')=e + fn a ) 0 (r - t' ~ rj) + fn, 6 (/ - r + tj)] , 


4f For each vertex, include the factor 

• 

5f Sum over all single-particle indices and integrate all times over the interval [O,/0] 
6 p Multiply the result by the factor where nt is the number of closed loops 

and S is the symmetry factor. 

At this point, some detailed examples may be useful in clarifying the definitions 
and rules. First we consider the definition of distinct diagrams. Considered as labeled 
diagrams, the following sets of diagrams are distinct 
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fc. R/'-v 

C 

L R W 
L R/-\ 

if 




(2.106) 


In the first three cases, any deformation which superimposes the directed propagators 
interchanges a set of L-R labels and in the last case it interchanges the r% - r 2 labels. 
However, when these diagrams are considered as unlabeled diagrams, in each case the 
left diagram is a deformation of the right diagram and thus not distinct. 

The simplest examples of symmetry factors for unlabeled Feynman diagrams are 
the first-order diagrams which we have already considered in Eq. (2.99). Since there 
is only one time, the only symmetry operations are vertex exchanges. There are two 
transformations, unity and the exchange of the vertex extremities, which transform the 
labeled direct and exchange diagrams 

0-— "O (2.107) 

into themselves. Hence the symmetry factor is 2. According to rule 6j?, the overall 
factor for the direct term is and for the exchange term is which agree with 
Eqs. (2.99). 

In second order, both time permutations and extremity exchanges are possible. 
For example, the diagram 



is transformed into a deformation of itself by permuting and r 2 , by simultaneously 
interchanging the extremities of both vertices, and by a combination of both transfor- 
mations. Thus, counting unity, we obtain 5 = 4. In contrast, the diagram 



(2.109) 


has lower symmetry. Simply interchanging r% and yields a distinct diagram, since 
the r 2 vertex is then connected to the central closed loop by the right end and the ri 
vertex is connected by the left end. Hence, the only non-trivial transformation which 
yields a deformation of the original diagram is the simultaneous interchange of the 
times and exchange of the extremeties of both vertices, yielding 5 = 2. The diagram 



( 2 . 110 ) 
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has even lower symmetry: all combinations of time permutations and vertex extremity 
exchange yield distinct diagrams and thus 5 = 1. 

Additional features arise in higher-order examples. Consider the diagram 



( 2 . 111 ) 


for which vertex extremity exchanges combined with any permutation always yield 
distinct diagrams. Any cyclic permutation of ( ti,T 2 ,T 3 ) yields a deformation. However, 
although any cyclic permutation of (t^, t?, ri) yields a diagram of the same topological 
structure, the direction of the arrows on the large closed loop is reversed and the 
diagram is distinct. Hence, we obtain 5 = 3. For the third-order direct ring diagram 

R 


L r, R 

deformations are obtained for each permutation of (ri,r 2 ,r 3 ) when it is combined with 
the appropriate combination of exchanges of extremities. For example, one may verify 
that the permutation (ra.rx.ra) must be combined with the simultaneous exchange 
of the extremities of all three vertices and that (r 2 ,r 3 ,ri) requires the exchange of 
the extremities of the vertices labeled by n and r 3 . The symmetry factor is therefore 
3! = 6. Higher-order direct ring diagrams containing n interactions, such as. 




(2.113) 



may be analyzed similarly. In this case all cyclic permutations of {nT^ra . . . r n ) and 
cyclic permutations of (r„ ...T 3 T 2 T 1 ) combined with appropriate vertex extremity ex- 
changes yield deformations and 5 is therefore 2 n. 

For future reference, it is useful to note that from the symmetry factors we have 
derived, the factors from rule 6 F for the first-order exchange graph and all direct ring 
diagrams are If we regard the product of an interaction and two propagators as 

a matrix in the time and single-particle labels 

vggUw'Yr' = (a« l |v|ry')s<»'( r ' - Osv ( r - r ') ( 2 - 114 ) 
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Fig. 2.4 Second order unlabeted Feynman diagrams with symmetry factor j. 

then the sum of the first-order diagrams and all direct ring diagrams is 

-i'Dr[ln(l - $vgg)) = J2 ^~Tr[twj n 
2 ntt 2n (2.115) 

- ■ 

By now it may have become evident that the enumeration of distinct unlabeled 
diagrams and the calculation of symmetry factors are susceptible to human fallibility. 
Hence it is useful to derive a sum rule which provides a consistency check on all the 
diagrams and symmetry factors contributing to a given order of perturbation theory. 
We have already shown that the number of distinct labeled diagrams corresponding 
to a given unlabeled diagram is Therefore, the total number of distinct labeled 
diagrams, which is 2n!, must be obtained by summing over all distinct unlabeled 
diagrams. Hence 

£ I = S = {2n ~ 1)!! * (2n " 1)(2 " - 3) • • • 5 - 3 • 1 (2.H6) 

where the sum is over all distinct unlabeled diagrams. This sum rule is trivially satisfied 
in first order where the direct and exchange diagrams each have 5 = 2. The case of 
second order perturbation theory is more interesting. Whereas there are 24 labeled 
diagrams in second order, there are only 8 unlabeled diagrams which are shown in Fig. 
2.4 together with 

The symmetry factors indeed satisfy the condition = 3!!, and it is a useful 
exercise to verify each symmetry factor and to check that there are no other distinct 
unlabeled second order diagrams. 

Thus far. we have restricted our attention to the case in which V is a two-body 
interaction. The preceding diagram analysis may be generalized straightforwardly to 
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treat a residual Hamiltonian V = H - Ho containing arbitrary many-body operators. 
In addition to two-body vertices, a labeled diagram may have one-body vertices repre- 
sented by 

x- r -/ -<«W> (2.117a) 

V 

and m-body vertices represented by 


a, a, cij' • • a m 

f r { i 4r r= |m = (ai£r 2 a3...a m |o|/3 1 y92^3.--/9 m ) . (2.1176) 

$, /9, /3, 

The numbered points at which incoming lines meet outgoing lines will be denoted as 
joints. The n th order contribution to J-j- is given by all distinct unlabeled diagrams 
composed of n vertices, where now these n vertices involve all possible combinations 
of the one and many-body vertices included in the theory. The symmetry factor S is 
now equal to the number of transformations composed of time permutations among 
identical vertices and permutations of the numbered joints of each many-body vertex 
which yield a deformation. 

As an example, for a residual Hamiltonian, V, containing a one-body potential U 
and a three-body potential W, one possible graph is 


s a p-,6 (2.118) 

X / drdr'gylr' - r)g f (r - t') . 

Jo 

The symmetry factor is 2 since the only transformation which produces a deformation 
of the original diagram is the exchange of joints 1 and 3. 


HUGENHOLTZ DIAGRAMS 


The unlabeled Feynman diagrams derived above treat direct and exchange matrix 
elements separately. For many purposes it is simpler and more convenient to combine 
them in a single symmetrized or antisymmetrized matrix element. The resulting dia- 
grams. called Hugenholtz diagrams, are readily derived starting from the symmetrized 
or antisymmetrized version of the residual Hamiltonian, V. For simplicity, we again 
consider the case of a two-body potential. 


V = ~ 53 { a P\ v \'1 s } a l a l a « a i 

afiiS 


(2.119) 


Since we no longer wish to distinguish direct and exchange diagrams, this vertex will 
now be represented graphically by a dot with two incoming and two outgoing lines 


a $ 

X 


r s 


= {o!/3|v|Tf^> . 


( 2 . 120 ) 
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According to Wick's theorem, we again construct diagrams by drawing n vertices and 
connecting all incoming lines with outgoing lines. Note, however, that by the symmetry 
or antisymmetry of the vertex, two contractions corresponding to the exchange of the 
incoming or outgoing lines associated with a given vertex are equal: 

]T{a0|v|7$}at . . . a* ,a£, . (2.121) 

if it 

Thus, in contrast to the previous Feynman diagrams, we will no longer need to distin- 
guish the two incoming or outgoing lines of a vertex. 

A diagram which does not distinguish the two incoming lines or two outgoing 
lines at each vertex represents many sets of contractions. To count the number of 
contractions associated with a given Hugenholtz diagram it is useful to define an 
equivalent pair of lines as two directed propagators which begin at the same vertex, 
end at the same vertex (possibly the original vertex), and point in the same direction. 

First, consider the two outgoing propagators from a given vertex u <( and assume 
that they are not an equivalent pair. Then they terminate at different vertices, say uy 
and Vfc, and in addition other propagators terminating at vy and v k cannot belong to 
equivalent pairs. Now associate the factor y/2 with each end of every line which does 
not belong to an equivalent pair. Then the product of the y/2's accounts for the two 
choices for contracting non-equivalent outgoing lines at any vertex, such as and the 
two choices for contracting non-equivalent incoming lines at any vertex, such as vy and 
«jfc- It is convenient to use the four factors of >/2 associated with the non-equivalent 
pair of lines originating from a vertex to cancel the factor A associated with that vertex 
from Eq. (2.119). 

Secondly, consider the case in which the two outgoing propagators from a given 
vertex are an equivalent pair. This pair of lines must terminate at the same vertex and 
therefore has only 2 equal contractions. When combined with the factor | associated 
with the vertex at which the pair originated, we see that each equivalent pair produces 
an overall factor |. Hence all the contractions arising from Wick's theorem are correctly 
counted if for each Hugenholtz diagram one eliminates the factor arising from the 
n interactions and includes a factor of | for each equivalent pair of propagators. 

Since we do not distinguish pairs of lines entering or leaving vertices, labeled 
Hugenholtz diagrams only possess time labels and arrows denoting the direction of 
propagators. The symmetry factor S is then the number of permutations of the time 
labels which yield a deformation of the original labeled Hugenholtz diagram, and the 
number of distinct labeled Hugenholtz diagrams corresponding to a given unlabeled 
diagram is 

Finally, the sign of a Hugenholtz diagram is most conveniently determined by 
selecting any order of assigning the propagators to the left and right sides of a conven- 
tional vertex in a corresponding Feynman diagram, and applying the previous sign rule 
(-l)’*?” 1 ' to the resulting diagram. By the equivalence with respect to interchange 
at a vertex, although different assignments may produce different Feynman diagrams, 
they must yield the same contribution. For example 

r {£ 8 Q,3 = (2.122a) 

or 
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dD 





( 2 . 1226 ) 


These arguments give rise to the following rules, designated by the subscript H. 
for calculating the n th order contribution to the perturbation expansion of using 
Hugenholtz diagrams: 

l H Draw all distinct unlabeled diagrams composed of n vertices X connected by 
directed lines | .Two diagrams are distinct if they cannot be deformed so as to 
coincide completely, including the direction of arrows on propagators. For each 
distinct unlabeled Hugenholtz diagram, evaluate the contribution as follows. 

2g Calculate the symmetry factor S for the diagram. This may be done by adding 
time labels to each vertex in the diagram. Then S is equal to the number of time 
permutations which transform the labeled diagram into a deformation of itself. 
3b Assign a time label r< to each vertex and a single-particle index to each directed 
line. For each directed line include the factor 


jo =g a (r- r') = e r ') [(1 + (n a 0(r -r 1 -rj)+ tn a &(r' - r + ij )] . 

4b For each vertex, include the factor 

= {a£|v|7$} = + f(a/8|v|57) . 

r' x 8 

5 b Sum over all single-particle indices and integrate all times over the interval [0,0]. 
&B Multiply the result by the factor The symmetry factor S is defined above 

in (2b)- The number of equivalent pairs of lines. n e . is the number of pairs of 
lines beginning at the same vertex, terminating at the same vertex, and oriented 
in the same direction. The number of closed loops til is obtained by replacing 

each Hugenholtz vertex X by a conventional vertex ) ( and counting 

y ' '•g r' 'g 

the number of closed loops as for a Feynman diagram. Note that the order of the 
labels on the conventional vertex must agree with the matrix elements in (4#)- 

It is an instructive exercise to generalize these Hugenholtz diagram rules to the 
case of n-body interactions (see Problem 2.9). 

At this point, it is useful to recalculate in terms of Hugenholtz diagrams some of 
the contributions we previously evaluated using Feynman diagrams. The only diagram 
for n = 1 is 

OO. (2.123) 

There is one equivalent pair of lines and because no time permutations are possible. 
S = 1. Thus the contribution is equal to that in Eq. (2.99). 
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In second order, whereas there are 24 labeled diagrams and eight unlabeled Feyn- 
man diagrams, there are three Hugenholtz diagrams. The diagram 


dri j 0 dr ^a[n ~ r^gpin - - n)g s {T2 - n) 

x [(a/9|t/Hffi) + <r(a0|v|57)][(75|v|a0) +?(l*M/?«)l 


(2.124a) 


corresponds to the two unlabeled Feynman diagrams G and H of Fig. (2.4). It has 
two equivalent pairs and the symmetry factor is 2 since interchange of the upper 
and lower interactions is a deformation of the original diagram. Note that the two 
contributions from (a£|u|76)(76|i/[a$) and (a/9|t>|$7)(7£|t/|£a) are equal, reproducing 
the direct graph (H) of Fig. (2.4) with the correct weight | and that the contributions 
from (a^|u|75)(7^|«|/3a) and (a£|«;|£7)(7£|v|ar£) are equal, reproducing the exchange 
graph (G) of Fig. (2.4) with weight Similarly, the graph 


(2.1244) 


has no equivalent pairs and symmetry factor 2 so that when all the combinations of 
direct and exchange matrix elements are enumerated, the three Feynman graphs (D), 
(E), and (F) of Fig. (2.4) are reproduced with the proper weight. 

The counting for higher-order ring diagrams proceeds as for the case of Feynman 
diagrams. The generic n th order ring diagram 


(2.125) 
n 

has no equivalent pairs and a symmetry factor S = In to account for the cyclic 
permutations of (rir2...r„) and (r„...r2r 1 ) which yield deformations of the original 
diagram. Thus, for n = 1 and n > 2. the factors ^ for Hugenholtz ring diagrams 
are identical to those we derived before for Feynman direct ring diagrams. However, 
for n = 2, because of the presence of two pairs of equivalent lines, the correct factor 
of | is one half of the general ring factor Hence, with antisymmetrized matrix 
elements, the formula -|Tr[ln(l - fugs)] overcounts the second-order diagram, and 
a correction term must therefore be subtracted explicitly. 

As in the case of unlabeled Feynman diagrams, it is valuable to derive a sum rule 
which provides a consistency check on the enumeration of Hugenholtz diagrams and 
the calculation of symmetry factors. We have already seen that the number of distinct 
labeled diagrams corresponding to a given unlabeled diagram is ^ . For each distinct 
labeled diagram, there correspond ^ contractions, where a factor of 4 arises for each 
vertex from which a non-equivalent pair of lines originates and a factor of 2 occurs for 
each vertex from which an equivalent pair originates. Therefore, the total number of 
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Fig. 2.5 Second and third order Hugenholtz diagrams with factors j x 


contractions, which is (2n)!, must be obtained by summing | over ail distinct 
unlabeled diagrams. Thus, we obtain 


V 1 (2n)l 

$2 n ‘ 4 n n! 


( 2 n - 1 ) 1 ! 

2" 


(2.126) 


where the sum is over all distinct unlabeled Hugenholtz diagrams. 

In Fig. 2.5 ail the second-order and third-order Hugenholtz diagrams are shown, 
together with the factor j x Again, it is an instructive exercise to verify the 
diagrams, symmetry factors and sum rule. In comparison with the 720 original con- 
tractions, the 8 third-order Hugenholtz diagrams represent a significant simplification. 

FREQUENCY AND MOMENTUM REPRESENTATION 


For systems which are homogeneous in space such as a liquid or gas, it is fre- 
quently advantageous to perform the perturbation expansion in momentum represen- 
tation. Similarly, for problems which are homogeneous in time, it is often useful to 
Fourier transform from time to frequency. 
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The following conventions will be used in defining Fourier series and Fourier trans- 
forms. In one dimension for a periodic function F(s) in a box of length L, we write 
the Fourier series as 

L 

/(*») = / dxe-^M 
o 

_ 2 im 

kn ~~L 

and the corresponding Fourier transform for an infinite system as 

f(k) = j°° dxe~ ikx f(x) (2.128a) 

/(*) — f°° dke ikx f(k) . (2.128 6) 

Z W po 

For a function of time g{ r) which is periodic or antiperiodic in the interval we 

write the Fourier series as 


p(w„)= f drc^gir) 
Jo 

(2.129a) 

9(t) = jjJ2 e ~' UmT ^ Wn ) 

(2.1296) 

where for periodic functions 

2?rn 

Un ~~T 

(2.129c) 

and for antiperiodic functions 


(2 n + l)ir 

(2.129d) 


(2.127a) 

(2.1276) 

(2.127c) 


Consider the evaluation of a diagram for a spatially homogeneous system. In 
this case H 0 will be translationally invariant so that the eigenstates will be plane 
waves, and it is most convenient to formulate the problem in a finite box with periodic 
boundary conditions. Denoting the discrete momentum % n = (*£,,*#*(*&,) and 
volume T = L X L V L Z , the matrix element of the potential evaluated with normalized 
eigenstates is 


{km k ni | v | k n , k n , 


,-J 

-s 


)+¥(S.u +*■ -4 ) 


-6 (3) 


v(k ni 


• k n ,) . 


(2.130) 
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Thus, each interaction conserves momentum, with the Kronecker 6 requiring that the 
sum of the momenta of propagators entering the vertex equal the sum of the momenta 
leaving the vertex, and carries a factor of 

Every diagram can be decomposed into connected parts, that is parts in which 
an uninterrupted chain of propagators connects any vertex to any other vertex. For 
example in Fig. 2.5, diagram A has three connected parts, diagrams B and C have two 
connected parts, and diagrams D through H have one connected part. 

The diagram rules for a connected diagram with m interactions give rise to the 
following contributions. There will be 2m propagators ?k„(n - ry), each summed 
independently over a complete set of momentum states k n . The m interactions will 
give rise to the product of m momemtum-conserving Kronecker S' s and a factor of 
V“ m . Since the diagram is linked and momentum is conserved at each vertex, one 
of the m Kronecker £'s is redundant. Thus, there are (m - 1) constraints on the 2m 
momenta for the propagator, leading to a sum over (m+ 1) independent momenta. In 
the continuum limit, each sum over an independent mometum is replaced by an integral 
•F’(fcn) -* / d 3 kF(k). Combining the factor ‘V m+1 from these independent 

momentum integrals with the factor 'V~ m from the m matrix elements thus yields 
an overall factor of the volume "V, for each connected diagram. A diagram having n c 
connected parts yields a contribution proportional to "V”* and it is evident that only 
completely connected diagrams, having n c = 1. produce extensive contributions. 

The diagram rules presented previously for Feynman and Hugenholtz diagrams are 
thus modified as follows in mometum representation: 

3 f,h Assign momentum labels to each directed line as follows. Within each connected 
part of the diagram containing m interactions, select m + 1 propagators to label 
independently and use conservation of momentum at each vertex to label the 
remaining propagators in terms of combinations of the independent momenta. 
Assign time labels as before and for each directed line include the factor 

jk -g k (r-r') = e -(e * -/ *> (r ~ r ' ) [{H-fn*.)tf(r-r'-r?) + fn fc ^(r'-r + »?)) . 


The single-particle energy e k may include the contribution of a general non-locai 


4#* For each vertex Include the factor 


k s k^kjj-k, 

) ( =v(k 1 -k 3 ) . 

k, k 2 

is For each vertex include the factor 

= v(ki - % 3 ) + ?v(fc 2 - fca) • 

k f k g 

$f,h For each independent momentum, perform the integral / ant * integrate all 
times over the interval [0,/?]. 
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&f,h Multiply the previously defined factor by V n ‘ where n 0 is the number of connected 
parts in the diagram. 

Fourier transformation from r to w for a problem which is homogeneous in time 
proceeds analogously, except that periodic or antiperiodic functions of r are integrated 
over the finite interval [O,/0], The propagator gr(rx, tz) defined in Eq. (2.98) is periodic 
or antiperiodic with period /? in each of the times and therefore also in the relative 
time. Although the relative time ranges from ~f) to /9, it is sufficient to calculate the 
Fourier coefficients by integrating over the range [0,/?]. Using Eq. (2.74b) for n a , the 
definitions Eqs. (2.129) with u>„ — Zf* for Bosons and u n = for Fermions, 

and noting that e*^"* = f, we obtain 


g a = f 0 dTe <-.-<*«-P»r[0( r )(i + fBo ) + tf(-r)n a l 

Jo 

e 0(iw„-(c„-* i)) _ I 

Wn - (e« - A»j e0( € «~' 1 ) - ( 
f _ e P(*a-U) 

= [(tWn — e a — /*)](e^( £ «~r*) — f) 

_ -1 
~ <Wn “ (€« ~ M) 


(2.131a) 


and hence 

One additional consideration is required to treat the special case of a propagator 
which begins and ends at the same vertex. In order to invoke the proper 0-function in 
g a {r) corresponding to the occupation probability rife, the argument is always shifted 
by an infinitesimal r/ to g a (r-f}). (See.for example, Eq,(2.78)). This same result may 
be obtained by multiplying § Q (w„) by the factor e tUnV , in which case 


r r v f 

= 9a{f - ri) . (2.131c) 


The time integration associated with the vertex r — ^ yields the integral 

a,u n , 

j ir g«i (r - n)g a , ( r - r 2 )g as (ns - y)p « 4 (r 4 - r) 

Jo » 

= PS u%i+u ^ +u , t n . 


(2.132) 
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Thus, at every vertex, we obtain a factor 0 and a Kronecker 6 requiring that the sum 
of the frequencies associated with the propagators entering the vertex equal the sum 
of the frequencies of propagators leaving the vertex. As was the case with momentum 
conservation, a connected diagram with m interactions will have m+ 1 independent 
frequencies. Since in a general n th order diagram each of the 2n propagators has 
factor of j and each of the n time integrals yields a factor 0, the overall contribution 
is proportional to 0~ n . The diagram rules presented previously for Feynman and 
Hugenholtz diagrams are then modified as follows in the frequency representation. 

3 f,h Assign frequency labels to each directed line as follows. Within each connected 
part of a diagram containing m interactions, select m + 1 propagators to label 
independently and use frequency conservation at each vertex to label the remaining 
propagators in terms of combinations of independent momenta. Assign single- 
particle indices as before. For each directed line include the factor 

Ja,u>„ = <M«„) = T™ r • 

For propagators beginning and ending at the same vertex, include an additional 
factor 

5 f,m Sum over all single-particle labels and sum over all independent frequencies w„. 

&f,h Multiply the previously defined factor by ^ , where m is the number of interac- 
tions. 

The generalization of these rules using momentum and frequency representation 
to n-body interactions is straightforward. It is often convenient to use momentum 
and frequency representation simultaneously in which case one associates with each 
propagator a four-momentum (w„, k) which is conserved at each vertex. In the zero 
temperature limit which will be discussed in detail in Chapter 3, 0 ~+ oo, the Fourier 
series in w n becomes a Fourier integral, and the diagram rules can be expressed in the 
covariant form familiar in relativistic field theory. 

THE LINKED CLUSTER THEOREM 

We have seen that the expansion for Z contains all powers of the volume V, with 
an individual diagram with n c connected parts being proportional to V"*. In contrast, 
the ground potential 0 = - jin Z = -PV is an extensive quantity so it must be 
possible to regroup the expansion to obtain an extensive expansion for fi. Whereas it 
is plausible that 0 may be expressed in terms of connected diagrams, the combinatorial 
factors are not a priori obvious. The linked cluster theorem states that In Z is in 
fact given by the sum of all connected diagrams. 

We will derive this theorem using the replica technique, both for the sake of brevity 
and to introduce this useful method. A standard derivation is given in Problem 2.10. 
The basic idea of the replica method is to evaluate Z n for integer n by replicating the 
system n times and expand the result as follows. 


Z n = e nlnZ 


1 + nlnZ + g 


(nlnZ)™ 


( 2 . 133 ) 


m! 
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Thus, if we evaluate Z n for integer n in perturbation theory. InZ will be given by the 
coefficients of the terms proportional to n. A more general statement of the method is 
to calculate Z n for integer n, continue the function to n = 0 (which is valid by Carlson's 
theorem) and evaluate an appropriate expression involving the continued function to 
calculate the observable of interest. In the present case, we calculate 


lim 4-Z* = lim 4~(e nlaZ ) 
n— o dn n— »o dn 

= ln Z . 


(2.134) 


We will first evaluate Z n for integer n by perturbation theory, and according to 
equation (2.133), Log Z will be given by the coefficient of the graphs proportional to 
n. Since 


Zo Zo J 


P(K(r), 0 a (r)) e ~ St *(£. . 


(2.135) 

We may write Z n as a functional integral over n sets of fields {V’« er ( r )i V’S(r)} where 
the index a runs from 1 to n. 


(I) -k / n 

X e 0 . (2.136) 

The Feynman rules for {j^) n are the same as those for (Jj-). except that each 
propagator now carries an index a. all propagators entering or leaving a given vertex 
have the same index <r, and all <r's are summed from 1 to n. It is evident that each 
connected part of a diagram must carry a single index a. which when summed from 1 
to n. yields a factor n. Thus, a graph with n c connected parts is proportional to n" 4 
and the graphs proportional to n are those with only one connected part, that is the 
connected graphs. As a consequence, we obtain the linked cluster theorem; 

fi — flo = Y"' (all connected graphs) (2.137a) 

P ' 

where n 0 is the grand potential of the unperturbed system 

Oo = | ]Tln(l . (2.1376) 


CALCULATION OF OBSERVABLES AND GREENS FUNCTIONS 

The linked expansion for the expectation value of any n-body operator R is anal- 
ogous to that for n. One way to proceed, as outlined in Problem 2.11,1s to calculate 
fl(A) for the Hamiltonian fix = A + and evaluate (R) = ^O(A). An alternative 
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method, which has the advantage of showing how symmetry factors are simplified, is 
to use the replica technique again. Using the definition for the unperturbed thermal 
average, Eq. (2.81b), the expectation value of R may be written 


J Q),y, g (0)) 

f P(^a>^a) e ~^ dt ^ a ^ r )( a ' P+en-, ‘^»( T ) +K (^( T )'^“( T )) 

= (e-f^ v( ^ (Th ^ (T}) mmMomo (2 138) 

r),^(f))j o ■ V ' ’ 

Let us again introduce n fields {0£ ff (r) ,^(r)} where the index a runs from 1 to n 
and define 

R n = zr f f[Pir a ^f),r a (rm^{o))Mo)) 

J <r= 1 

- E“- t I *(E. *:*(«■)(» r+£.-^) ( t;(r)+v(C(r),*:(f)) 

X e « .(2.139a) 

Note that the operator 1? is calculated with the field associated with o = 1 

and is evaluated at r = 0. By separating the a = 1 component from the (n - 1) other 
components we observe that 

- r)) - f dtv^‘(r)^(r)) x 

Rn=(e * R(rj0),tl> a (0))) o ( e • ) o (2.1396) 

and thus the desired expectation value is obtained for n = 0: 

• (2.140) 

The perturbation expansion for R n is obtained by expanding Eq. (2.139a) in pow- 
ers of V 

^ = •••£ f $ -,.,r p (2.141) 

p=0 P en = l <r y = f'° 

X (v^tn), (n)) • ..V” («"(*). ^(r P ))«(C l (0)^(0)))o 

and diagram rules for unlabeled diagrams, labeled Feynman diagrams. Hugenholtz dia- 
grams. or the momentum frequency transform of any of these diagrams are developed 
as a straightforward generalization of the rules in the preceding sections. We will 
describe here the case of a two-body operator R and unlabeled Feynman diagrams. 

The expansion of Eq. (2.141) consists of all distinct diagrams containing one 
vertex (aj0|ii|76) at time r = 0 and any number of vertices (aj0|t>|76) at other times 
which are integrated from 0 to 0. As in the case of the linked cluster proof, all 
propagators now carry an Index a. all propagators entering or leaving an interaction 
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vertex have the same index, and ail indices are summed from 1 to n. In addition, the 
index associated with R is one so that all the propagators entering and leaving R are 
restricted to have a = 1. Now, consider a diagram composed of a set of interaction 
vertices v connected to R and one or more additional unconnected parts. Since R is 
constrained to carry cr = 1 and all propagators and v vertices conserve a, a must be 
1 everywhere in the portion of the diagram linked to R. In the additional unconnected 
parts, however, there is at least one free summation over a leading to an overall factor 
of at least one power of n. Hence all diagrams with disconnected parts vanish when n 
is set equal to zero and (R) is given by the sum of all connected diagrams linked to R. 
Having played their role in the proof that only connected diagrams contribute to (R). 
the a indices which are constrained to be 1 in all components linked to the vertex R 
are superfluous and may be omitted from the final diagram rules. 

The symmetry factors for diagrams contributing to (R) are much simpler than for 
corresponding contributions to the grand potential. Since the symmetry of a diagram 
is reduced by singling out a particular vertex to be labeled R. it is clear that S, 
which specifies the number of combinations of time perturbations and vertex extremity 
exchanges which transform a labeled diagram into a deformation of itself, will be 
reduced. In fact, as we shall now demonstrate, the symmetry is reduced so much that 
the only possible values of S are 1 or 2. 

To see how the symmetry factors are constrained, consider the typical labeled 
diagram in which nine v-vertices at times n ...r 9 are denoted by \ / and the 


22-ve rtex at time 0 is denoted by 



(2.142a) 


One may see that there are no permutations of time labels which produce a de- 
formation of this diagram by the following argument. Each diagram may be considered 
as a series of closed Fermion loops connected by one or more vertices, and in this 
example there are eight such loops. Consider any loop which has one time fixed. Since 
the propagators comprising the loop are directed, there are no permutations of the 
vertex time labels within the loop which yield a deformation. Therefore, all the time 
labels in the loop are fixed. If another loop is connected to the first loop by at least 
one interaction, then at least one of its time labels is fixed and there is no freedom to 
permute time labels within that loop. By induction, one observes that no permutations 
of time labels within closed loops are possible. In this example, the time 0 fixes the 
labels r«, rg, tq , t ? which in turn fix the labels r g and r 9 in the next loop. The only 
remaining possibility, then, is to permute times between loops. However, since in the 
case of the diagram (2.142a) the sub-diagrams connected to the left and right sides 
of the 22-vertex are topologically inequivalent, none of these permutations produce a 
deformation. 

The following diagram is an example in which exchanging times between different 
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loops will produce a deformation. 




(2.1426) 


Note that the subdiagram connected to the left side of the jR-vertex is topologically 
equivalent to that connected to the right side. Interchanging with ra and r 2 with 
r 4 and simultaneously interchanging the extremities of all the vertices thus yields a 
deformation of the original diagrams as shown at the right. This simultaneous extrem- 
ity exchange and exchange of all the times in the topologically equivalent subdiagrams 
connected to the J?-ver tex is in fact the only operation which can produce a deforma- 
tion of the diagram. We have seen that no other operations which change time labels 
produce deformations, and by analyzing the L-R labels in each closed propagator loop 
of a general diagram, one can also see that pure extremity exchange without time per- 
muations can never produce a deformation. Thus, the symmetry factor for diagram 
(2,142b) is 5 = 2. Another example is the exchange diagram shown in below which 
has symmetry factor 5 = 2 because of the time and extremity permutations shown at 
the right 



The general rule for the symmetry factor resulting from this analysis is simple. For 
a two-body operator R. 5 = 2 if the exchange of the extremities of R combined with 

some time permutation and exchange of interaction extremities yields a deformation; 

a, aj a, ••• a m 

otherwise 5=1. For an m-body operator R, the argument is easily 

01 0z 0, ■ 0m 

generalized. The symmetry factor 5 is equal to the number of permutations of the 
m joints of R. which, when combined with time and interaction extremity exchanges, 
yields a deformation. 

The rules for calculating the p th order contribution to the perturbation expansion 
of the expectation value of a two-body operator (R) using unlabeled Feynman diagrams 
may be summarized as follows; 


1. Draw all distinct unlabeled connected diagrams composed of one 5 -vertex 

and p u-vertices ^ ^ connected by directed lines | . Two diagrams 

are distinct if they cannot be deformed so as to coincide completely including the 
direction of arrows on propagators. For each distinct unlabeled diagram, evaluate 


the contribution as follows. 


2. Calculate the symmetry factor 5 for the diagram. If the exchange of the ex- 
tremities of R combined with some time permutation and exchange of interaction 
extremities yields a deformation of the original diagram, 5 = 2. Otherwise. 5 = 1. 

3. Assign a time label r,- to each of the p v-vertices. associate the time r = 0 with 
the J?-vertex, and assign a single-particle index to each directed line. For each 
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Fig. 2.6 Unlabeled Feynman diagrams for (R) with factor |- 


directed line include the factor 

ja = g a (r - r') = + fn„)0(r - r' - »j) + ?n„0(r' - r - »?)] . 

4. For each v-vertex include the factor 

a 0 

) ^ == 

y 8 

and for the iZ-ver tex include the factor 

a $ 

r 8 

5. Sum over all single particle indices and integrate the p times over the interval 

Ml- 

6. Multiply the result by the factor where m, is the number of closed loops 

and S is the symmetry factor. 

The eight unlabeled diagrams contributing to (R) in orders p = 0 and 1 are shown 
in Fig. 2.6, together with the factors 

The contribution at order 0 is given by diagrams A and B 

<*)(°> = i Y^ a f}\R\*p) + i( a fl\R\MK»0 (2.143) 

and a typical contribution at order 1 is that of diagram E 

(R)W « -i £ f dT(c*0\R\' 1 6)('i6\v\a0)g a {-r)gf ) {-r)g 1 (T)g s (T) . (2.144) 

2 «£s Jo 
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The derivation of the diagrammatic expansion for the imaginary-time Green’s func- 
tion 

5 (n) (a , • • • <*nPn |«i# (2.145) 

(«“ f dTV ^ T ^^^ ai (fix)... * an (fi n )r a ' m (fi’ n ) ■ • • K' t W)) 0 

. g - f d rV(**Jr),* a {T))\ 

/ 0 

is completely analogous to that for the expectation value ( R ) with J2(^*(0)V»a(0)) 
replaced by $a l (fii)---il> a APn)'l>l' K (fi' n ) (Pi). Let us denote each of the n 
external points tf at (fii) by a solid dot at time (fii) with a propagator for state a,- 
entering it.^ 3 ', and each of the n external points </>*, (fi() as a solid dot at time fij 

with a propagator for state a( leaving it. 0 ^- . These external points are to be treated 
analogous to the JS-vertex in the previous derivation. Introduction of m replicas labeled 
by indices tr,- with the constraint that i> ai (fii) and ^ *,($ ) be associated with cr 1( yields, 
in the limit m — ► 0, the sum of all linked diagrams in which the interaction vertices, v. 
are linked to the 2 n external points. 

An example of a diagram contributing to the three-particle Green's function <7^ 
is the following. 




It consists of three directed lines beginning at the external points fi’^fi^ and fi' 3 and 
terminating at the external points fii,fi 2 and fi 3 as well as an arbitrary number, in this 
case six, of closed loops. 

In contrast to a diagram for a three-body operator, where the propagators entering 
and leaving each of the three joints may be exchanged, each of the external points in 
(2.146) is fixed. Hence, its symmetry factor is even lower than that of the correspond- 
ing contribution to a three-body operator, and as we shall now demonstrate, 5 = 1. 
The analysis is similar to that for the expectation value ( R ). In the present case, be- 
cause there is no freedom to exchange propagators at the external points, there are no 
permutations involving the times along the three propagators starting and terminating 
at these external points which can produce a deformation. Since these times are now 
uniquely fixed, propagator loops connected to these lines by interaction vertices in turn 
have all their times fixed and by induction all times are fixed. For example, in the dia- 
gram (2.146), propagators beginning at fi* 3 and fi' 2 fix times r 6 and tv which in turn fix 
rg and r 9 which then fix no- Similarly, the fact that propagators cannot be exchanged 
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at external points prevents any exchange of vertex extremities from producing a de- 
formation. Since no time permutations, extremity exchanges, or combinations thereof 
can yield a deformation of the original diagram. 5 = 1. The difference between the 
case of the expectation value { R ) and a Green's function is illustrated by the diagram 
below which shows the contribution to analogous to diagram (2.142b). 

ft ft ft ft 

(S’ ID ( 2 - u7 > 

ft ft ft; ft; 

The simultaneous interchange of n with r 3 and r 3 with r 4 and the exchange of all 
interaction extremities which produced a deformation in diagram (2.142b) yields the 
distinct labeled diagram in the right of (2.147). 

Whereas the symmetry factor is simpler for Green’s functions than for any other 
quantity we have evaluated, the sign of the contractions contributing to a diagram 
is slightly more complicated. First, consider the sign associated with the contrac- 
tions of »(ft)sftjft) ' (ft))o without any interaction vertices. 

The contraction (tft (ft ) (ft) . . ■ ft. (ft Wa„, (ft) • • ■ (ft )ft; (ft)) in which 

(ft) is contracted with ^> am (ft) for a* 1 m has sign +1, and for any permutation 
P such that ^>*, (ft) is contracted with ^> aPm {Ppm) the overall sign is (f)ft Adding 
any number of interaction vertices to produce a diagram with nx, closed loops modifies 
the overall sign by the factor (f)" fc by the same argument as presented previously for 
diagrams for the grand potential. 

An equivalent sign rule is to close up a Green's functions diagram by deforming 
it so that each external point ft coincides with ft. The diagram then looks like 
the expectation value of •••V’c.,) where the factor f" arises from 

placing the in normal order. The sign is then where fix, is the number of 

closed loops in the deformed diagram. 

Application of these rules to the diagram (2.146), yields +1. Using the first 
method, we note that (123) is an even permutation of (312) and the six closed loops 
yield an additional factor f # = 1. According to the second rule, joining the external 
points ft with ft produces a seventh closed loop, so that = f 3+7 = l 

In summary, the rules for calculating the r th order contribution to the perturbation 
expansion of 5^ n ^(aift,...a„,ft| a' 1 ft,...a( l ft) using unlabeled Feynman diagrams 
are as follows: 

1. Draw all distinct unlabeled connected diagrams composed of n external points 
V’ai(ft) /.n external points t/>‘, (ft ) / .and r interaction vertices ^ ^ con- 

nected by directed lines | . Two diagrams are distinct if. holding the external 
points fixed, the vertices and internal propagators cannot be deformed so as to 
coincide completely including the direction of arrows on propagators. The contri- 
bution for each distinct unlabeled diagram is evaluated as follows: 




104 


GENERAL FORMALISM AT FINITE TEMPERATURE 



Fig. 2,7 Diagrams contributing to one- and two-partlcle Green’s functions 
with overall sign factors. 


2. Each external point /„*' corresponds to a specified state c*i and time 0<. Assign 
an internal time label r< to each of the r interaction vertices and for any propagator 
which is not connected to an external point assign an internal single-particle index. 
For each directed line include the factor 

r, o 

/ ~ $a’a9ai, r ~ r> ) 

= W (e “~' l)(T_r ' ) [(l + ?n„)0(r - f' - r?) + fn«^(r' - r + rjj\ 


where r and r' denote either internal times r,- or external times Propagators 
connected to an interaction vertex will only have one single-particle index a, in 
which case the factor S a > a is superfluous. 

3. For each interaction vertex include the factor 

a 0 

) { = • 

r 8 


4. Sum over all internal single-particle indices and integrate the r internal times n 
over the interval [0,0]. 

5. Multiply the result by the factor (-l) r £ p ?' u where nr, is the number of closed 
propagator loops and $ p is the sign of the permutation P such that each prop- 
agator line originating at the external point (0(„) terminates at the external 
point Vw m (0Fm). 

Examples of graphs contributing to the one- and two-particle Green's functions, 
together with the overall sign factor are given in Fig. (2.7). 
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2.4 IRREDUCIBLE DIAGRAMS AND INTEGRAL EQUATIONS 


With the foundations of diagrammatic perturbation theory presented in the pre- 
ceding section, it is now possible to derive exact integral equations relating connected 
Green’s functions and irreducible vertex functions. Since these equations include con- 
tributions of all orders of perturbation theory, they are useful in defining consistent 
approximations involving infinite resummations of diagrams and in treating the renor- 
malization of divergent field theories. They also lead naturally to the effective potential, 
T, which will be useful in understanding spontaneous symmetry breaking in Chapter 
3. and to the self energy, E. which governs the propagation of a single particle in a 
many-body medium, 

GENERATING FUNCTION FOR CONNECTED GREEN’S FUNCTIONS 

As seen in the preceding sections, it is often useful to define a generating function 
by adding to the physical Hamiltonian under consideration additional terms in which 
field operators are coupled to external sources. The simplest possibility is to couple 
the field operators to an external source J by adding the term 

s = £/ + <4 (r) J tt (r))l (2.148) 


where the sources J a (r ) are complex or Grassman variables for Bosons and Fermions 
respectively. Other more general sources, such as the bilinear form 

S = E / drdr Vl(n)4(r 2 )»?<»0( T i,fi) 

at> J (2.149) 

+ 4( r 0°/9( T 2)^<./9(ri,r 2 ) + a a (n)at)(v2)ri* aP {TuT2)\ 

are useful for specific applications. 

Similar to the generating function, Eq. (2.85) used to derive Wick’s theorem, 
the generating function for imaginary-time Green’s Function is defined as the partition 
function for the full Hamiltonian plus the source term Eq. (2.148). Using the functional 
integral representation for the partition function, Eq. (2.64), the generating function 
may be written 


9mr),J«{T)) = ±jp[f a { rhMr)]e 


- / *•[£<, t*;(r),* a (r)] 


x e 





) 


(2.150a) 
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where, analagous to the thermal average with respect to H 0 in Eq. (2.81). we define 
the thermal average with respect to the full Hamitonian H as 

(2.1506) 

Differentiation with respect to the sources J*(r) and J„(r) yields 


— jjtj-k — = ~(Mr i )« » ) 


J5(J:(r),J # (r)) , 4 

sidn ) —*<*:.(*>* 0 ) 

so that the n-particle imaginary-time Green's function may be written 

9 (n) (a u ri\ ...a n , r n K, r( ; . . . \a' n , r' n ) 

1 6 2n 9(J:{r),J a (r)) 

S" SJ-Jn) . . . SJ'Jr^SJ^) ...6J a .{ri) j=/ , =o 


(2.151a) 


(2.1516) 


(2.152) 


Although the diagrams for Green's functions derived in Section 2.3 have all the 
interaction vertices linked to the external legs, the diagrams are not all connected. 
For example, the first four diagrams in Fig. (2.7) for are disconnected; that is. 
they may be separated into distinct subdiagrams in which the external points and 
vertices of one subdiagram are not connected by any interactions or propagators to 
any other subdiagrams. Since the sum of all disconnected diagrams simply corresponds 
to combinations of products of fewer-particle Green’s functions, it is useful to deal with 
connected Green’s functions, where ( jji n *(o^,ri;...a„,r„|a' 1 ,ri;...a'„,T£) is defined 
as the sum of all connected diagrams linked to the external points (ai.ri;. ..a„,r„) 
and (a[,T l l ;...a' n ,T^), The last diagram in Fig. (2.7) is an example of a contribution 

The generating function for connected Green's Functions, which we shall denote 
^(•Ja( r )> •M*")). may be obtained from the generating function 9{Ja{r),J a {r)) by 
using the replica technique once again. The functional \9[JZ( T )> Ja(r))) p may be writ- 
ten as a functional integral over p distinct fields and the resulting Green’s 

function diagrams will have the property that all connected diagrams will be propor- 
tional to p and all disconnected diagrams will contain at least two factors of p. The 
terms proportional to p are singled out by 


W(J* a {r), J a (r)) = Um ^($(j;(r), J a {t)Y 
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so that 

W(J*(r), J a (r)) = in $(j;(r), J a (r)) (2.153) 

and 

9i n) (oi , n; ... a„, r n |ai, 

„ S 2n W(JZ{r),J a (T)) (2.154) 

^^ l (r l )...W a * n (r„)Wa ; «)...5J„ i (r0 j<= ^ o * 

Note that by Eqs. (2.150) and (2.153), W{J*, J) = ~P(Q(J m , J) - n(0,0)) so that 
physically, W represents the difference between the grand canonical potential in the 
presence and absence of sources. 

The structure of the terms produced by this generating function is il- 
lustrated by the examples of one- and two-particle connected Green's func- 
tions. Abbreviating £« /<fr[J£(r)^o(r) + V , a( r )'^a( r )] by ^* % ! > + an{ * 
(n)i ^aiOiKV'ai W)} by {Ji,4>t, Jv,'f>v} in obvious notation, we ob- 
tain: 




SJfSJi' i 

= ~W* [(•- (r * + *’ /) >- 1 W.«- (r * +# * /) >] 7 _ 


-( e -v'++**j))-*(4 ie H j '*+rj) ){r ~ (/>+*•/))] 

J J— 7*3=0 

(2.155) 

Sucessive derivatives act on both the numerator and denominator of each term, 
yielding the familiar structure of a cumulant expansion in which all possible linked and 
unlinked combinations of nip's and mj>*'s are generated. Note that because of the 
presence of Grassman variables, the order of the factors is important in calculating 
derivatives. Except in the presence of spontaneous symmetry breaking, as arises for 
example in the case of Bose condensation treated in Section 2.5, all expectation values 
involving unequal numbers of creation and annihilation operators vanish, greatly sim- 
plifying the general result. For the one-body connected Green's Function in the absence 
of symmetry breaking we thus obtain: 


Pi^flU') = (Mi>) = 0 {1) (1» 1') • 

The two-body connected Green's Function is evaluated similarly: 
6 4 


(2.156) 


*■> " u; ijftjru,. K 1 - < 2167 > 
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The only non-vanishing terms generated by the two remaining derivatives, assuming 
no symmetry breaking, are those in which derivatives acting on numerator terms add 
two i/>'s to ( $*il > *) and one $ to each of the factors <^*), yielding 

# a, (l,2|l , ,2') = r v ) - M(4a*v) (2.158a) 

= pW(l,2|l'2') - [P (1 >(1|1 , )5 <1) (2|2') + ^ (1) {1|2')$ (1) (2|1')] . 

Note that the factor f in the last term arises from the fact that had to be com- 
muned through an odd number of Grassman variables to act on A 

compact graphical representation of Eq. (2.158a) is 



where / denotes an internal propagator connected to an external point fj> a (r) and the 
abbreviation txch. for exchange indicates the sum of all possible permutations, P, of 
the external points, in this case 2. with associated factor $ p . Higher order connected 
Green’s functions are evaluated similarly, and it is straightforward to verify that the 


three-body connected Green's function satisfies the following equation, which is also 
evident from the diagram rules for Green’s functions; 



Since the Green’s functions only involve equal numbers of $ and rf>*. a generating 
function with a bilinear source, Eq, (2,149), may also be used, and it is an instructive 
exercise to reproduce the preceding results with a bilinear source (see Problem 2.12). 

THE EFFECTIVE POTENTIAL 

In the presence of sources, the operators (a* (r),a„(r)} acquire non-zero expec- 
tation values. Let us define the average field 


<t>a = (<*a)j*,J 

= (V»a>/*,J 



(2.160a) 
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and its complex conjugate field 


K(r) = 


(2.1606) 


Here, in an obvious notation { )j-,j denotes a thermal average with respect to H 

plus the source term of the form introduced in Eqs. (2.80) - (2.82) for Ho and in 
Eq. (2.150b) for H and the r arguments of t6„ and J a have been suppressed for 
compactness. 

Instead of dealing with the generating function W as a function of the sources 
J*, J, it is useful to perform a Legendre transformation to obtain a function of the fields 
The motivation for performing this transformation is evident from considering 
the familiar example of a spin system in a magnetic field, which will be treated in detail 
in Chapter 4. Denoting the Hamiltonian of the spin variable as #(s), the free energy 
as a function of an external magnetic field %[ is given by 

^ = ,-W> (2.161o) 


from which it follows that the magnetization is given by 


dF(H) 


dH 


(2.1616) 


A state function which depends upon the magnetization instead of the external mag- 
netic field is obtained by inverting the relation (2.161b) to obtain H(M) and defining 
the Legendre transform 


G(M) =s F(H(M)) + MH(M) . (2.162) 

It follows that G satisfies the reciprocity relation 

dG dF dH „ % ,dH „ 

3M dHdM + H + M dM ~ H ' ( 2 ’ 163 * 

Whereas both F(H) and G(M) contain the same physical information, in the case 
of the first-order ferromagnetic phase transition, G(M) has better analytic properties 
and will thus be preferable to approximate. Below the critical temperature, since M is 
non-vanishing and has the same sign as H, equation (2.161b) implies that F(H) has 
non-zero positive slope for positive J? and a non-zero negative slope for negative H so 
that it has a cusp at the origin. In contrast, G(M) is a smooth double well, and the 
discontinuity associated with the first-order phase transition arises from moving from 
the solution to Eq. (2.163) in one well to the solution in the second well. 

In the case of the generating function W[J*(r), J«(r)]. the equations (2.160) for 
J a ) and <£* (J*, J a ) are inverted to obtain the sources as functions of the fields 
Jai^a I'M an< * Ja{4>a,<f>a) and the effective potential (or effective action) is defined 
as the Legendre transform 
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As in the example G(M), the effective potential satisfies the reciprocity relation 


d 





aw dj;(r>) 

dj*(r') dp a { r) 


aw aj^) 

dJ^r>) df a (r) 


S^S(r- 


dj;y) 

d Ki r ) 9<f>%{r) 



= -J a (r) 


(2.165a) 


and the companion equation 


5j^r|«W,*.W]— fj;w . 


(2.1656) 


When the sources are set equal to zero, Eqs. (2.165) show that the effective 
potential ^stationary. That is, if we denote the fields in the absence of sources by 
4>a(r) and 4> a (r), then 


fr(fc(r),j n (r)) = _ gr(fc(r),j!«(r)) 

6h(r) S$ a (r) ' 1 * ’ 

As we have already mentioned, in the case of Bose condensation Eqs. (2.166) have 
non-zero solutions {$„(»■), 4>«(r)} and these solutions will be studied in Section 2.5. In 
the absence of symmetry breaking, the fields {^>*(r), <f>a(r)} are zero and alf Green’s 
functions which do not have equal numbers of creation and annihilation operators 
vanish. 

The effective potential is a generating function for vertex functions. These vertex 
functions are generated by differentiating the effective potential r[$* (r)^ a (r)J in the 
same way as connected Green's functions are generated from J a (r)]: 


I 'm^*,n#( < *l*’l> • • * . . . & n r n) 

gm+n 


(2.167) 


1 (r l )...^ B (r m )^ < (r4)...^«.(r{) 


IKM,Mr)l 


Note that evaluation at J* = J a = 0 is equivalent to evaluation at the stationary 
solutions of Eq. (2.166). 

The vertex functions defined in this way have several important proper- 

ties. One feature is that they are one-particle irreducible and thus cannot be discon- 
nected by removing a single internal propagator. Another significant property is the fact 
that connected Green’s functions may be constructed from vertex functions using only 
tree diagrams, that is, diagrams containing no closed propagator loops. This property 
is extremely useful in renormalization of field theories, since all the divergences arise 
from loop integrals which are isolated in the vertex functions T, and in the definition of 
consistent truncated expansions. These properties are most easily seen by deriving a 
hierarchy of integral equations satisfied by the vertex functions and Green's functions. 
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THE SELF-ENERGY AND DYSON’S EQUATION 

Before proceeding to the general case, it is useful to study the vertex function iy 
An economical method to derive the desired integral equations for vertex functions is to 
take successive derivatives of the generating function W[J*, J) with respect to ^aA^) 
and using the chain rule and Eqs. (2.165) to write functional derivatives of a 

functional F 


SF(J% J) 
6<f>aAn) 


r SF SJ* a A r 3 ) SF 6J a ,( r 2 ) 

“ t'/ HaAn) 

_ v f r_ __sf 6 2 r _ 


sf 6 2 r _ 

J SA r *) 6 ^An)SK% te) 


sf S 2 Y I 

SJaAn) S 4>a n{ T l)6<f>aA T *)* 


and similarly 


6F{J*,J) sp , [ SF S 2 V 

SK, K) ^ Jo T 2 r f SJi, (r 2 ) 6f ai (n)S4> a, (r 2 ) 

SJ«A T 2) s Ki{ T i)tiKA T 3)^ ’ (2.1686) 

The lowest order equation, a general matrix form of Dyson's equation, is obtained by 
differentiating each of the quantities ^ a> (r 3 ) = and #i,( T s) = 

with respect to J>aA r i) and ^*,( n). Calculating ; n detail, we obtain 

, _v *«.(*) s \ sw 1 

Oa, ai S(Ts,Ti) - _ — 7-t- -7777— T 


6 2 r 

1 (n)6^a, (r 2 ) 


^ ai (n) 6^a,(n) L SJ*A T i) 


f 6 2 W tf 2 T 

' tr l T2 L ? (**)«■£, (*-3) 


6 2 r ] 

w« 4 te)w a % (iu) staAnVteA**) J (2 ' 169) 

which may be rewritten in the more compact notation 

/ f 6 2 W S 2 T S 2 W S 2 T ] 

dt J*(2)6J*(3) 6<t>* (l)tf^(2) + 6J(2)6J*(3) S^>{l)6<j>* (2) J ^- 170a ) 

where 1 denotes the variables {ai,ri} and / d2 implies a sum over a 2 and an integral 
over r 2 . The remaining three derivatives yield the equations 




*(2)6J(3) 6p (1)S4>(2) *SJ{2)SJ{3) S<f>* (l)6y(2) 
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- s 6 . SW 

° 5 ^*{l) 5 J*( 3 ) 

r r s 2 t 


= f J l 6 ' W 
J [ ’ 5 J*( 2 ) 5 J*( 3 ) S<f>* 


(l) 6 <t>{ 2 ) SJ{ 2 )SJ*{ 3 ) 6 <i>*(l) 6 <l>*{ 2 ) 


0 ~ ZI 77 T^*( 3 ) ~ 717 


-f d2 [sP 


W( 1) [ ? ^(3) 


J [5.7‘(2)5J(3) ty(l)ty(2) S: 5J(2)5J(3)5^(1)5^*(2)J ‘ 

The equations (2.170) may be expressed in the matrix form 

f d 2 (Tj 4 jhm «<>(£>») wipin') -,(»)( J ») 

•* SJ( 3 ) 6 J+( 2 ) ) V «^(2)T*(l) «^(2)X*(l) / \ \ 

(2.171) 

which shows that the matrix of second derivatives of T is the inverse of the matrix of 
second derivatives of W. Thus, the matrix composed of IV*,IV*.,r^, and F^ is 
the inverse of the matrix of connected Green’s functions 

(r^ /<w> <w> V 1 (2172l 

In order to understand the properties and physical significance of we now 
consider a system with no symmetry breaking, in which case Green's functions witr. 
unequal numbers of ^*'s and ^'s vanish and Eqs. (2.170- 2.172) simplify to 

j <f2£| l >(l,2)r*.*(2,3) = j d2r*.*(l,2)$l l >(2,3) = 5(1,3) (2.173) 

and 

r^ 0 (l,2) = [Pi 1, r 1 (l,2) . (2.174) 

For a non-interacting system, rewriting Eq. (2.78) for the single-particle Green's 
functions with explicit {a, r) dependence yields 

£ (*«»«» (^" - m) + <«i|ff 0 |«2>) So2(“a.n|«3,i5>) = S aiat S{n - r 3 ) (2.175) 

where Ho is the single-particle Hamiltonian. Thus, for a non-interacting system 

7 < fJjai,T l \a 2 ,T 2 ) = [^J, , ]“ 1 («in|«a*!i) 


: _ m) + (ail-HoM j H t i ~ ^a) • 


( 2 . 176 ) 
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The ane-partide vertex function is a special case, and rather than deal with it directly, it 
is conventional to define the self energy E as the difference between the vertex function 
for the interacting and non-interacting systems 

iy*(l,2) s r^4(l,2) + E(l,2) . (2.177) 

Simplifying the notation by writing 2) as the matrix with the arguments and 

labels suppressed, equation (2.177) may be expressed 

$-* = (&,]-» +E (2.178) 


which when multiplied on the left by and on the right by $ yields the Dyson 
equation 


9 = So- 9oK9 

= So — $o%9o + 9o^9o^9o • * • 

(2.179a) 

or, exhibiting the explicit {a,r} dependence. 


^(ainlo^) = ^i(ai,ri|a 4l r 4 ) 

(2.1796) 


- 5Z f cir 2 dr 3^i( a! l. r l| Q! 2 } ^) S ( a 2ni.«3r3)p| 1) (oi3,r3|a4,r4) . 
a - a - J(S 


The graphical expansion of the self-energy E is evident from expressing the Dyson 
equation and its series expansion in diagrams. With the following graphical notation for 
the one-particle Green's functions non-interacting Green's functions, and self energy. 


| -$*>(2,1) ^=$$(2,1) (Z)-E(2,l) 


equation (2.179a) yields 


/-/-# 





(2.179c) 


The following two definitions are required to specify the diagrams contributing to 
the self energy E. A diagram is n-particle irreducible if it cannot be separated into 
two or more disconnected diagrams by cutting n internal propagators. An amputated 
diagram attached to the points (airi),(a 2 T 2 ),...(ce n r») has no free propagator 
attached to these points; hence each point must connect directly to an interaction 
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vertex. With these definitions, it is evident from (2.179c) that -E(of 2 ra,airi) is the 
sum of all one-particle irreducible amputated diagrams connecting the points (ai,n) 
and (as, rj). To see this, imagine enumerating all the diagrams for the one-particle 
Green’s function according to the rules given in Section 2.3. Amputate the external 
propagators, and let the set of one-particle irreducible diagrams define -E. Finally, 
consider the set of graphs generated by substituting this set of diagrams into the last 
line of Eq. (2.179c). By construction, each original Green’s function diagram which 
could have been disconnected by cutting n different propagators will be generated once 
and only once by the nth term in this expansion (2.179c) 

The rules for calculating the self energy E (ap,a'p') thus follow directly from 
thoses enumerated in Section 2.4 for the one-particle Green’s functions. The rules 
for the nth order contribution using unlabeled Feynman diagrams are summarized as 
follows: 

1. Draw all distinct, unlabeled, one-particle irreducible, amputated diagrams com- 
posed of n interaction vertices ^ ^ with the label {a,/9} assigned to one out- 

going arrow of an interaction vertex, the label {a', p 1 } assigned to one ingoing 
arrow of an interaction vertex, and all other arrows of the interaction vertices 
connected by directed lines | . Two diagrams are distinct if, holding the points 
{a,p} and fixed, the lines and propagators cannot be deformed to coin- 

cide completely including the direction of arrows on propagators. The contribution 
for each distinct unlabeled diagram is evaluated as follows: 

2. Assign an internal time label n to each interaction vertex which is not assigned 
to one of the external time values p or P' . For every directed line, assign a 
single-particle index -7 and include the factor 

jr « g^r - r') * e -(«-r-#0(*-r')((i + fm)0 ( T -/-»?) + f n^it' - r + »?)] 

where r, r 1 denote either internal or external times. 

3. For each interaction vertex include the factor 

)-—( =M|«M) • 

/ a 

Note that if the external points { oc,p } and {a',/9'}) are associated with the same 
interaction vertex, since the interaction is instantaneous the factor 6{p — P') must 
also be included. 

4. Sum over all internal single-particle indices and integrate all internal times r< over 
the interval |O, 0 ]. 

5. Multiply the result by the factor (-l)'*” 1 ^ where n L is the number of closed 
propagator loops and the extra minus sign accounts for the fact that (2.179c) 
specifies -E. 

To illustrate these rules, the first and second order contributions to the self-energy 
are the following: 
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= 8(0 - 0') ^Mvla'-yK 

a,e 

=s( 0 - 0 ')< Y^( a l\ v \' 1 °‘ , ) n i 

7 <t\&* a 



J2 (<*i7sM7i72)(7i7aM«'73) 

ii‘rz'19 


*1h i tf-0')9> n iP-P)*,AP-0) 



- ( a i73|v|727i)(7l72|«l«'T3) 

7*7*7* 


xg-ntf-P) *,,(0 ■ 


(2.180a) 

(2.1806) 

(2.180c) 

(2.180d) 


Note that amputated diagrams, such as (2.180) are drawn with incoming and outgoing 
lines which do not begin or end with solid dots, indicating that the external labels 
are assigned to the vertex and no propagator is present. In contrast, diagrams having 
propagators in the external legs such as the Green's function diagrams in Fig. 2.7 are 
drawn with solid dots for the external points and it is understood that a propagator is 
to be included between each external point and the interaction to which it is connected. 

The physical interpretation of E as a self energy or effective one-body potential 
is evident from using Eq. (2.171) to rewrite (2.178) in the form 


[Pi 11 ] 1 ( a i r it a 2r 2 ) = (6« l<>J (^--Af) + (ai|^o|a2>)6(n-ria)+S(axr 1 |a2r2) . 

1 (2.181) 
The full Green’s functions specifying the propagation of a particle in the many-body 
medium is obtained from the propagator in a non-interacting system by adding to 
(ailJTolaa) all the irreducible graphs describing the particle's interaction with the rest 
of the system. The contributions (2.180a and b) are instantaneous like Ho and specify 
the shift in energy due to the Hartree Fock mean field. These and the higher order 
contributions will be discussed in detail in Chapter 5. 

HIGHER-ORDER VERTEX FUNCTIONS 

The essential features of E, which differs from the one-particle vertex function 
only by the trivial term T^. are that it is one-particle irreducible and that the 
full one-particle Green's function is obtained from it by Eq. (2.179) which involves no 
loop integrals. We will now demonstate that these two features generalize to n-particle 
vertex functions. 

We begin by introducing an economical graphical representation for differentiations 
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of the form which led to (2.170). Let 



6 m+n W(J*,J) 

~ f SJ*(1)8J*(2) , . . SJ*(m)6J(n') . . . 8 J{2')8 J(l') 



~ 6<t>*{l)8<f>(2 ) , . . S<j>*{rn)S<f>[n ') . . . 8<j>{2')8<8(V) ' 


With this notation. Eq. (2.170a) may be written 

5 T<Dt<Dt + 7©t(e)t = 


(2.182a) 


(2.1824) 


(2.183) 


To emphasize the essential structure, we shall condense the notation still further by 
omitting signs, disregarding the direction of the arrows, letting ^ represent either 
I^tj or tthfi anc * * ett ' n 6 Jj represent either or SJ i^ • Then a functional 
derivative applied to increases the number of legs by one: 


S_ 

84 



(2.184) 


Using the chain rule ^ = jjjj. Eq. (2.168). the functional derivative ^ applied to 
jjzW adds a leg containing 


8 _ 

U 




(2.185) 


With this compact notation, evaluation of jT*[<f>) = for successive values of 

n yields the desired hierarchy of equations. R>r n = 1. we recover the abbreviated form 
of (2.183) 

-H(r) (G>- = 8 (2.186a) 


Evaluating successive derivatives by letting ^ act on Fs using (2.184) or on G's using 
(2.185) yields 




+ I I 


jjr 


-©-<§> 


Gr — 0 


(2.1864) 
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(2.186d) 



where the Integers denote the number of distinct ways of arranging the external labels. 
Multiplying each of the external legs associated with ^ in Eq. (2.186c) by Gi = 
(Fi)" 1 , we obtain 



In the case of no symmetry breaking, this simplifies to 



(2.188a) 
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or explicitly 

«2&K$, e4$) (2.1886) 

= - E /*3rfr4dr'dr^( 1 )(a 1 /? 1 |a 3 r3)5< l >(a 2 A l |a4r4) 

o 


X r 2 **,2^(a3f3. ot 4 r 4 |a' 3 4, (a'3^3 K# )$c lj (“W \ a 'M • 

Note that in spite of our condensed notation, the signs and factors of f are obvious: In 
the absence of symmetry breaking, only terms with equal numbers of derivatives with 
respect to or J*,J are non vanishing by Eq. (2.168). so that ingoing or outgoing 
legs of the form *{r)- and -(r)- attached to in Eq. (2.186d) have factors (-1) 
and (-f) respectively. Since has two incoming lines and two outgoing lines and, 
by Eq. (2.154), 2 factors off, the terms containing and r 2 ^. 2 ^ in Eqs, (2.186d) 
and (2,187) have coefficient +1 leading to the overall minus sign in (2.188a). 

By the same arguments as applied to Eq. (2.179c) for the self energy, equation 
(2.188) shows that r 2 ^. i2 ^ is the sum of all one-particle irreducible amputated con- 
nected diagrams with four external legs. The diagram rules for r 2 ^. 2 ^ are identical 
to those given for the self-energy, except for the obvious modifications that there are 
two external labels {ai,/?i},{a 2 ,/9 2 } assigned to outgoing arrows of interaction ver- 
tices, two external labels {o.' l ,P' l }, {ot 2 ,/%} assigned to incoming arrows of interaction 
vertices, and the factor for a diagram with n interactions and nj, closed propagator 
loops is (-l) n-1 f , * ll f f ’ where is the sign of the permutation such that each prop- 
agator originating at the vertex with external label {a' m ,p' m } terminates at the vertex 
with external label {ctp m ,0p m }. Examples of contributions to the two-particle vertex 
function T%^ 24 > are the following 


M = > <•) vVv 1 (*; { ’ - * ■ < 2 - 189 > 


Just as E specifies the self energy or effective one-body potential for a particle propagat- 
ing in a many-particle system, T 2 ^. 2 ^ corresponds to the effective two-body interaction 
between two particles propagating in a many-particle medium. 

In addition to showing that T 2 *« 2 ^ is composed of one-particle irreducible am- 
putated connected diagrams, Eq. (2.188a) also demonstrates that the two-particle 
Green’s function is obtained from a tree diagram composed of Green's functions and 
vertex functions of the same and lower order. These two properties are completely 
general, as is evident from the structure of the hierarchy Eq. (2.186). As a final exam- 
ple, the corresponding result for the three-particle Green's function and vertex function 
from Eq. (2.184e) in the absence of symmetry breaking is the following: 



(2,190) 
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again demonstrating the one-particle irreducibiiity and tree-diagram structure. 

Analogous equations in which vertex functions are n-particle irreducible ampu- 
tated connected diagrams may be derived straightforwardly by the same approach we 
have used starting with sources coupled to all combinations of n creation and anni- 
hiltion operators. For example using the bilinear source. (2.149), the principal steps in 
deriving the two-particle irreducible theory are the following. The generating function 
for connected Green's functions is 

W{n,fj,n*) = ln( e -/ (2.191) 
from which we define the expectation values 

£<*/» = = (Mfi) 

Sr > a fi 

-<<£*;> ( 2 - 192 ) 

and Legendre transform 


m.i.n --^(u, ?,•»•)- 

* 1C f dr \CfiVap + t-apfiofi + Saprill)} 
« 0 J ° 

(2.193) 

with the reciprocity relations 



dT 

ST ST 

(2.194) 

jjr- = 
°Sa0 



Using the schematic notation of Eq. (2.184 - 2.188) in which ^ represents 

or *n represents or and indices and directions of propagators 

are suppressed, a functional derivative ^ applied to increases the number of 
legs by two 

(2.19S*I 

2m 2m 

and applied to adds a leg containing 

= =®^f • m*) 

2m 2m 

Evaluation of successive deriatives f|(^) = yields a hierarchy of the form of 

Eq. (2.186) ' 

3©=®C = 8 


(2.196a) 
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The first equation shows that the matrix of four-point vertex functions is the inverse 
of the matrix of two-particle Green's functions, in the absence of symmetry-breaking, 
all p’s and T's must have equal numbers of incoming and outgoing lines and the pairs 
of lines in these equations represent all combinations of aligned or anti-aligned propa- 
gators consistent with this restriction. By the same arguments used for Eqs. (2.186), 
Eqs. (2.196) show that the T’s are composed of two-particle irreducible amputated 
connected diagrams and that the n-particle Green's functions is obtained from tree 
graphs involving fewer particle Green's functions and 2n-point and fewer point vertex 
functions, it is an instructive exercise to derive these equations in detail (see Problem 
2 . 12 ). 


2.5 STATIONARY-PHASE APPROXIMATION AND LOOP EXPANSION 


Whereas perturbation theory is valuable for the formal developments of Section 
2.3 and is directly applicable to a limited class of physical problems with weak in- 
teractions characterized by a small expansion parameter, many problems of physical 
interest involve strong many-body interactions for which a perturbation expansion in 
the interaction strength is inappropriate. A natural approach for such problems is to 
reorganize the perturbation expansion into a series in powers of a new small param- 
eter. We have already seen examples of such infinite resummations of perturbation 
theory in Section 2.4. where solution of Dyson's equations with some finite set of 
self energy diagrams or, in general, calculation of Green's functions with any finite set 
of diagrams for n-particle irreducible vertex functions F resums an infinite number of 
terms of the original perturbation series. Other physically motivated resummations will 
be presented subsequently for specific systems. In view of the general lack of math- 
ematical control on the convergence properties of the original series and the obvious 
ambiguity associated with regrouping divergent series, any such resummations must 
be understood ultimately on physical grounds. 

In this section, we consider a specific systematic regrouping of terms obtained by 
applying the stationary-phase approximation to the functional integral for the partition 
function. This regrouping will be seen to be ordered in the number of loops occuring in 
the Feynman diagrams. For certain systems, this approximation generates an asymp- 
totic expansion in a small parameter, such as h or the number of degrees of freedom 
associated with an internal symmetry. 

We first review the stationary-phase approximation in the case of a one- 
dimensional integral, and then generalize to the cases of the Feynman path integral 
and the partition function for many-particle systems. As usual, the primary empha- 
sis will be on the essence of the method and its physical interpretation, rather than 
mathematical rigor. 
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ONE-DIMENSIONAL INTEGRAL 

The stationary-phase approximation, also referred to as the saddle point approx- 
imation or method of steepest descent, is a method for developing an asymptotic 
expansion in powers of j for an integral of the form 


m = /_" 


where l is a real parameter and in general f(t) is an analytic function in the complex 
t-plane. 

For simplicity, we will first consider the special case of a real function f(t) with 
an absolute minimum at t — t 0 . As l increases, the integral becomes sharply peaked 
around the point to. and the dominant contribution to the integral arises from the 
vicinity of to- Expanding /(t) around t 0 , recognizing the fact that /'(to) = 0 and 
/"(to) > 0 since to is the minimum, the integral may be rewritten: 

1(1) = e~ lI ° f°° dt 


o r jl. 
J- oo 


1 * /<*> 
dr ^ 77 ! 


where derivatives evaluated at t 0 are denoted /" and /<j n) and the change of variables 
t = (t - to)v^7o' h as been introduced to rescale the Gaussian to unit width. As 
t -* 00 . the terms with n > 3 go to zero and we may expand 1(1) in powers of 
For the problems of physical interest, we will usually be interested in expanding 
the logarithm of 1(1), and in the present example, it is straightforward to expand the 
exponential in Eq. (2.149), perform the Gaussian integrals, and exponentiate the result 
to the desired power of ^ (see Problem 2.13). 

A more economical derivation, however, may be obtained by utilizing our knowledge 
of Wick’s theorem and the linked cluster expansion. Just as we defined contractions 
in connection with Eq, (2.84), we may define the contraction of r as 


f°° dr 

r ~L 


e~V » 1 . 


The coefficients of r” for n > 3 in Eq. (2.198) are regarded as vertices with n lines 

(2 - 200) 

Diagrams representing ail possible contractions contributing to Eq. (2.198) are ob- 
tained by drawing any number of vertices V ni V nj ...V n „ and connecting them with 
propagators equal to 1 . In addition to the vertices, V n , a diagram of order N has the 
overall factor By the linked cluster theorem, 

j(£) = e - if* / 2 £: e (sum of all linked diagrams) ( 2 . 201 ) 
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( 2 . 202 ) 


The following diagrams contribute to lowest order in | 

+ + OO- 

(a) (b) (c) 

Counting the 3 x 2 ways of contracting the three lines of each vertex in diagram (a) 
and the 3 x 3 ways of picking one line from each vertex to contract in diagram (b), the 
contribution of these two diagrams is 


f— if 2 /( 3 ) i 

Similarly, counting the three distinct contractions, diagram (c) contributes 
ef/"p • 80 t,iat the asymptotic expansion of I(£) is thus 

,,<*), a ,(4) 

J(^ = r Vo+iln( ^ )+i( *'^ r " i ^ )+0( ^ ) . (2.203) 

The contribution of order fa involves diagrams containing V 6 , V 6 V 3 , (Vi) 2 , V^Va) 2 . 
and (V 3 ) 4 and is treated in Problem 2.13. 

The previous discussion generalizes straighforwardly to a complex function /(f) 
which is analytic in some region of the complex t plane. Consider the case in which 
/(t) has a single stationary point f 0 such that f(t 0 ) = 0. Since by the Cauchy integral 
formula Re /(to) is equal to the average of Re/(t) on a circle centered on to. to must 
be a saddle point for the function Re /(f). For an arbitrary contour passing through 
to. Im/(t) will vary along the contour giving rise to arbitrarily rapid oscillations in 
the integrand as t -+ oo. However, by selecting a contour such that Im/(f) has the 
constant value Im/(to) in the vicinity of t 0 , the integral assumes the form 


/(£) = «-«“/(*«) 


L 


e -ei i*nt) dt 


(2.204) 


in the region of t 0 . Furthermore, writing /"(to) = Poe’* 0 in polar form and expanding 
to second order around t 0 

/(to + P**) = /(to) + ipoe^pV* (2.205) 


it is evident that the two directions ^ = -&-and^ = -& L + f which keep Imf 
constant correspond to the directions of maximum positive and negative curvature for 
Re/(t). Hence, the countour e is deformed from the real axis such that in the vicinity 
of t 0 it coincides with the curve having Im /(t) = Im/(to) which passes through the 
saddle point of the function e fRe /(*) in the direction of steepest descent, and the 
resulting real integral, Eq. (2.204) is evaluated as in the previous case. 

In the case of multiple stationary points, the analysis is complicated in two re- 
spects. The first, essentially technical, complication, is the necessity of globally ana- 
lyzing the surface of «—<**•«/{*) j n order to connect the positive and negative f axes at 
infinity with a contour traversing a sequence of intermediate saddle points. The more 
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substantive problem is the fact that integration of an infinite expansion around each of 
two separate stationary points has the potential for double counting contributions to 
the integral. For well-separated stationary points, it is often assumed (without justifi- 
cation) that low-order contributions from each stationary point may simply be added. 
When two stationary points come sufficiently close together, the combined contribution 
of both stationary points is treated by an appropriate form of uniform approximation 
(Berry (1966). Miller (1970), Connor and Marcus. (1971)). 

FEYNMAN PATH INTEGRAL 

The Feynman path integral for the evolution operator of a particle in a potential 
V(x) is the limit of a product of integrals over the variables Sfc at each time slice k. Eq. 
(2.39), so that the stationary-phase approximation may be applied straightforwardly to 
each integral in the product. For convenience, we will use here the continuum notation 
of Eq. (2.41) 


U(x f tf,Xiti) = v\x{t)\e •< = / P[s(t)je* s[a 


><*)! 


(2.206) 

with the understanding that / dt and (ff) are defined by the discrete expressions 
(2.40). Due to the multiplicative factor - in the exponent, it is evident that the 
stationary-phase approximation will generate the semi-classical expansion of the evo- 
lution operator in powers of h. 

Since S[z(f)] is the classical action, stationarity of S(x(t)] yields the Euler- 
Lagrange equation of motion for the classical trajectory z„(t) 


<Px c 

n HF 


= -VV{x e ) 


(2.207a) 


with the boundary conditions 


x c (ti) = xi x e (t/) = x/ . (2.2076) 

Expanding the action around the classical trajectory x c (t) and introducing the change 
of variables 

n(t) = ^(*(«) - *c(0) (2.208) 

we obtain 


Ulxft/.XiU) = et s < x ‘ (t » 



x e *• 1 


(2.209) 

where rj(t) is required to vanish at the end points because x(t) and x 0 (t) 
satisfy the same boundary conditions. Introducing an infinitesimal real term. 
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e, to render the integral well-defined and noting that the quadratic form 
/ [-C - imjffc - »y"(z c (t))j 17 (f) actually represents a discrete sum r/kAktrit. 

the Gaussian integral may be performed using Eq. (1.179) with the result 

U(x f tf,Xiti) = (2.210) 

where the determinant may either be calculated directly from the discrete expression 
for the quadratic form and the measure Eq. (2.42) or from the appropriately normalized 
product of eigenvalues E„ of the equation 

+ *”"(*.(*)) - E n )Mt) = 0 (2.211a) 

with 

lM*<) = tf»(f/) = 0 . (2.2116) 

it is an instructive exercise to explicitly evaluate the determinant for the case of the 
harmonic oscillator to obtain the exact propagator (see Problem 2.14). 

Physically, the leading term in Eq. (2.210) of order £ is given by the classical 
trajectory, with the next term of order unity corresponding to the sum of all possible 
quadratic fluctuations around the classical trajectory. Higher order terms in h may be 
obtained by summing linked diagrams in which the vertices V^ n )(a c ) are connected by 
propagators + V "^)] -1 as in the previous section. 

It is interesting to note at this point that application of the stationary-phase 
approximation to the imaginary-time path integral, Eq. (2.54) corresponds to an anal- 
ogous expansion around the stationary solution 

- — V(— V(s„)) . (2.212) 

Here the minus sign associated with the transformation (2.53) has been grouped with 
the potential to indicate that the stationary trajectory corresponds to the classical so- 
lution in the inverted potential. Thus, in tunneling and barrier penetration problems for 
which the classically forbidden region does not support appropriate classical solutions, 
these stationary solutions in the inverted potential will serve as the starting point for 
a quantum mechanical expansion. 

MANY-PARTICLE PARTITION FUNCTION 

The coherent state functional integral for the many-particle evolution operator, 
Eq. (2.62), may be written in coordinate representation as 

= T lm *' )m *' lm) pi^(»,*)^(»,t)]«^’ (- * t/WM/) 

«/ 

xe ** 


(2.213) 
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Whereas an explicit factor £ multiplies the integral f dt in the exponent, in contrast to 
the Feynman path integral in the previous section, ft also appears in the integrand of 
the exponent. Thus application of the stationary-phase approximation to Eq. (2.213) 
does not strictly yield a semi-classical expansion in powers of ft. A similar situation 
arises in field theory where, for example, the action associated with a scalar field has 
the form 

l S (t) ~~J dtd 3 x W - |( j)V + A* 4 ] (2.214) 

and ft appears explicitly in the mass term. In either case, to interpret the stationary- 
phase approximation as an expansion in ft. one must imagine two separate ft's, with 
the ft appearing within the integrand as a fixed constant and only the multiplicative 
factor as the expansion parameter. 

In the absence of a strict expansion in an explicit small parameter, our present 
treatment of the stationary-phase approximation will be analogous to that of perturba- 
tion theory. We will introduce a parameter l multiplying the action, which for the sake 
of the derivation will be assumed to be large, just as the formal parameter A which is 
often introduced in the potential in perturbation theory is assumed to be small, in this 
way, it is straightforward to develop the stationary-phase expansion and demonstrate 
its correspondence to perturbation theory. From subsequent application to specific 
examples and the treatment of the closely related ~ expansion, the physical condi- 
tions will become apparent under which a suitable expansion parameter arises and the 
method becomes preferable to perturbation theory. 

With the introduction of the parameter l and suppressing factors of ft, the partition 
function Eq. (2.66) may be written 


( -tf <*rf 

m = / P(r(x,r)tt*,r))e 0 

f dr f dxdy4>’(x,T)4> m {y,T)v(x~y)4>(v,T)<l>(x,T ) 

X e 0 

(2.215a) 

Variation of the exponent yields the following equations for the stationary solutions <l>* 
and <f> e : 


+ J dyv{x-y)<t>*{y,r)<f>c(y,T)^ <M*,r) =0 -(2.2156) 
fcfcr) = + T)^ c (y, r)j 4>* e {x,t) = 0 (2.215c) 


6<j>, 


with the boundary conditions 


4>c{x,P) =$^(*,0) . (2.215d) 

One trivial solution about which to expand for either Fermions or Bosons is the 
solution <f> c (x,r) = <f>*{x,r) = 0. In this case. Z(t) is evaluated in the usual way using 
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perturbation theory with propagators - ^) -1 and interaction £v(x - y). 

The ^-dependence of each linked diagram for the grand potential is then e a,v ~ n ’ where 
nv denotes the number of vertices and »/ indicates the number of internal propagator 
lines. Since each vertex is connected to four lines and each line is connected to two 
vertices, nj = 2 ny, Finally for a translationally invariant system, let n M denote 
the number of momentum loops, defined as the number of independent momentum 
integrals performed in the diagram. Note that the number of momentum loops differs 
from til. the number of closed propagator loops defined earlier to determine the sign 
of a Feynman diagram. Recalling from Section 2.3 that there are ny - 1 momentum 
conserving ^-functions, the number of independent momenta is n** = nj-nv + L The 
£-dependence of a general diagram may therefore be expressed as t~ nv or £~ n « +1 . 
The former result may also be obtained trivially by rescaling the fields <f> in Eq. (2.215) 
by a factor and observing that only the ratio | occurs in the rescaled action. 

Thus ordinary perturbation theory may be regarded as an expansion in \ and 
is equivalent to a loop expansion in the number of independent momentum integrals. 
Note, however, that when expanding around <f> e = 4>c = 0. the leading contribution to 
fi is of order In £, 

in addition to the trivial solution <f> e = <f>* = 0, Eqs. (2.215) admit non-trivial 
static and time-dependent solutions. In the case of Fermions, the stationary solutions 
in terms of Grassman variables lie outside the space of physical observables and the 
functional integrals over the shifted variables must be performed to obtain a physical 
result. The most efficient way to proceed for Fermions is thus to introduce an auxiliary 
field to enable the integrations over Grassman variables to be done exactly, and then 
apply the stationary-phase approximation to the integral over the auxiliary field. We 
defer this treatment of Fermions until Chapter 7, and address the simpler case of 
Bosons here. 

For Bosons, application of the stationary-phase approximation to 
/ may be regarded as approximating a double real integral 

Jf dudve F ( u,e ) where u and v are real variables representing the real and imaginary 
parts of <j>. Since the general method of steepest descent requires consideration of 
all complex stationary points of u and o, in principle we should consider solutions for 
which <f>l is not necessarily the complex conjugate of <t> c . Again, the most general 
case will be deferred and we consider here the special case that <f>* is the complex 
conjugate of <f> c . Because of the opposite signs of the time derivatives in (2.215b) and 
(2.215c), such solutions must necessarily be time-independent and satisfy the static 
Hartree equation: 

(-^-A» + /«iyv(a: — y)l^c(y)l 2 )^c(*) = ° • (2.216) 

The genera! solutions to Eq. (2.216) for translationally invariant systems are plane 
waves. We will assume for the present treatment that 0(0). which is the zero- 
momentum Fourier transform or volume integral of V(x - y), is positive. In this 
case the solution which minimizes the action is the zero-momentum Bose condensate 
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with action 


is 

ts °~ 2 C(0) 


where V is the volume of the system, and we have chosen the arbitrary phase to make 
rl> c real. The significance of the phase of will be addressed in Chapter 4 in the 
general discussion of order parameters. With the change of variables 


(2.218) 


the action becomes 


tS {r (*, r), 4>{x, t)) = tS c + S< 3 > + ^=S (3) + jSW 


where 


D = 


(2.219a) 

(2.2196) 


S<2> = \io ^ / dxdy W( X ' T W X ’ T ^ D [^*(y,f 

*l>*v{x-y) 6(x-y) (-£ - sb) + 


(2.219c) 

S< 3 > = J* dr J dxdyv(x - y)|*(s, r)| 3 (tf*(y, r) + *(y, r)) (2.219ef) 

and ^ 

S^ = J dr J dxdyv(x - y)|^(z,r)| 2 My I r)| 2 . (2.219e) 

o 

It is convenient to simplify the notation by suppressing (x,r) arguments, using the 
matrix D, Eq. (2.219c). and abbreviating the vertices in i< 3 > and as gs and g 4 , 
so that the partition function is written as 

zto • ( 2 - 22 °) 

Although the quadratic form appearing in this functional integral differs slightly from 
that in Eq. (2,84) used in establishing Wick's theorem due to the presence of the >* 
and terms, it is shown in Problem 2.15 that a straightforward generalization of the 
usual linked diagram expansion is obtained. Writing the inverse of the matrix D in the 
block form f ^ ^ N / . „ \ 

(2,221) 


<*>(&:■ &)-(s °) 

the contractions of the fields are given by 


f I *(*)** ( 2 ) ^(1)^(2) \ 

J m 1/1)6 \rwrt 2 ) rwmt 

f G^*(l,2) G 
1<W(1,2) G, 


( 2 . 222 ) 


_ f G^.( 1,2) G„{ 1,2) 1 

~ " 'Vv’( 1 >2)j 
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Note that the positivity of D requires that ip c correspond to a minimum of the action. 
The propagators corresponding to these contractions are written as follows: 

— =GW*(1.2) = Ml)r(2)> 

— -0«(1,2)-W1W2)> 

— «G*.*.(1,2)-(*W(2)> ] 

— = <V*( 1,2) = <**(1)*(2)> . 

As usual, arrows entering or leaving a dot indicate a ip or ip* respectively and the new 
feature arising from the shifted fields ip is the introduction of lines with two arrows 
pointing in opposite directions. The vertices corresponding to the cubic and quartic 
terms in Eq. (2.219) are denoted 

(2.224) 

)r-, i -J-M • 

By calculating the linked diagrams composed of these vertices connected by the prop- 
agators (2.223), the partition function may be written 

Z(l) = lnfdct £>)+ \ { ^ + 0-0 + 00 >+°(*) (2.225o) 


where the diagrams denote the sum of all contractions of the indicated topology, for 
example 

00 = 0+0--' 0 + 0 (2.2256) 

and similarly for the remaining diagrams. 

Note that in contrast to the expansion of Z(l) about <p = 0. which corresponded 
to ordinary perturbation theory in powers of v or the expansion about ip c in Eq. 
(2.205a) yields contributions to Q of order l and order unity. Such terms cannot be 
obtained by expansion in powers of t, so the stationary-phase expansion corresponds 
to an infinite resummation of perturbation theory. 

This resummation may be understood physically in terms of Bose condensa tion. 
The zero-momentum mode is macroscopically occupied, with amplitude ip c - 
controlled by the chemical potential. The shift in variables (2.218) then gives rise to 
vertices in which one or more of the extremities has a zero-momentum condensate 
factor ip c which we will denote by the symbol rather than a field variable or 

ip* indicated in the usual way by — «■ — or — ■* — . We will write the quadratic martix 
D from Eq. (2.219b) and its inverse G from Eq. (2.221) in the following schematic 
form: 


D = Gq 1 + V = G" 1 


(2,226 a) 
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where 



_JL. _ Si I 
Or 2m J 




and will denote Go and G by broken and solid propagators: 


Go = 





(2.2286) 


(2.226c) 


The Dyson equation G = G 0 - G 0 VG following from (2.226a) then has the diagram- 
matic form: 


C HHT 

Iteration yields the series: 


(2.227a) 

>-< > j ' 



/ / 


(2.2276) 


and 




>-< 


(2.227c) 


where internal lines are summed over Go propagators with arrows in each direction. 
The propagator G thus sums self-energy insertions analogous to the exchange term 
of Eq. (2.180b) where the factor ij>l plays the role of the occupation number 
n, for the zero momentum state. Note that in deriving Eq. (2.199). direct terms 
analogous to the Hartree self-energy of the form 5(0)^ exactly cancelled the chemical 
potential, so in fact both direct and exchange terms have been resummed to all orders. 

The term of order in Eq. (2.225a). |In(det D), also has a simple diagram- 
matic interpretation. We first write 

det D = det (Gq 1 + V ) = det GJ 1 det (l + G 0 V) , 


(2.228) 
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Since from Eq, (2.68), det is the partition function Zq — e~^ n ° for the 

non-interacting system and because the block form for Gq 1 . Eq. (2.226b) contains 
two such matrices with equal determinants, it follows that 



[det = e~^°° . 

(2.229) 

Using the relation 

we obtain the desired result 

det M = e tr ln M 

(2.230) 


= -/?n 0 - -ti 


(2.231a) 


The factor ((7 0 V) n corresponds to a series of propagators and interactions of the form 
in Eq. (2,227), which are then connected into a closed loop by the trace and weighted 
by the symmetry factor ^ accounting for the number of rotations and reflections of 
the resulting diagram. Thus, the term of order 7° sums the one-loop diagrams 


--In det £> = — 0n o + ( j + ' « +...(2-2316) 

>-< 

where again the line without an arrow denotes a sum over Go propagators in each 
direction. 

The first few orders of the expansion of the grand potential in Eq. (2.225a) thus are 
clearly ordered by the number of momentum loops,n M . with l dependence 
The leading term tS c is just the classical action Eq. (2.217) with no loops. The second 
term, of order sums the one-loop contributions shown in Eq. (2.231b) and the 
third term, of order l~ l , sums the two loop diagrams shown in Eq. (2.225). 

The fact that the stationary-phase expansion in powers of j systematically orders 
diagrams by the number of loops is easily seen as follows. We will explicitly draw 
the condensate factor vw on the vertices in (2.224) as an external line so that the 
vertices 

)r-z{ - ^cv(l,2) - ) r — 2 { (2.232a) 

connect to three internal lines and one external line and the vertex 

=^(1>2) (2-2326) 

connects to four internal lines. Now. consider a general diagram obtained by contracting 
»v vertices with propagators. Of these nv vertices, assume nv e are of the form of 
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(2.232a) containing an external condensate line and the remaining ny - nye ate of 
the form (2.232b) with no external lines. Since the propagators are independent of t. 
the overall ^-dependence of the diagram from (2.232) will be £-»v+J»v» If one counts 
the lines coming out of all vertices, the internal lines connecting to two vertices will 
be counted twice and the external condensate lines will be counted once, giving the 
topological constraint 

2 n/ 4- nvE = 4ny (2,233a) 

where nj denotes the number of internal lines. As in the analysis with no condensate, 
the number of independent momentum loops, nu- after accounting for the ny - 1 
momentum conservation constraints is 

n.M = »j — ny + 1 (2.2336) 

or using (2.233a) 

n M — n v ~ 2 nvE 1 • (2.233c) 

Thus, for an arbitrary diagram, the overall ^-dependence may be written £~( n «~ 1 ) 
establishing the loop expansion. An analogous analysis shows that the series for the 
effective action is also a loop expansion. In contrast to the expansion around tji = 0, 
for which the loop expansion coincided with a perturbation expansion, in the presence 
of a condensate diagrams with um loops contain from - 1 to 2(tim - 1) vertices of 
the form of Eq. (2.232) as well as the infinite resummation of interactions Eq. (2.227) 
contained in the propagators. 

PROBLEMS FOR CHAPTER 2 

The first two problems review elementary aspects of quantum statistical me- 
chanics used in this chapter. Problem 3 indicates the derivation of the time-ordered 
exponential used in the text, for those unfamiliar with it. The two most crucial 
problems for understanding path integrals are Problems 4 and 5, which are empha- 
sized by an *. The next two problems treat discrete and continuum derivations of 
the propagators. For those who wish to broaden their understanding of fundamen- 
tal derivations in the text and establish contact with traditional derivations in the 
original Hterature, alternative derivations of Wick’s theorem, the Unked-cluster the- 
orem, the evaluation of expectation values, and the stationary phase expansion are 
presented in Problems 8, 10, 11, and 13. GeneraHzations of topics introduced in the 
text are treated in Problems 9, 12, and 15 and a specific example of the evaluation 
of the determinant arising from quadratic fluctuations is given in Problem 14. 

PROBLEM 2.1 Show that fl defined in quantum statistical mechanics by Eq. 
(2.40) is equal to the grand canonical potential defined in thermodynamics by the 
Legendre transformation 

n r (T,P,M) — U - TS - (iN 

where U(S,V,N) is the state function specifying the internal energy. First, define 
4>{T, V, fj.) = fi — fiy. Derive Eqs. (2.4) and use these results to show that <j> must 
be a constant times T, introducing at most an additive constant in the entropy. 
Then, take the zero temperature limit of §y to show that this additive constant is 
zero. 
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PROBLEM 2.2 Show that the probability for a system in contact with thermal 
and particle reservoirs to be in a state with energy E a and containing N a particles 
is proportional to e~ Let the combination of the reservoir and system 

have total energy E and particle number N. Use the definition of the entropy to 
show that the density of states for the reservoir to have energy E — E a and particle 
number N — N a is proportional to ei s ^ E ~ Ea,N ~ lfa ^ from which the final result is 
obtained by expanding in E a and N„, 

PROBLEM 2.3 Show that the two forms of the time-ordered exponential, Eqs, 
(2.9) and (2.10), are equivalent. Consider an interval which has been subdivided 
into a discrete number of time slices M and show that the terms of order e" ob- 
tained from [Sill eA(t,)| agree with the terms of order e n obtained from 

PROBLEM 2.4* The validity of an approximation to the matrix element of an 

infinitesimal evolution operator may be checked by showing that the wave function 
evolves properly to leading order in e, that is 

J dy{x\e~* H \y)ip(y) = (l~ieff+ 0(e 2 ))ij>(z) . 

Begin with the simple case in which the Hamiltonian is the kinetic energy operator 
(with h = m = 1 for convenience) and show 


-I 1 — • 


Now, include a potential V (2) and show 

Demonstrate that the same answer is obtained when V(y) is replaced by V (a) or 
by any linear combination rjV(y ) + (1 - r/)V (x). Show that when the symmetric 
combination |V(j/)+ |V(s) is used, the evolution is actually correct through order 
e 2 . The same result may be obtained more economically by noting «-* e ( T + v ) = 
e -it£ e -i*T e -ic£+0(t*) and evaluating / ||{*|e~ , ' i Hr i |p){p|e~‘ e ^'e~* <- ^" i |y). 
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PROBLEM 2.5* The formulation of path integrals for a particle in a magnetic 
field exhibits the general problems arising when the Hamiltonian contains terms in 
which x and p are combined. 

Recall that the Lagrangian for a particle in a magnetic field is 



leading to the classical Hamiltonian 

where h = m= 1 and the factor - has been absorbed in the vector potential A. 

Begin with the normal-ordered form of the quantum Hamiltonian, Eq. (2.34), 
and as in Problem 2.4, show that the evolution operator 

J ^* ( ^ -2 ^ A ' l(4>-<a * j4 * (i)+A ‘ (4)) = |y> 

J (2*)3 e 

yields the proper equation of motion to leading order in e. Now, show that the 
following alternative expressions also give the correct evolution: 



(2?r) 3 B 


<*l«- ar |y> « 


2xtc / * 


Note that this last result looks like a path integral containing the Lagrangian with 
a definite discrete approximation: 


, .. (a* ~ Vfc) / A k {x) + Afc(y) 
dt e \ 2 


By comparing with the previous result, it is clear that the alternative discrete 
approximation 


dx a ** - yk t , ^ 
—A 56 - A k (y) 


yields a different answer, which is only repaired by the inclusion of the 9* A*(y) term. 
Contrast this dependence on the point at which A(£) is evaluated in the term pA(&) 
with the independence of the point at which V(x) is evaluated demonstrated in 
Problem 2.4 and thereby explain how the ordering of operators in ordinary quantum 
mechanics is reflected in path integrals. 
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PROBLEM 2.6 Contrast the discrete matrix S, Eq. (2.69), arising from the 
defining expression of the functional integral for the partition function for non- 
interacting particles with the alternative discrete approximation to the continuum 


—a 

0 1 

—a 1 
0 -a 

Show that whereas S yields the correct partition function, has Boson eigenvalues 
with positive real parts (so that Gaussian integrals converge) and yields the correct 
propagator for at equal times, S yields an incorrect partition function, has 
eigenvalues with negative real parts, and evaluation of the equal-time propagator 
using Eq. (2.76b) gives the wrong result. This exercise emphasises the fact that one 
must take the limit as M — * oo of the discrete result obtained from the defining 
expression for the functional integral. 

PROBLEM 2.7 Obtain the propagator for the non-interacting system Eq. (2.77) 
by solving the differential Eq. (2.78a) with periodic or antiperiodic boundary con- 
ditions. One straightforward way to procede is to find the periodic or antiperiodic 
eigenfunctions + e a )^„(r) = A„^ n (r) and write G(r,r') = 
thereby obtaining the sum in Eq. (2.131). 

PROBLEM 2.8 The Operator Form of Wick’s Theorem. Although we will only 
use Wick’s theorem to express thermal averages or ground state expectation values 
as sums over products of propagators, the original theorem by Wick (1950) is an 
operator identity. Let T and N denote the time-ordering and normal-ordering 
operators respectively. Recall that both operators include a factor f if an odd 
number of interchanges take place and that T normal-orders operators at equal 
times. Define the contraction of two operators Ai and A 2 as the difference 

A%A 2 = T{Ai,A 2 ) - N(Ai,A 2 ) . ( 1 ) 

With these definitions, Wick’s theorem states that the time-ordered product 
of n operators is equal to the sum of the normal-ordered products of all possible 
contractions. 


expression (Jj -/*+«<») 


§ = 


-a 1 
0 -a 


T(A l A 2 ...A n ) = N(A l A 2 ..,A n ) r _^ ^ 

+ Y HAiA 2 ...A n )+ Y, N(A l A*-.A n )+... 

single pairs of 

contractions f | ( | | ( contractions 

+ Y N{A l A 2 A 3 ...A n ) . ( 2 ) 

complete 

contractions 
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The proof is by induction, and the theorem holds for n = 2 by Eq. (1). Since 
N and T are distributive, it is sufficient to consider the A< ’s to be creation or 
annihilation operators. Consider n + 1 operators and denote the operator with the 
earliest time as 6. Assuming the theorem holds for n operators, 

T(A l A a ...AnB)-T{A l A 9 ...A K )6 

= N{A l Az...A n )6 _ ) ^ 

+ £ NiAtA^.-AjS (3) 

contractions 

Of A'S 

show that Eq. (3) yields Wick’s theorem for n + 1 particles as follows: If 6 is an 
annihilation operator, explain how the right-hand side yields the normal product of 
all contractions except pairings with & and show that all pairings with 6 vanish. If 
j§ is a creation operator, commute it to the left of all the creation operators in each 
normal product, and show that this commutation generates the normal product of 
all contractions. 1 

Finally, let a 0 | <f) = 0 for all annihilation operators. Show that A,Aj is the 
propagator {4>\T AiA-j\4>) and that 

r— l i — 3 

(<f>\T A1A2 ■ ■ ■ An\<i>) = ^ AlA2-..A n 

all complete 
contractions 


where 1 — ( 

A 1 A 2 — {4>\tAiA2\4>) ■ 

PROBLEM 2.9 Generalise the Hugenholt* diagram rules to the case in which 
V contains one-body, two- body, ... up to n-body interactions. The principal issue 
is what to do about m-tuples of equivalent lines. Note that in general an m-tuple 
of equivalent lines could start at an ru-body vertex and terminate at an r» 2 -body 
vertex and that multiple m-tuples could originate or terminate at the same vertex. 

PROBLEM 2.10 The Linked-Cluster Theorem. Show that the exponential of the 
sum of all linked graphs yields the sum of all diagrams with the appropriate factors 
using unlabeled Feynman diagrams. First, let a c denote the contribution of some 
linked cluster and consider a graph composed of n of these clusters. Explain why 
the symmetry factor is n!s£ where s e is the symmetry factor in a c . Hence, show 
that the contribution of any number (including 0) of clusters o c is ^e a ‘ ■ 

Generalise to show that yields the sum of all diagrams with the correct 

symmetry factors. 

PROBLEM 2.11 Expectation Values of Operators. Consider the Hamiltonian 
K(A) = K + A R and define the grand potential = Tr[ e ~*<*+ A *-*‘">]. Show 

that ^n(A)| A=0 = = (R). Hence explain why ( R ) is given by the 

sum of all linked diagrams containing any number of interaction terms from M and 
a single operator R. Show that the rules and symmetry factors are those presented 
in Section 2.3. 
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PROBLEM 2.12 In Section 2.4, the generating function, effective potential, ver- 
tex functions, and hierarchy of integral equations were derived in detail for the 
linear source, Eq.(2.148). Repeat the steps for the bilinear source, Eq.(2.31) and 
derive the equations indicated schematically in Eqs.(2.191- 2.196). 


PROBLEM 2.13 The Stationary Phase Approximation. Starting from Eq. 

. ,<») 

(2.198), expand e to on j er per f 0 rm the resulting Gaussian 

integrals, and exponentiate the result to obtain Eq. (2.203) complete with O(-h) 
terms. 

As in Eq.(2.2Q2), obtain the same result by evaluating the diagrams: 


CD 53 M 2 0° 

> H 

ooo © 8-0 oe & . 


PROBLEM 2.14 Propagator for the Harmonic Oscillator. Since the action 
in the Feynman path integral for the harmonic oscillator is a quadratic form in 
the coordinates, the stationary-phase result, Eq.(2.211) is exact. Solve for the 
propagator for a particle in one spatial dimension moving in the potential V ( x ) = 
m f-~x 2 by expEcitly evaluating a discrete path integral and show: 

It is convenient to use the one-dimensional analog of Eq.(2.39) with V (zfc-i) re- 
placed by the symmetrized form |(V - (ij e ) + V(xk- 1 )). Note that the determinant 
of the p-dimensional tridiagonal matrix occurring in the exponent 
I 1 -a I 


S(P)« 



j **. 1 -a 

I — o 1 I 

can be evaluated by expanding in minors to obtain the two-term recursion relation 

D[p) — D(p — 1) — a 2 D(p — 2) 


Dip) l_fl 

-a*]\D{p- 

- 1 )] 

[Z?(p- 1)J [l 

0 J [D(p- 

-2) J 


which may be solved by diagonalizing a 2 X 2 matrix. 
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PROBLEM 2.15 Generalize Wick’s theorem as presented in Section 2.3 to the 
case of the functional integral Eq. (2.220) encountered in Bose condensation. First 
introduce sources and show 

where D and G are defined in Eqs. (2.219b ) and (2.221). Note that although there 
are half as many fields 4> as the dimension of D, the integral over real and imaginary 
parts yields a real quadratic form of the proper dimension. By differentiation with 
respect to and using the properties G^- (12) = G^*^(21) and G^(12) = 

G^(21) prove (2.223). Finally, show that the integral of any even number of i>’a 
and ip *’ s weighted with *’ ) is given by the sum of all contractions. 
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PERTURBATION THEORY AT ZERO TEMPERATURE 


In this chapter, the general formalism introduced in Chapter 2 for the grand canon- 
ical ensemble at finite temperature is specialized to systems of fixed particle number 
at zero temperature. The coherent state functional integral formalism may be applied 
directly in this special case by replacing the trace occurring in the partition function by 
the expectation value in a non-interacting ground state. The methodology of enumer- 
ating all contractions with Feynman diagrams is unchanged, and the diagram rules are 
modified only by simple changes in the propagators and associated factors. 

We begin by expressing physical observables in terms of matrix elements in the 
non-interacting ground state which are strictly analogous to corresponding finite tem- 
perature traces in Chapter 2 and which may then be evaluated in perturbation theory 
using Wick’s theorem. As a preliminary step, propagators for the zero-temperature 
expansion are first evaluated in the zero-particle vacuum, and the result is then applied 
to a many-Fermion system by transforming to particle and hole operators defined rel- 
ative to the non-interacting ground state. Given the perturbation theory for Fermions, 
Bosons may be treated directly by introducing a formal spin variable with spin degen- 
eracy equal to the particle number, so that restricting the non-interacting ground state 
to be an antisymmetric singlet state in this variable renders the overall wave function 
symmetric in the physical variables. In subsequent sections, time-ordered Goldstone 
diagrams will be introduced and the zero-temperature limit will be discussed. 

3,1 FEYNMAN DIAGRAMS 


The finite temperature diagram expansion was obtained by expressing the observ- 
ables of interest in terms of thermal averages of operators, Eq. (2.80b), 




Tr {Te-Xf *’(*«-»*> f ( a t (r<) . , , a ,( r<) ) ] 
Tr[Te _ /<? ] 


(3.1) 


where all operators including those in ft 0 and ft have a formal label r denoting the 
time slice upon which they are defined. Expressing the thermal average by the equiva- 
lent functional integral, Eq. (2.81b), and expanding (tv) . . in a series of 

polynomials in {ip* a ,i> a } then yields a series of Gaussian integrals which produce all 
the contractions represented by Feynman diagrams. 

OBSERVABLES 

The first task is to derive expressions for the ground state energy, expectation 
values of operators and Green’s functions analogous to Eqs. (2,81a), (2.138) and 
(2.145) where the thermal average has been replaced by an appropriate expectation 
value. Let us begin with the ground state energy and denote the eigenvalues and 
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c, 


t plane 


Fig. 3.1 Contours In the complex t-plane 


normalized iV-particle eigenfunctions of the one-body Hamiltonian Hq and complete 
Hamiltonian 8 = 8o + / as follows; 


# 0 |$n) =W«i$n) 


(3.2o) 


and 

[8o + V)\Vn) = EM . 

The basic idea is seen by considering the following quantity 

= Ei( $ ot^)i 2 e - <(£ "- Wo)To 

, e 21 n {*ol’»o)-«-(Bo-H r o)ro 

ImTa — *-~oo 


($o| e -^oT 0 | $0 } 


(3.26) 


(3.3) 


where the right-hand side is obtained by inserting a complete set of states in 

the numerator. As long as |$ 0 ) is not orthogonal to |\Po) and I’Po) is non-degenerate, 
in the limit Im To -+ ~oo the contributions of all excited states are exponentially 
damped and the desired ground state energy may be obtained. 

To recast Eq. (3.3) into a form analogous to Eq. (3.1). and to prepare for the 
subsequent treatment of Green's functions, it is useful to select a contour from -|Tq 
to \To in the complex t-plane. Let the distance from - \Tq to | T 0 along this contour 
be specified by a real variable t. The time-ordered product for a set of operators 
having times on the contour is then defined by ordering the operator in terms of 
increasing t and a path integral is defined by breaking t into arbitrarily small intervals 
and introducing a complete set of states at each t slice in the usual way. There is 
considerable freedom in choosing the contour, since by analyticity the result will be 
independent of the shape of the contour and the only requirement on To is that its 
imaginary part must ultimately go to -oo. One possible contour is C\, shown in Fig. 
3.1, corresponding to the imaginary time used in Chapter 2, For our present purposes. 
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however, it is preferable to use the contour C%. which is rotated by an arbitrarily small 
angle f\ relative to the real axis and may be expressed in terms of a real variable t as 

t = (1 - if\)t . (3.4) 


In addition to reproducing the familiar results from conventional derivations in real 
time, this choice also enables us to treat real-time Green's functions without the need 
for explicit analytic continuation. Throughout this chapter the time variable t will be 
understood to be on the contour Ci and the — irj factor will only be included explicitly 
when necessary. 

With this preparation, we now define the following ground state average specified 
by Hq which is the zero-temperature analog of Eq. (3.1) 


(*o\Tc ( a t (t .) , , . a,( t< )))g 0 ) 


{*•(«♦ ft,)... a, (*«))>*,= 


, ft T o 
> J-iTa 


(3.5) 

As before, it is crucial to note that T time orders along C% all the operators in F as 
well as interleaving them with the operators in .$o(ai(f)> a„(t)). Note that Ho enters 
the definition implicitly through the fact that Hq defines |$ 0 ). as well as explicitly. 
Using this definition, Eq. (3.3) may be rewritten in the following form 


lim 

To-oo 


H r ' J 




= lim 

To-oo 


To ($ 0 | e -<AoTo|$ 0 ) 


= lim ^-(21 n |($o|^o)|-*(£o~^o)T 0 ) 

To->oo io 

= E 0 - W 0 


(3.6) 


which is analogous to the finite temperature result following from Eq. (2.80a) that 

fl - fi 0 = ^ln(e~ <U ^}o- As before, expansion ofe~'f dtV and application of 
Wick's theorem yields the sum of all diagrams which, when exponentiated, yields the 
sum of all linked diagrams. In order for the limit T 0 -+ oo to exist, it is crucial that each 
linked diagram be proportional to To for large T 0 . This To dependence follows from the 
fact that the time integrals in the n th order term dti ...dt n (V(ti) . , . V(t„))jf 0 

may be expressed as (n - 1) integrals over relative time, each of which converges be- 
cause of the choice of contour and positive definite excitation energies in propagators, 
and one integral over absolute time which yields a factor Tq. Physically, ground state 
Feynman diagrams are always of finite time extent because they represent time histo- 
ries of virtual excitations which by the energy-time uncertainty principle, can only be 
sustained for limited times. 

In the same way, expectation values of operator and Green's functions may be 
expressed in forms strictly analogous to the finite temperature results in Chapter 2. 
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Let J2(0) denote an operator ft acting at timet = 0. Then, the ground state expectation 
value of R may be expressed in the same form as Eq. (2.138) as follows 


lim 


(,"4 1 

l r O 




dt V (at(t)o(t)) , 


= lim 

Tq~-*oc 


= lim 
To-oe 


($0 |. 

e -«T 0 (* 0 +^) 

\e-l T ° H k t 

$0 ) 
-%T 0 M | 

Vn )(«»|*o) 

En <*0 




(3.7) 


Emn( $ o|^m) <* m \A\V n ) {*„ |#o) 
EJ<*ol*„}| 3 

= (*o|A|#o) • 


= lim 

To-o 


Similarly, by repeating the steps in Eq. (2.67), the n-particle Green's function 
defined in Eq. (2.21) may be expressed in the same form as Eq. (2.145). As in Eq. 
(2.67), let a ai denote an annihilation operator for t < n and a creation operator for 
i > n, let P denote the permutation which arranges the times tpi in chronological 
order and let {a^^a^} denote the Heisenberg operators defined in Eq. (2.14a). 
Then 


lim 




(»'(*)*(*)) 


a ai (t l) ■ • • Oa„ (fn)4» +l (*»+l ) • • • 4,„ (*3n)) fl 


(' 

f* T o 


, fi T » 
'e L ir° 


dt V(«t(t)a(t)) 


= lim (— « 
T 0 ~oo V 


' * )n 


(3,8) 


iftlo |($o|^o}| 2 e- <BoT «> 


{tpi 


= To“*oo K^klp e- iB ° Ta 

= HT^olTaif (fi)...4" ) aW t l (tn + i)...aWt(f 2 „)|^ ) 
= G n (aih . . . a n t n \a 2 n t 2n ■ ■ ■ a„+it„+i) . 
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The left-hand sides of Eqs. (3.7) and (3.8) are of the form of Eqs. (2.138) and 
(2.145), respectively, and by the standard replica argument are given by the sum of 
all linked diagrams containing the operators R or a ai (ti ) . , • (t 2 n)- Thus, alt 

zero-temperature observables of interest may be obtained by evaluating expressions of 
the form ( e *^-<» dt ^ a ^'o(t) }n a using Wick’s theorem and the appropriate 
zero-temperature propagators derived in the next section. 

It is useful to note in passing that there exists an alternative method to obtain 
the same diagram expansions in real time by considering the evolution operator for a 
Hamiltonian H f (t ) = Hq + ^^V in which the interaction V is adiabatically turned off 
at large positive and negative times. As outlined in Problem (3.1), a theorem by Gell- 
Mann and Low (1951) shows how to obtain an eigenstate of the interacting system 
by applying the evolution operator for H e (t) to an eigenstate of the non-interacting 
system and taking the limit as e — * 0, from which observables may be evaluated 
straightforwardly. 

ZERO-TEMPERATURE FERMION PROPAGATORS 

The generating function for a non-interacting N-Fermion system with one-body 
Hamiltonian Ho at zero-temperature is defined 




Ml , 


(3.9) 


„ dtY'j-i ea aUt)a a (t) + 4(t)aaW+al(t)J a (t)} 

($o| Te J -i T ° a |*o ) 


. j,r> 

{$o\Te~ J - r o' J Lja 


-<*!(*)»« M 


l*o ) 


where we have used a single-particle basis which diagonalizes H 0 with eigenvalues e a , 
J*(t) and J a (t) denote Grassmann sources and |$ 0 ) denotes the W-Fermion ground 
state of Ho- In the usual way, the average defined in Eq. (3.5) for any product of 
creation and annihilation operators may be obtained from appropriate derivatives of 
Hh 0 Wlt h respect to the sources evaluated at t* = r = 0. 

As a first step toward the evaluation of .Mk 0 . it is useful to calculate the related 
quantity 


- (0| tJX% * r.i-‘— I |0 , „. 10) 

where the iV-particle state |$ 0 ) has been replaced by the zero particle state |0) and the 
denominator is temporarily ignored. It is also convenient to pick the zero of the energy 
scale such that all e a > 0. Since the Fermion zero-particle state |0) is the Grassmann 
coherent state | ip) with ifi = 0, the discrete functional integral for M 0 (J*, J) may be 
written 

M 0 (J*J) = Jirn^ j ]j 



3.1 FEYNMAN DIAGRAMS 


143 


= jim M n [/ II E “ ;: 

= lim (3.11) 


where, using the notation of Eq. (2.70) 


' 1 

0 


. 0 

O' 


0i 

—a 

1 

0 


0 


02 

0 

—a 

0 

1 '• 
—a 

■ 0 


0 = 




o '■ 

■ 1 

0 



. 0 



. —a 

1. 


-0M- 1 - 


The essential difference between the matrix S(e a ) in the present case and Eq. (2.70) 
for the partition function is the boundary condition. Expanding by minors, Det5 = 1 
and the inverse is 


a M ~ 3 : 

2 3 


Thus. S~ 1 (e a ) qir vanishes for q < r and for q > r, we obtain 

S~H‘ a ) 9 ,r = J™J«r r 

= Jim (l-i^e„) <!ll T i)M (3.14) 

Hence, the non-interacting single-particle Green’s function, or contraction, is given by 


iGoJa^ja'jt') = lim 


(o|r e ~ t dt (i>)[ 0 ) 

( o| T -/-\%<«E„-4w-W| 0 ) 


r!-oo W o (0, 0) [5T*(f)5J a -(t') >lo(rJ I / . =J=0 (3 ' 15) 

= - t' ~ ri') . 
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Note that since normal-ordered operators have creation operators represented by a 
coherent state one time step later than the annihilation operator, as in Section 2.2. an 
infinitesimal rf has been introduced in Eq. (3.15) to emphasize that the result vanishes 
at equal time. The fact that the propagator (3.15) is non-vanishing only for positive 
times (t - 1') whereas the thermodynamic propagator (2.78) has components for both 
positive and negative times arises directly from the difference between the boundary 
conditions = V*(5) ~ ® In t * ie present case and the antiperiodic boundary 

conditions ^>(/3) = -^(0) in the finite temperature case. One also observes in Eq. 
(3.15) an example of the general feature that the imaginary part in Eq. (3.2b) defining 
the contour C 2 makes the propagator converge at large values of |t- t'\. Physically, 
Eq. (3.15) for the non-interacting Green's function is obvious. For t > t', a* creates 
a one-particle state in eigenstate a of time t' which propagates with the evolution 
operator until it is annihilated at time t" = t. For t < t', a a (t) acts on 

|0) giving zero. 

The generating function Wh 0 defined relative to the JV-Fermion non-interacting 
ground state |$ 0 ) can be reduced to the simple form of Mo by introducing a particle- 
hole transformation. Let the basis states of Ho be labeled in order of increasing 
eigenvalues e a . Then, the ground state Slater determinant is obtained by occupying 
the lowest N states 

l*o) = n 4|0> (3.16) 

ot~l 

and occupation numbers may be defined 

--{s m ■ («» 

In the familiar case of a translationally invariant system, the states a are plane waves, 
the Fermi gas ground state includes all momenta up to the Fermi momentum kp. and 
the occupation numbers are specified by n* = ff(kr - |£|). 

It is crucial to the present treatment that |$o) be non-degenerate. This requires 
that there be a finite energy gap ejv+i-ejv between the last occupied state and the first 
unoccupied state, since otherwise if ejv+i = the state ajy +1 riaJi 1 41°) would be 
degenerate with |4>o)- (Degenerate cases, such as arise in partially-filled shells in atomic 
and nuclear physics, require an appropriate form of degenerate perturbation theory such 
as the Bloch-Horowitz (1958) expansion.) Here, we will assume the existence of a gap, 
and shift the energies such that: 


e a < 0 a < N 

e a > 0 a>N . (3.18) 


This shift is useful in defining propagators which converge as 1 1 - f'j 00 . 

Finally, we define particle-hole operators (4 , by the canonical transformation 


{ 


°a 

4 


a> N 
a< N ' 


6 t - / 4 «>* 
“ ” l a« a<N 


b, 


(3.19) 
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For an unoccupied state a > N, &J, creates a particle whereas for an occupied 
state a< N, destroys a particle creating a hole so {6*} corresponds to the set of 
particle-hole creation operators relative to |$o)- For both a > N and a < N, Eqs. 
(3.16) and (3.19) imply 

b a |$o)=0 . (3.20) 

so that {6 a } is the set of annihilation operators relative to |#o) and |$ 0 ) is the zero- 
particle, zero-hole vacuum. Thus, when coherent states are constructed using the 
operators {6* }, the state \i/i) with rl> a — 0 will be |#o)- 
In terms of particle-hole operators, Hq may be written 

1 V oo 

H 0 = J^€ a b a b{+ J2 

a* l assjy-f 1 

N co 

-EMI -**.)+ J2 e a blb a (3.21) 

o=l o=JV+l 


and the generating function is 






- ie « b « («)*• («) i 


1*0 > 




(3.22) 


where the sum e <* ^as been cancelled out of the numerator and denominator. 

Because |<& 0 ) is the zero-particle, zero-hole vacuum for all the operators {6«}, Eq. 
(3.20), the evaluation of J) by a discrete functional integral is identical to 

that for Wo Eq. (3.11). 

Note that since Det SW = 1, the denominator is unity. As before, the numerator 
factorizes into products of integrals for each a. so that the Green's function is diagonal. 
Thus, the generating function may be written 


= lim J] ] JJ [«££"-* ] 

~* C ° a<N ol>N 

(3.23) 

where the notation S{—e„) arises because the hole state energies enter with a minus 
sign in Eq. (3.22). For particle states, a > N, the Green's function is calculated as 
before in Eq. (3.15) 


iGo..,(t„ tr)(l - n a ) = ~ /j a , r *WJV)(l - n a)| J«_J =0 

= W(l-«a)5- 1 (e a ), r (3.24a) 

= W(T~ > r) 

= *«„.(! - n B )e-^<*«-*')tf(t, - t T - rf) . 
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Recall that the —rf arises because at equal physical times the creation operator (r) is 
evaluated one time slice later than the annihilation operator (g) so that the 8 function 
yields zero. 

For hole states, a < N, we obtain the new result 




-S 2 


SJM-r 




= S a , 


- 6 2 


* SJ* JJ a 




= -8 aa >n a 

= -5aa<n a e- < <- e “H*'---‘»)0(r > g) 

= - t q + *?') • 


J» = J= 0 

(3.246) 


The case of equal times for hole states is different than for particle states. Since 
at equal times, the time-ordered product of a*a is defined to be the normal-ordered 
product, for a < N, it follows that the time-ordered product of 6j,6„ at equal times 
is — 6 a 6|,. Hence, when a path integral is evaluated. e~ €lt 6 a 6j ( e~ eH is broken up as 
c~ tH b a / |t6){i/’|6f «~ eli so that b a and 6J, must be evaluated on the 

same time slice and the 8 function in Eq. (3.24b) is satisfied at equal times. 

Combining the two results for particles and holes, Eq. (3.24), the complete Green s 
function for the non-interacting system may be written 


iGo{at\a't') = Sa. a >iGQ a {t — t'} 


(3.25a) 


where 

iG 0a (t - t') = e~‘ eo, (*-* , )[0(t - t' - ^(l - n a ) - 0(f' - t + tj')n a ] . (3.256) 

Note that this result is precisely of the form of the thermal propagator, Eq. (2.78). 
with the occupation numbers n a replacing the thermal weights (e^ 0- * 1 ) - 1) _1 , real 
time t replacing -tr, and no chemical potential. Physically, the first term represents 
the propagation of particles in the system. When a is an occupied state and t > t\ 
aj, acting on |$ 0 ) creates an additional particle which propagates with energy e a until 
it is later annihilated at time r. Similarly, when a is an occupied state and t < t', 
a a acting on |4 0 ) destroys a particle in state a leaving a hole which propagates with 
energy e a until is is later filled at time t' by the re-creation of a particle in state a. 
so that the second term represents hole propagation. Finally, note that the sign of e a 
from (3.18) ensures that along the contour Eq. (3.4), both the particle and hole 
terms go to zero as |i - 6'| -* oo. 

FERMION DIAGRAM RULES 

Feynman diagrams for expectation values of operators and Green's functions are 
obtained for many-Fermion systems in the same as in Section 2.3. Multiple differenti- 
ation of Mjv„(J r *, J) with respect to J* and J yields Wick's theorem as in Eq. (2.84) 
with the contractions defined by %G 0 , Eq. (3.25), Thus, all the results in Chapter 2.3 
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may be applied at zero temperature with the replacements r ~-+ it. /<f dt dt, 

{— l) n _» (-i )' 1 and propagators g a (r-T'), Eq. (2.98), replaced by iGo a (t~t'). Eq. 
(3.25b), 

The result, Eq. (2.137a), that 0 — O 0 Is given by —j times the sum of all linked 
diagrams where each unlabelied Feynman diagram contains the factor f " 1 has 
the zero-temperature counterpart for the Fermion ground state energy: 

Eo ~ W 0 = lim — Y linked diagrams (3.26) 

t 0 -*0O 1q *—* 

where each unlabelled Feynman diagram with n interactions, closed loops and 
symmetry factor 5 contains the factor (-l) rlt and propagators iG 0a . For 

example, the Hartree-Fock diagrams yield 

Eo - Wo I HF = ^lin^ ^ r j^O Q + 

= ^ To /zi T E* G 7(°)^(°)[(-i) 2 MiH^) + (-i)(7* M**) ] 

~ \ J2 f(7*M7*) - (7$M*7) ] (3.27) 

n,Sz=i 

in agreement with Eq. (2.100b) and Problem (1.6), Similarly, a direct second-order 
contribution to E 0 - W2 0 is 




° 0 afifS 

/* TP" f lF 

J d h dt% iGo a {ti — t2)iGo fi (ti — t2)iGo^{t? — ti)iGo e {t2 — ti) 


= V I (oi|v|/4J3) I 2 f°° dt 
1 .TT'n Jo 


(3,28) 


1 y, 1 (ab\v\AB) j 2 

2 e « + e fc ~ — e B 

a’b<k 


Note that, because the t integral is evaluated along the contour C 2 , the contribu- 
tion at the upper limit is zero and that the sum over yields two equal contributions 
when either of the pairs {a/3}, { 76 } is occupied and the other is unoccupied. It will 
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be useful henceforth to distinguish sums over states by the convention that upper case 
Roman labels denote occupied states, lower case Roman labels denote unoccupied 
states, and Greek labels run over all states; 


: occupied states, 

A 


E 


: unoccupied states, 


E = 


all states . 


(3.29) 


Thus, the restrictions a, b> N and A, B < N indicated explicitly in Eq. (3.28) wilt 
be implied by this notation. 

Diagrams for expectation values of operators and Green's functions are obtained in 
the same way. A diagram for (R) with p interactions, Fermion loops and symmetry 
factor S has the factor (-l) nt . A contribution to an n-particle Green’s function 
%G n (aiti, . . . a n t n | . . . a' n t' n ) with r interactions and n & Fermion loops has 

the factor (-») r (-l) p (-1)"* where (~l) p is the sign of the permutation P such 
that each propagator line originating at terminates at (ap m , tp m ). The 

single-particle propagators are in all cases *Go(t). 

The frequency representation of a zero-temperature propagator is given by a 
Fourier integral rather than the Fourier series obtained at finite temperature, Eq. 
(2.131b) because the time integral extends over the infinite domain (— oo, oo) in- 
stead of the finite interval (0, /?). The frequency transform of the non-interacting 
zero-temperature Green’s function is defined by the relations 

t<5 0o (w) = J°° dt e iut iG 0 Jt) (3.30a) 

iG 0 «(f) = ~ r dM t- iut iG 0 Ju) ■ (3.30 b) 

^ J — OO 


To Fourier transform propagators, we need the identity 

~ / du, — = ±e~’ £at 0(±i) 

2?r /-oo ui-e a ±tri 

with inverse ^ 

[ dte iu * c~ u “ t 6(±t) = ± ^—7 ~ . 

J-oo <At-€ a ±%n 

Equation (3.31a) is established by contour integration as follows. Consider the case 
+iij for which there is a single pole below the real axis. For t < 0. e~ ,ut vanishes in 

the upper half w plane as |w| -+ oo so that the contour may be dosed in the upper 

half plane without enclosing any poles and thus yields 0. For t > 0, the contour must 
be closed in the lower half plane encircling the pole at w = e a - it) and yielding -2iri 
times the residue ie~' tat . Hence, the integral is given by Eq, (3.30) for all f. The proof 
for -it) is analogous. Using Eqs. (3.31) and (3.25b), the propagator is 


(3.31a) 

(3.316) 


<?o» = 1 + 


w — e a + iff w — £<* — t rj 

1 

’ to - € a + in sgn e„ 


(3.32a) 
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occupied states 
(hole states) 

< it) plane 

€ a < 0 


X X X X X 



X X X X 


unoccupied states 
(particle states) 


o 

A 


Fig. 3.2 The poles of G o„(w) In the complex « plane. 

where we recall that e a is positive for unoccupied states and negative for occupied 
states. An alternative derivation in which the integral for Go a (w) manifestly converges 
is obtained by using the contour Ci specified by f = £(1 — ifj). Eq. (3.4), along which 
the propagator G 0 „(t) converges as the real variable t — » ±oo. Then, G(°)(w) should 
be defined as the Fourier transform with respect to the real variable t from which we 
obtain 


t'GoJw) = J°° dt - iff)) 

= (1 - n«) j°° dt (<<—«.( »-<*))* _ na j° dt 


Noting that e a ij is a positive infinitesimal for unoccupied states in the first term 
and a negative infinitesimal for occupied states in the second term, Eq. (3.32b) repro- 
duces the previous result (3.32a)_. 

The location of the poles of <5 0a (w) in the complex w plane is shown in Fig. 3.2 and 
is characteristic of the general structure of one-particle Green's functions established 
subsequently in Chapter 5. The essential features are that the poles for unoccupied, 
or particle, states are displaced below the real axis, occupied, or hole, states are above 
the real axis, and because of the restriction to a non-degenerate ground state, there 
is a gap between the lowest particle state and highest hole state. Our convention of 
shifting the zero of the energy scale such that ca < 0 and > 0 corresponds to 
measuring energies and w relative to a Fermi energy or chemical potential located in 
the gap. 

As at finite temperature, an additional factor is required to treat the special case 
of a propagator which begins and ends at the same physical time. We have seen 


gi(u ~e a +it a ij)i i°° 

(1 - n 0 ) — -7 — - i 

*(w - e a + te a ri) 


“ t(ai — e a — te a >7) 


(3.326) 
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previously that the equal time propagator is -n a which is assured in Eq. (3.25b) by 
writing iG^(t) = e~ iCa *[0(t - r?'J(l - n a ) - 0(-i + r?')n a ). As before, this result 
may be enforced by multiplying iG(w) by the factor e iur> since 

/ £ e ~ iu{tW) iGo a n = ~ - n a ) - 6{-t + rf)n a ] . (3.33) 

From Fig. (3.2), it is also clear that since the factor e iUT >’ requires that the contour 
be closed in the upper half plane, the integral over w must pick up only the occupied 
state contributions. 

We now consider the factors arising in the zero-temperature frequency represen- 
tation for the ground state energy. Recall that a linked diagram at finite temperature 
with n interactions had n + 1 independent frequency sums and an overall fac- 
tor for jh of f3~ n . Hence, when the Fourier series are replaced by Fourier integrals. 
zL/w* ^( w n) f du -F’(wn). eac h independent frequency sum is replaced by an 

integral f and the diagram has an overall factor fi. This is completely analogous to 
the overall volume factor If obtained for each linked diagram in momentum represen- 
tation. Similarly, at zero temperature, each linked diagram acquires an overall factor 
To which cancels ^ in Eq. (3.26) yielding a constant in the limit To -* oo. 

The contribution to Eo—Wo of a linked diagram with n interactions and nx, closed 
Fermion loops in calculated as follows. Interaction vertices are included as at finite tem- 
perature. The propagator »Ga°*(w), Eq. (3.32). is included for each Fermion line with 
an additional factor t iun ' for propagators beginning and ending at the same interaction. 
After utilizing the (n- 1) frequency conservation conditions at interaction vertices, fre- 
quency integrals / are performed for the (n-Fl) remaining independent frequencies. 

From Eq. (3.26), the result should be multiplied by the factor -(-1)"*, where S 

is the symmetry factor. A slightly more convenient rule is to use propagators Go a (w), 
integrals f du and to include the factor (t) 2n for 2 n propagators and (^) n+1 for n+ 1 
independent momenta in a new overall factor (^-) re+1 — • 

As an example, let us evaluate once again the second-order direct contribution 
considered in Eq. (3.28) 



We already know from the time representation that {a/3} must be particles and {76} 
holes or vice versa. This is reflected in the fact that the only non-vanishing contribu- 
tions in Eq. (3.34a) arise from terms in which the poles associated with n a and np 
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are on one side of the real axis and the poles associated with n 7 and ng are on the 
other side as may be verified by considering the other alternatives: If the n a and n 7 
poles are in the same half plane, the integral / du a Ua +up-l^-ei±in may 
be closed in the other half plane yielding zero. The same argument applies to np 
and n 4 , so that the n a and np poles must be in the opposite plane from the n 7 
pole. Finally, the n 7 and n 4 poles must be in the same half plane, since otherwise 
f fa L_ — — i -n- yields zero. The contribution in which { aB) are 

J ui a +U0-u i 7 -c 7 ±«»| ’ >. rj 

particles and {- 7 ^} are holes is equal to that in which particles and holes are inter- 
changed, so we may calculate twice the contribution of the former case. Using the 
convention that {at} denote particles and {AB} holes, we obtain the following result 

•Eg -Wo\$ = \{ J~\ E f du> a dub(k)A r- — — — 

w 2\2 irj w a -€ a +iri u> b -e b + tri 

x — — | (ylB|u|a6) | 2 . 

<*>A - tA~ ir\ w a + Wfc - ut A - eg ~ **? 

(3.346) 


Closing the w„ and u b contours in the lower half plane and the w A contour in the upper 
half plane yields 


/ 


du a dw b dw A - 


= (-2m) J 

= (-2 * t ) 2 / 
= (2m) ; 


e a + «? w b ~ e b + *17 u> A — e A — t rj u a +w b — u> A — eg — it} 
1 1 1 


du b dw A 

du) A - 


v b - e b + *17 u A -e A - itf e a +w b -w A - eg - ir) 
1 1 


w A -e A - if) e a + e b - w A - eg - it] 
1 


e a + e b -e A -eg - ir\ 


(3.34c) 


Since e a - e b - e A - eg is positive definite, the it] is irrelevant and Eqs. (3.34b,c) 
reproduce the result (3.28). The general structure of calculations in the frequency 
representation is of this form, with one contour integral being required for each inde- 
pendent frequency. For many calculations, the time representation or the time ordered 
diagrams introduced in a later section are therefore more convenient. 

The rules for the contribution to the ground state expectation value of operator 
R from a linked diagram with p interactions and ng closed Fermion loops are obtained 
analogously. Since the operator R is evaluated at time i = 0 , there is no overall factor 
of To. The finite temperature rules are applied with the modification that each indepen- 
dent frequency corresponds to the integral / each Fermion propagator corresponds 
to tG 0 <> (w) with an additional factor e~ iur> ' if it begins and ends at the same vertex, 
and the overall factor is ^zp- P (-l) ni . For example, the lowest-order contribution for 
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a two-body operator R is 

<*) |h« 

= ^ H) 2 £ / ^^iGoMc^U6 at [w 0 ) e ^'[aP\v\afi) 

afi J 

= 2 , £ n “ n ^( at / 3 l v l a ^) 

<*£ 

1 AB 

(3.35) 

where Eq. (3.33) was used to evaluate the frequency integrals. 

The frequency representation of the many-particle Green’s function 

t'<5^")(aiwi, .. . a n w„ | . . . a'„w(,) = J dti . . ..dt' n 

x e^'J-i {uiti ~ u ' it ' i) iG {n )[a 1 t 1 ,...a n t n \ a'^ ,...a' n t' n ) (3.36) 

is evaluated by the same modification of the finite temperature rules. For a diagram 
with r interactions, ni closed Fermion loops and permutation P such that the Fermion 
lines originating at (a, •,«,•) terminate at {ot' Pi , o>' Pi ). the contribution to i n G n contains 
independent frequency integrals / Fermion propagators iG° (w) and overall factor 
(— *) r (— 1) F (— l) ni . For example, the Hartree contribution to the one-particle Green's 
function yields 

iG{fi,u | a,w) \ H = ^ -08 

= {-*)(- 1 ) 1 £ / ^iGoMiGoMiGoAv^m^S) 

= G 0 >)G 0 >)X>I>Ma£>) • (3-37) 

D 

To relate the self-energy to irreducible contributions to the one-body Green's 
function, we need to recognize a sign difference arising between the finite and zero- 
temperature cases as a result of our other sign conventions. Physically, the self-energy 
E represents the energy associated with propagation in the medium and should be 
defined with a sign such that the combination Ho + E enters into the total Green's 
functions. Since at finite temperature Go -1 = d T + Ho. the self-energy was defined in 
Eqs. (2.178) and (2.181) so that G _1 ( r ) = G o 1 W + E = d r + H 0 + E from which it 
followed that G(r) = G 0 (r) - G 0 (r)EG(r). (Note that since we are only interested in 
an overall sign, the matrix indices on G and E are suppressed and the labels (r) and 
(i) are only used to distinguish the finite and zero temperature cases, respectively.) At 
zero temperature, Gpjft) = t - e<* with entering with the opposite sign so that 
the appropriate definition of the self energy is 

G -1 (i) = Gp 1 (t) — E(f) 

“•I-*--* 


(3.38a) 
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and the Dyson equation is 


G(t) = Cr 0 (t) + £?o(t)S(t)G(t) . (3.386) 

The self energy, E. is thus defined in terms of one-particle irreducible amputated 
Green's function diagrams as before, but without the overall minus sign. The result for 
the Hartree insertion. Eq. (3.37) is consistent with the general argument, since after 
amputating G a and Gp, the contribution to the self-energy E a/ j is the correct Hartree 
expression 

For future reference, it is also useful to calculate the second-order direct contribu- 
tion to the self-energy. The second-order contribution to the Green’s function is 

tGfa'.w I a,w) |^= yl 8^ 

fa 

*iGo i H.-Go.(«)H) r “ a (-i) w ‘* 1 E / tf 

x *C?o,(wtf)*Go,(w 7 + us - w)(a'^|u|7<5 : )(76|u|a/?) (3.39a) 

= iGo a , {u>)iG 0a (w)E(a ', w | a, w) 

Separating the two non-vanishing contributions {cry} — { AB }. = B and {76} = 

{AB}, — 6 and evaluating the w integrals as in Eq. (3.34) yields the result 

Efa'w I a cul l (2) = Y' _ y' {ct'b\v\AB)(AB\v\ab) 

(aw\a,u)\ D w + eB _ e<l _ efc + ^ 2-g _ w _ £fl + £j4 + t B + try 

(3.396) 

The correspondence between finite and zero temperature rules is summarized in 
Table 3.1, The finite temperature rules enumerated in Chapter 2 showed in detail how 
to evaluate observables using the diagram elements and factors displayed in the left 
column. When these elements and factors are replaced by the entries on the right, the 
corresponding zero temperature observables are obtained. 

BOSONS 

The ground state of a non-interacting AT-Boson system is a Bose condensate 

(3.40) 

where aj is a creation operator for the lowest single-particle state of the non-interacting 
Hamiltonian Hq, By Eqs. (1.63b) and (1.79a), 


ao\$ B (N))=VN\$ B {N~l)) 
<4>\®b(N)) = VW+i\* B [N + 1 )) 


(3.41) 
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T# 0 

T = 0 Fermions 1 

j Elements of Diagrams | 

GO(r) = e-^-^[^(r- f? )(l + ? n a ) 
+f0 (— t + »?)««! 

P 

I dr 
0 

COfnj \— - 1 

- „)(1 - »«) 

-9{-t + »?)«„] 

f 1 a < N 
"" ~ | 0 a > N 

T^lf-To% dt l*»(l 

«v nj 

f or e q Ua | times 

s M -:.}?] 

1 a \U}} «= w - Ca +i^ agnfa 

e ,Uf> for equal times 
f 4a 

J 2ir 

Factors for Observables | 

fi fin • 1 ^ 1 >ni 

1 

. I,V * / t tVnx 

11 “° • p s f 

Eo ' To J ™cc To 5 ( 11 

(r) ■■ ^(-ir 

iGn ■■ (-<)"*(- 

w ■■ s ? 

Definitions 

m = number of interactions 

= number of closed propagator loops 
S - symmetry factor 

= sign of permutation connecting incoming and outcoming external lines 


Table 3.1 Summary of Correspondence Between Finite and Zero Tempera- 
ture Diagram Rules 

so that a© and aj yield factors depending on the occupation of the ground state. 
Thus, the expectation value of an arbitrary product of operators in the Bose ground 
state cannot be separated into independent products of contractions and there is no 
zero-temperature Wick's theorem as in the Fermion case. Technically, the point at 
which our previous derivations for Fermions cannot be generalized to Bosons is the 
construction of a canonical transformation analogous to Eq. (3.19) such that all the 
new annihilation operators annihilate the ground state. 
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There are two options for treating Bosons. The first method treats the Bose 
condensate as a classical c-number field (Bogoliubov, 1947; Huge nholtz a nd Pines, 
1959). For large N, there is negligible difference between y/N and s/~N - m = %/iV - 
a N ~ 1 / 2 + 0(N -3 / 2 ) so in the thermodynamic limit one may define new operators 

fc° = -^ °o bl = aj (3.42) 

which eliminate the problem of factors depending on the occupation of the condensate. 
Since 

V 1 ^ooh >fc °] = V 1 i n coT = ° (3<43) 

and 


bo\*B {N - m)) = [N-m- 1)) 

- + s/p\^b{N -m - 1 )) 

bt\$ B (N - m)> = \J N ~y +1 \* B (N - m + 1)) 

-Vfl*B(tf-m-l)) ( 3 - 44 ) 

b 0 and fcj may be replaced by the c-number v fp. All the remaining operators at » > 
0 annihilate on the state |<3> 0 ) so that Wick's theorem may be obtained as before. 
The resulting diagram expansion is quite similar to that obtained in Chapter 2 for a 
Bose condensate and contains four kinds of vertices with all possible combinations 
of o's and b's. For example, aVaa yields a conventional vertex connecting to four 
propagators^ ^ whereas aHHb has only one propagator and three “condensate" 

lines y . The general expansion is obtained by enumerating the diagrams 

connecting all four kinds of vertices and a simple special case is treated in Problem 
(3.3). 

A second alternative which is simpler and more general is to make the Boson 
problem into an equivalent Fermion problem by introducing a formal spin variable with 
spin degeneracy equal to the particle number (Gentile, 1940. 1942; Brandow, 1971). 
This method has the advantage that it is valid for any particle number, does not involve 
the bookkeeping associated with four different interaction vertices, and involves only 
trivial modifications of the Fermion rules derived in the previous section. 

To avoid confusion with the physical spin and to make the language more colorful, 
let us call the formal spin variable color. Each physical single-particle state now has 
N degenerate substates with different color projections. We now treat this augmented 
problem, with both physical and color variables, as a many-Fermion problem and use 
zero-temperature perturbation theory to find the totally antisymmetric ground state. 
The non-interacting ground state, $q, is a determinant with all particles in the lowest 
physical single-particle state and having each color projection occupied once. Thus, $o 
is the product of an antisymmetric color-singlet wave function times a wave function 
which is totally symmetric in the physical variables. The Hamiltonian in the enlarged 
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Fermion space is the product of the physical Hamiltonian and the unit operator in 
color space, H = H{x)l co \ OI . Since the unit operator l co ior cannot change the color 
wave function, the interacting ground state |$) = lim/ m r 0 -»-oo e"’ flrT |<&o) must also 
factorize into the product of an antisymmetric color singlet times a totally symmetric 
wave function in the physical space corresponding to the Boson ground state. The only 
assumption, that e~* HT |$ 0 ) yields the ground state instead of an excited eigenstate, 
is a reflection of the ever present assumption that we have selected a non-interacting 
ground state which is not orthogonal to the true ground state. 

The Boson diagram rules are extremely simple. Each propagator is summed over 
physical single-particle labels and over color projections. Since H contains the diagonal 
unit operator in color space, there can be no color flips and the color projections must 
be the same for all Fermion propagators comprising a closed loop. When propagators 
are summed over all physical quantum numbers and color projections, each closed 
propagator thus acquires a factor of AT and there is no other remnant of the artificial 
color variables. Since the non-interacting Boson ground state has only a single physical 
orbital occupied, the sum over N occupied orbitals {A} for Fermions is replaced by 
a single occupied orbital which we shall denote by {0}. The sum over unoccupied 
orbitals is denoted as a sum over an infinite set of labels {a} as for Fermions. Thus, 
there are only two changes relative to Fermions: each closed loop contributes a factor 
N and the sum over occupied states {A} is replaced by a single state {0}. 

Several comments are useful concerning the JV-dependence and signs. Direct and 
exchange graphs now differ by a factor of N. For example, the Hartree-Fock diagrams, 
Eq. (3.27) now yield 

E 0 - W 0 |h/p = lim — 0 0 + ££3^ 

j\r a (oo|v|oo)- jv(oo|w|oo)J . (3.45) 

For an infinite system in the thermodynamic limit, the overall N dependence 
must be determined by considering the volume dependence as well as the formal N 
dependence. Each interaction vertex contributes a factor ^ as before, so the Hartree 
energy goes as ^- = Np. Counting independent momenta is now different than 
for Fermions, however, since occupied states now correspond to momentum k = 0. 
For example, the second order diagram 0 0 will have momenta 0,0,1;. and -k 

corresponding to a single sum / dk so that the two interactions, one 

momentum sum, and two closed loops yield = Np, 

Whereas the minus signs in the Boson r ules at first appear unintuitive, they play 
a very simple role in generating the factors -^N - m arising from successive depletion 
of the condensate. Consider, for example, evaluating the matrix element arising from 
four potential interactions 

M = <#(iST) | <4<4a x a 2 Oo a o°3 a 4 ajajaooo ajojoooo | ®(N)) (3.46a) 

by summing contractions. By successive application of Eq. (3.41). the result must be 
M = N(N -1)[N -2)(N-3). Since the non-vanishing contractions of the operators 
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ai % / 0 are unique, we may represent M by the graph 

(3.466) 

and enumerate ail the ways of joining the ends of the upper vertices and lower vertices 
with downgoing condensate propagators. The 4! contractions generate the following 
topologies the indicated number of times: 

'{0 0 0 OHlM 0 0}* 3 (N tX}} 

(3.46c) 

«}*'{Wd) 

Note that in (3.46c) the dashed interaction lines are omitted and all distinct permuta- 
tions of the labels are counted. Including a factor of (-1) and N for each closed loop, 
as required by the Boson diagram rules, we obtain M = N* - 6 iV 3 + UN 2 - 6JV = 
N(N - 1 )(N - 2 )(N - 3) as required. Thus, the Fermion minus signs combined with 
the factor of N from the color sums do just what is required to generate the correct 
Bose factors. A detailed application of these rules to an interacting Bose gas is given 
in Problem 3.3. 



3.2 TIME-ORDERED DIAGRAMS 

It is often useful to explicitly separate the particle components e -*««(*-*')0(t — t*) 
and hole components — of the zero temperature propagator Go„{t—t') 

which are distinguished by the relative time order of t and t'. This may be done by 
rewriting each term in the expansion of the exponential of the interaction in the form 



(3.47) 


Thus, we enumerate time-ordered diagrams representing all contractions with a specific 
relative time order and omit the factor of 

Adopting the convention that time increases in the upward direction, an upgoing 
line will always denote a particle state a j — «”**»(*'"*) and a downgoing line will 

denote a hole state = «-*«*(♦'-*), It will be convenient to use the Hugenholtz 
convention, in which all matrix elements are antisymmetrized and all L~R exchanges 
are accounted for by where fi e is the number of equivalent pairs of lines. Two 


diagrams are distinct if they cannot be deformed to coincide completely in topology 
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and direction of arrows while maintaining the same relative time ordering. Thus, in 
contrast to the Feynman diagrams (2.101b), the following diagrams are distinct 



(3.48a) 


whereas in both cases the following diagrams are equivalent 

( 0 )° - 00 • (3.«) 


With these conventions, there are no symmetry factors, and physically the dia- 
grams simply enumerate each time history once and only once. 

The integrals over relative time may be performed by breaking each propagator 
into a product of factors involving all intermediate times. For example, if t„ is later 
than t m with the same number of intervening times, particle and hole propagators are 
written as follows: 



k=m 

n-l 

e -*(-<u)(**+«~‘i«) 

k=m 


(3.49) 


Note that the hole energies e A enter into Eq. (3.49) with the opposite sign from the 
particle energies because the relative time entering the propagator is the time at which 
the arrow terminates minus the time at which it begins. The segment of the total 
propagator for an arbitrary diagram between times t m and t m+ i then contributes the 
factor 


1°' F a *_ J Q,, l A, l Ai [ Aq = 


(3.50a) 


= XX - ■ 


(3.505) 


Physically, S m is just the excitation energy for a state with p particles and q holes 
relative to the non-interacting ground state between times t m and t m +i- For ground 
state observables p = q so that the intermediate state is a p-particle, p-hole excitation 
and with our sign convention that e a > 0 and ia < 0, S m is positive. 

Consider now the integral over all the ordered times in an arbitrary linked diagram 
with n interactions 


I 



dt n 





(3.51a) 
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Performing the integral over each t m , 1 < m < n- 1. along the contour C7 2 in the 
limit To -* oo yields 


r* 

Inn I 


lim 

To 


=?■ 


dt m i-m) = ]im 


1 _ e -*Sm(fm+l+Tp-)(i-‘>}) 


t'S m (l — ii)) 


S m - it) 


(3.516) 


where r\ > 0 since S m and fj are positive. Hence, the time integrals of the propagator 
arising in the ground state energy yield 


lim 

To-* oo 




(3.51c) 


In addition to antisymmetrized Hugenholtz matrix elements for each interaction vertex 
{a/?|v|7 6} = (a/9|v|(| 76) - (| 67) and Eq. (3.51c), the expansion for the ground state 
energy Eq - Wo contains the usual factor (-i) n ~ 1 (-l)' 11 from Table 4.1. the factor 
2^7 from the Hugenholtz rules which together with the explicit enumeration of all time 
orders completely replaces the symmetry factor S, and a factor (-l)"* to account 
for the minus sign associated with each of the n& hole line propagators. Each energy 
denominator is positive definite, so that the irj is superfluous. Thus, the final formula 
for the ground state energy is 

£o ^° = “? 11 s,.*; 11 -”'' v ^ ' (3M) 


A global energy denominator — CC a £ « — € a) is computed between each successive 

interaction including all the particle lines and hole lines present in that time interval 
and rift and n e denote the number of hole lines and equivalent pairs, respectively. An 
antisymmetrized matrix element is included for each interaction, and til is obtained by 
counting the number of closed loops in the corresponding diagram with direct matrix 
elements at each vertex. 

Historically, the expansion for the ground state energy in terms of linked time- 
ordered diagrams, Eq. (3.52), was first obtained by Goldstone (1957) using the Dyson 
expansion, and is known as the Goldstone expansion. Time-ordered diagrams are 
therefore also frequently called Goldstone diagrams. It is instructive to compare this 
result with Brillouin-Wigner perturbation theory, which has the wrong N dependence 
in higher orders (see Problem 3.6). As shown in Problem 3.7, Rayleigh-Schrodinger 
perturbation theory may be obtained from Brillouin-Wigner perturbation theory by 
systematically expanding energy demoninators and 

has the proper W-dependence in each order. As observed by Brueckner (1959), the 
terms in Rayleigh-Schrodinger perturbation theory which would correspond to unlinked 
diagrams cancel in low orders of perturbation theory (see Problem 3.8) and it is the 
generality of this cancellation which is established by Goldstone's theorem or Eq. (3.52). 
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As an example of the evaluation of a Goldstone diagram for the ground state 
energy we will evaluate the second-order contribution which includes both direct and 
exchange terms 

A © B A Qo_bO B + A B2 6 • (3-53) 

There are two equivalent pairs, two hole lines, and the associated direct diagram has 
two closed loops. Hence, 




(Ai?Ma6) 1 2 - | (A£?[u|6a) | 2 
e a + - e A - e B 


(3.54) 


The direct term agrees with the previous, more lengthy calculations in Eq. (3.28) and 
(3.34). 

The rules for the expansion of the ground state expectation value of an operator 
are analogous and are left as an exercise. One new feature arises in the evaluation 
of Green's functions using time-ordered graphs. In addition to r interactions, a one- 
particle Green’s function contains a creation operator at some time t,- and an annihi- 
lation operator at some time tj. For the case t/ > U the general form of the relative 
times and a specific example are shown below. 



Including all factors as in the case of Eq - W 0 and Fourier transforming from relative 
times t/ - f,- to frequency w in the usual way, the one-particle Green's function may 
be written 


iG , 




(3.56) 


Breaking c — *"(*/— *«) into a product of factors for each time interval between tj and 
U as in Eq. (3.49), we see that u may be grouped with S m for all U < m < tj and 
that it enters precisely as a hole line. Similarly, if t/ < U, w combines with S m at 
intermediate times as a particle line. Thus, performing the time integrals as in Eq. 
(3.51b) and retaining the it) factors, the general result for the one-particle Green’s 
function for either time order is 


°H- E ( 3S7 ») 

*11 u»*«4 tn—Q ^ %T t 

dl*rr*sa> 
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E M-sgn (t f -ti)u> 

E a ~ Ea e A 


intervals between f/ and U 
intervals outside tj and U 


. (3.57b) 


A simple mnemonic to correctly include w in the appropriate demoninator is to add a 
ficticious propagator, denoted by the dotted line in (3.55). running from the annihilation 
operator at tj to the creation operator at U. Depending upon the direction of the arrow, 
it is treated like a particle or hole with single-particle energy w in computing energy 
denominators, (it must, however, be ignored when calculating ml, n>» and n e ). 

To illustrate these rules and to show how several time-ordered graphs reproduce 
a single Feynman graph, we will calculate the second-order one-particle irreducible 
diagrams contributing to the one-particle Green's function. Consider first the following 
time order which includes a two-particle - one-hole intermediate state: 


G(d'w\du) |2pifc= a/bUB 


2» ^ {- 


{d'B | u | ab}{ab | u [ dB} 


(— + u> + trj) (— e tt — + €b + w 4 - if}) (— e<j + w + 117) 

/"• t \n 1 \ 1 v* (d 1 B | v | ab)(ab | v | dB} , . 

= God<(u)God(u)-z V 7 — : (3.58a) 

2 T t u + -e a -e b + tTj 


where the sign has been determined by considering the direct term which has one 
closed loop. Separating the direct and exchange terms, the self energy is 


- ) | y {d'B I V I ab)(ab [ « | dB) - (d'B | » j ab)(ab \v\Bd) 

2t>lh W + £ B ~ “ «b + if) 

(3.586) 

the direct term of which agrees with (3.39b). In this case, the time-ordered rules again 
provides the result more economically than the sequence of frequency integrals required 
for Feynman diagrams. In contrast, there are five different time orders involving an 
intermediate state with two holes and one particle (in addition to d and d') represented 
by the following diagrams: 


G(d' w)\dw\i P 2h — 



+ 




(3.59a) 


As shown in Problem 3.10, each term is evaluated as in Eq. (3.12a) and the sum of 
the five resulting terms yields the self-energy. 

E(d'wldw) U 2 h = - V" ( d ' a 1 « 1 AB)(AB M da) - (d'a \ v | AB)(AB | v \ ad) 
ll>2h € A + e B -€ a ~u+ir} 


(3.596) 
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The overall minus sign relative to Eq. (3.58b) results from the additional hole line. The 
direct term again agrees with Eq, (3.39b) and this case illustrates how a general class 
of topologically identical time-ordered diagrams combine to give a simple result. 

Whereas most of the diagrams appearing in the Goldstone expansion have the 
direct physical interpretation of enumerating a time history of the W-particle system, 
several special cases arise which merit comment. One case is the presence of diagrams 
which appear to violate the Pauli principle. Although there is a temptation to eliminate 
such graphs on physical grounds, our derivation shows that they must be included. 
Their role is easily understood by considering the following pair of linked and unlinked 
graphs which have a propagator for state a appearing twice at the same time: 

(j jX_o 0~ Dju>- ( 3 - 6 °) 


Because the right-hand graph has an additional loop relative to the left-hand graph 
and all matrix elements and denominators are identical, the two contributions to 

|--<{»0+V)T 0 |* i 

(i ' 0 |e 1, »oro[<i>o) ' cance * identically and there is no mistake. Since the exponential of 
the sum of all linked diagrams necessarily generates all possible unlinked diagrams irre- 
spective of labels, including the right-hand graph in (3.60), it is essential to retain the 
left-hand graph to preserve the physical cancellation. Similarly, there exist canceling 
pairs of graphs such as the following 

(L0Y-° < 3 «) 

for which the linked partner has no physical meaning. Once a particle has been scat- 
tered out of an occupied state A into an unoccupied state a, it is impossible to have 
a subsequent interaction involving state A corresponding to the left-hand diagram. 
However, this unphysical contribution exactly cancels the unlinked Pauli violating di- 
agram on the right, and by the preceding argument, must be retained. Note that no 
corresponding cancellation arises if A in the left-hand graph is replaced by a particle 
line, since closed loops beginning and ending at the same vertex as in the right-hand 
graph are necessarily hole lines. These special cases only arise for graphs involving 
duplicate labels which occur with relative probability jf for large systems. For very 
small systems, where a large fraction of the graphs are in some sense unphysical, 
there is no particular advantage to using the linked cluster expansion, and it may be 
preferable to use Brillouin Wigner perturbation theory or some other formalism which 
is not deliberately rearranged according to particle number. 

Goldstone diagrams provide a convenient framework for physically motivated re- 
summations of diagrams. The first resummation we consider here corresponds to the 
independent particle or mean-field approximation. The use of the Hartree-Fock basis to 
include the average effect of all the other particles has already been discussed in Prob- 
lem 1.6 and in Chapter 2 in connection with the use of the Hartree-Fock self-energy to 
define single particle propagators. In terms of diagrams, it is convenient to decompose 
JTinto H 0 = T+Um F and V = ~ x i) ~ u hf and to enumerate all diagrams 

containing both the two-body potential v and the one-body potential - Uhf ■ Then 
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for every diagram one can draw with the potential —Uhf- there is a corresponding 
diagram with a Hartree-Fock self-energy 



(3.62a) 


and Uhf may be defined as in Problem 1.6 to identically cancel all Hartree-Fock self- 
energy insertions 



(flEfcfl*) = ^{BAMaAD . (3.62 b) 

A 


Thus, use of the Hartree Fock potential performs an infinite summation of all possible 
insertions of the Hartree-Fock self-energy in propagators 

(3.63) 

and includes the physical effect of the mean field on the single particle wave functions 
and propagators. 

Just as the independent-particle approximation describes the propagation of a 
single particle by replacing its interaction with all the other particles by the mean field, 
the next resummation corresponds to the independent pair approximation which treats 
the two-body interaction between a pair of particles in the medium while replacing the 
interaction of the pair with all other particles by the mean field. In terms of diagrams, 
one sums all orders of ladder diagrams in which two interacting particles rescatter any 
number of times in intermediate particle states (using Hartree-Fock propagators from 
the previous resummation). Thus, Goldstone diagrams are reexpressed in terms of the 
Brueckner reaction matrix 

>—<•><• )..(•}.•{' ( 3 . 64 -) 

- >~< * W 

which satisfies the integral equation 

M I G(W) I - (etf M 7«) " £ ItO . (3.646) 

Ca + e b - W 



The hierarchy of resummations may be continued with the solution of the three-body 
Bethe-Faddeev equation which, using single-particle Hartree-Fock propagators and two- 
body reaction matrix elements, sums all successive rescatterings of three particles in 
intermediate particle states. Since time-ordered diagrams clearly separate particles and 
holes, this sequence of resummations gives rise to an expansion ordered in the number 
of hole lines. The hole-line expansion is useful in treating dense quantum liquids, such 
as liquid Helium and nuclear matter. 
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3.3 THE ZERO-TEMPERATURE LIMIT 


The objective of this final section is to compare the zero-temperature perturbation 
theory derived in this chapter with the zero-temperature limit of the finite temperature 
theory of Chapter 2. Following the arguments of Kohn and Luttinger (i960), the 
essential point is evident from considering the ground state energy for Fermions in the 
lowest order of perturbation theory in which the two theories can differ. A general 
formal proof may be found in the work of Luttinger and Ward (1960). 

At finite temperature, the energy is given by E = Q+nN+TS, where the chemical 
potential n must be adjusted such that N = — yields the desired particle number. 
Thus, we must compare limr-K»(n — ft 0 + (/i — vo)N) with the zero-temperature 
result Eo - W 0 . Since finite temperature propagators with n a = 1-y— - approach 

zero-temperature propagators with n a = 1 or 0 and each zero-temperature graph for 
Eo - W 0 corresponds to the zero-temperature limit of some finite-temperature graph 
for n — Ho. the two expansions agree in most respects. 

There are just two differences between the zero and finite temperature theories 
which, for simplicity, we will discuss here for the case of translationally invariant sys- 
tems: 




1) The finite temperature expansion contains o)N where the chemical potential 
for the non-interacting system, defined such that | Mo = N. need not agree 
with the chemical potential of the interacting system defined by |,*= N. 

2) The finite temperature expansion admits anomalous graphs such as 

which the same state appears as both an upgoing and downgoing line. Note that 
since we have assumed translational invariance throughout this section we will 
label states by single-particle momenta. At finite temperature. n*(l - n*) does 
not vanish at the Fermi surface whereas such anomalous graphs are never present 
in the zero temperature theory. 

To understand the role of these two effects, it is useful to note first 
that they both vanish for finite systems. The chemical potential enters 0 — 
fl 0 only through the occupation numbers + l] and as 

T -* oo, n k — 0(/x - «<*)• Hence ^(fl - U 0 ) contains n only through 
3a*- — + S{(i — efc). For discrete energies e* in a finite periodic box. the 5-function 
is never satisfied so that and hence n = no- Similarly, consider the lowest 

order (second order in the potential) anomalous diagram 
A -*-0 l ' 

r*(2) . 


*o f y 


ll «M*(i - «*)(-«*) (XX** | v | u)Y 


= -f (1 ~n k )n k Ul 


(3.65a) 
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where Uk denotes the Hartree Fock potential 

U k = Y,{kl 1 1, 1 kl)n t . (3.656) 

t 

The feature that an anomalous diagram yields fi(l - n*)n* is general since oppo- 
sitely directed propagators of the same k yield the factors (1 - «*)(-»*) with no 
exponential so that integration over relative time yields an additional factor fi. In the 
zero-temperature limit, this factor yields 

0n*(l - n*) = + e 0 (efc _^)j 2 

a 

= "T Tlk 

dek 

=^ Q S(e k -n) . (3.66) 

Hence, like the term N(n - fio), anomalous diagrams produce 6-functions which are 
never satisfied for discrete e*. Therefore, for finite systems the T -* 0 limit agrees 
with the zero-temperature expansion. 

For infinite systems, we wish to compare finite and zero-temperature theories in 
the thermodynamic limit, so we consider the double limit -»<»}• In this 

case both the anomalous diagrams and N{p-n o) are non-vanishing, but as suggested 
by the fact that both terms yield the same 6-function, it is possible that they may 
cancel. The criterion for cancellation is easy to see in lowest order. Let us separate 
the Grand potential into the following terms: 

n = n 0 + n z + fu (3.67) 

where Viz denotes all the diagrams which have zero-temperature counterparts and 0^ 
denotes ail the remaining anomalous diagrams. Note that the ground state energy 
calculated in zero-temperature theory may be written 

Eq = (n 0 + n z - n») . (3.68) 

This follows because ^0 = ^0 + and each of the diagrams in fl z goes 

over to its zero temperature counterpart wlien evaluated with propagators evaluated at 
T = 0 and fio- Thus, we may write the difference between the zero-temperature limit 
of finite-temperature theory and Eq as 

A = lim (fl + pN) — Eq 
r— 0 

= ^ + Np) U -(Oo + Viz + N/j.) ,J (3.69a) 


where n and po satisfy 
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Since Viz is first-order in the potential and CU is second order, it is straightforward 
to use (3.69b) to solve for p- po to first order and to use this result to obtain A to 
second order. The details are explained in Problem 3.2 and denoting the order in the 
potential to which quantities are evaluated by superscripts, the result is 



( 3 - 70a ) 

where the average of any function of fc at the Fermi surface is defined by 

f p/, u ^o)U(k) 

im) ~ £,»<«,-»> (3 ™> 

and U denotes the Hartree-Fock potential, Eq. (3.65b). 

The physical essence of the result, Eq. (3.70) is the relation between the symmetry 
of the non-interacting zero-temperature ground state and the exact ground state. When 
A = 0, both theories yield the physical ground state. When A < 0, the T — * 0 limit 
of the finite-temperature theory yields the ground state whereas the zero temperature 
theory produces an excited eigenstate with some incorrect symmetry it has inherited 
from the non-interacting ground state. Since A measures the fluctuations in {/*. at the 
unperturbed Fermi surface, it will vanish for a spherical Fermi surface and a Hartree- 
Fock potential Uk which depends only on | k |. This will occur, for example, when 
efc is the kinetic energy or any single-particle energy depending on | fc j and when 
v(ri — r/) is a central potential. The cancellation has also been demonstrated for spin 
1/2 particles interacting with tensor forces. 

The feature which can destroy the cancellation and produce negative A is a differ- 
ence in the symmetry of the non-interacting problem, as reflected in the Fermi surface, 
and the interacting problem, as reflected in U. A simple example is a system of spin- 
1/2 particles in an external magnetic field. Taking Ho as the kinetic energy, the Fermi 
surface is two equal Fermi spheres for spin up and spin down. Repeating the deriva- 
tion of Eq. (3.70) for a one-body perturbation -pBaz simply replaces U(k) by the 
matrix element of the one-body operator, —fiBm where m is the spin projection. In 
this case, the variance of (iBm evaluated over the two Fermi spheres with m = ±1 is 
non-vanishing. This corresponds to the fact that the perturbation cannot flip spins so 
there is no way to get from the non-interacting state with two equal Fermi spheres to 
the true interacting ground state with unequal Fermi spheres. We will return to this 
example again in Chapter 5. 

In conclusion, it is evident that the decomposition Ho = T + U, V = v - U 
plays a different role in the finite and zero temperature theories. In both cases, 
V must be small in some sense for the perturbation expansion to be useful. In 
addition, at zero-temperature Ho defines |$o) from which we determine I®) = 
lim/ m ro-*-oo e~’ T ”( Ho+vr )|$ 0 )- Thus If) may be trapped in the space of some 
symmetry selected by |$ 0 ) and simply produce the lowest eigenstate in that space. In 
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contrast, the finite temperature theory evaluates a trace which necessarily has access 
to all possible symmetries and will not become trapped. The ultimate conclusion, then, 
is that there is nothing fundamentally wrong with the zero-temperature theory. Rather, 
to do sensible physics, one must pick an intelligent choice for Ho such that |$o) has 
the right symmetries and corresponds to the correct physical phase of the system, and 
such that V = v - U is sufficiently small to obtain reasonable convergence. 

PROBLEMS FOR CHAPTER 3 

Several problems are designed to establish connections between the formalism 
we have presented and traditional treatments, both to deepen understanding of 
the physics and to facilitate reading the original literature. Problem 1 shows how 
to obtain the linked-cluster expansion using the Dyson expansion and the Gell- 
Mann Low theorem. Problems 6-8 demonstrate how Brillouin-Wigner perturbation 
theory, which has inappropriate dependence on the particle number N, can be 
rearranged to obtain Rayleigh-Schrodinger perturbation theory which, after the 
cancellation of unlinked terms, has the correct IV-dependence, A little known but 
interesting property of Brillouin-Wigner perturbation theory is derived in Problem 
9. Problems 2 and 10 work out details of results cited in the text associated with the 
cancellation of anomalous diagrams and combining topologically equivalent time- 
ordered diagrams. Zero temperature theory is applied to the dilute Bose gas in 
Problem 3 and to Fermions in one dimension interacting via 5-function forces in 
Problems 4 and 5. 

PROBLEM 3.1 Zero temperature perturbation theory may also be obtained by 
the following traditional derivation. Let i/> and H = Hq + Hi denote the wave 
function and Hamiltonian in the Schrodinger representation, define the evolution 
operator such that ${t) = U(t,to)i>(to) and allow Hi to be time dependent. The 
corresponding quantities in the interaction representation, denoted in this problem 
by a circumflex, are defined as follows: 

$(t) = 

U(t - t 0 ) = e iliot U(t - t 0 )e~ iHat 


a) From the time-dependent Schrodinger equation, show that 
|ft(f-to)=-«£i(t)£(t~to) 

with the boundary condition O'(O) = 1 which may be integrated to obtain 

&{t - t 0 ) = 1 - i f if - to) • 

vto 

By iterating, obtain the Dyson expansion 

&(t - to) = f; f* d h . . . f dt n T{ A l [t l )6 l [t a ) ■ • • £i(t»)) 

„=0 n! vto Jt o 



168 


PERTURBATION THEORY AT ZERO TEMPERATURE 


where T denotes time-ordering. 

b) The essential idea is to start with an eigenstate \<f>o) of Ho with energy Wo 
and turn on the interaction V very slowly so that \M adiabatically evolves into 
an eigenstate of the fully interacting Hamiltonian. It is convenient to parameterize 
this switching-on by defining — Xe~^V , and to consider the limit e — » 0. 
The corresponding evolution operator is defined by U c (t,to). The Gell-Mann Low 
theorem (1951) then states that 

l*>) _ , im l*«) „ Hm O~c(0,-oo)l»o) 

{MM » {MM ~ -o (#o|fr € (0, — oo)|<^o) 

is an eigenstate of Hq + AV, assuming that the right-hand side exists in all orders 
of perturbation theory. The limit does not exist separately for the numerator, so 
the denominator is essential to remove an otherwise infinite phase associated with 
unlinked diagrams. To prove the theorem, show 


(&o - Wb)0’ f (O,-oo)|*,) = [&o, 0,(0, -oo) ]|^ 0 ) 

- E ^ /I •“'■■■ *“ E . . . AV( t „) n*,) 

= -\9 f) t (0, -oo) |^o) + it. A~ 0, (0, -oo) \M ■ 

Note that the interaction representation operators are evaluated at t — 0 and so are 
equal to the corresponding Schrodinger operator. Thus, show 



\M ' 
{MM. 


= [JT 0 + XV- 5(e)] 


\M 

(MM 


where E(e) = W<> + Finally, use the fact that lim £ _o exists in 

perturbation theory at A = 1 to argue that is an eigenstate of Ho + V with 

(c) Obtain the familiar diagram expansion by substituting the Dyson expansion 
for €7c(0, -oo) in the numerator and denominator of 


„ ,. (^»l^i(0)y«(0,-oo)l^o: 

£ ° -o <*o|d;(0,-oo)|*)o) 


Use the operator form of Wick’s theorem in Problem 2.8 and perform the time inte- 
grals over relative times to show that the numerator yields the sum of all diagrams 
linked to ki{0) times the product of all possible linked diagrams. Similarly, show 
that the denominator just cancels off the product of all possible linked diagrams 
and that the final expansion may be written: 


E-Eo*= (MV ]C ( w 0 -~Ho gl ) ^ Unk ® d 
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Note that in contrast to the derivations in the text, this derivation is not restricted 
to the ground state, but in principle may be applied to any eigenstate. 

PROBLEM 3.2 Cancellation of Anomalous Diagrams. 

a) Derive the first line of Eq. (3.70a) as follows. Note that fl 0 is independent 
of the potential, Ojj is first order in the interaction, and is second order. Show 
by expanding the left hand side of Eq. (3.69b) around no that to first order in the 
potential 

an ” 1 

dn 

= . 
a*»’ 

Similarly, expand Eq. (3.69a) around no> 

a = QaM + ±{Oo + flz + nN)\n - mo] + ^ (n + A* + ~ Po ] 2 + . .. 

and show that the first line of Eq. (3.70a) is obtained when all second order terms 
are retained. 

b) Now evaluate all the quantities appearing in A^ 2 K Using Eq. (2.72) show 

Jjr = ^ [l) JmV+ i ] tCo ~ ^ Htx-rt- 

Using Eq. (2.100b) which evaluates the Hartree-Fock contribution Q* 1 ^, show 

E n * n * kl M fc£ > jCo ^ * (efe - ^ Uk 

where U is defined in Eq. (3.65b). Finally, using Eq. (3.65a) for show 0^ - — ► 

— 2 Efc <S(e* Substitution of these quantities in the result of part (a) yields 

the final result, Eq. (3.70). 

PROBLEM 3.3* Bose Gas. Consider the binding energy per particle of a dilute 
Bose gas with a repulsive interaction. Dilute means that the scattering length a is 
much less than the average particle spacing (n) -1 / 3 . In this limit, S- wave scattering 
dominates and the relevant low momentum matrix elements of the potential are 
independent of the momentum. To first order in na 3 , the answer is 

E 2nn 2 ah 2 f 128.na 3 1/3 "| 

V m J ' 

It is instructive to solve the problem two different ways: 

a) Make use of the fact that the number of particles excited out of the conden- 
sate is much smaller than the number left in, so that interactions between excited 
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particles may be neglected compared to interactions between condensed and excited 
particles and between condensed particles. Hence, obtain the effective Hamiltonian: 

H *« = J2 ^ \ ( 4 a p + a -P a -p ) + jjfi 1^0 + 2 No X^(°-P a - p + a P a p) 

P p#0 

+N o E( a P a -p+ a p°-p)i • 

p/0 

N 0 may be removed by writing 


JV = lV 0 + i ^(ajflp + alp«_ p ) . 

p#o 

The resulting J5T e ff may be diagonalized by the transformation: 
a P = / 1 _ ( q p + A P a -p) 

and its adjoint, where A p is specified by the requirement that H t g be diagonal in 
a p . Finally, write out the second order perturbation expression for the scattering 
length in terms of V and eliminate V from the ground state energy. The resulting 
integrals expressed in terms of a converge and yield the desired result. 

The excitation spectrum is given by the coefficient of a*a p in the diagonalized 
H e g. Note that there is no gap and that the energy is linear in p as p — ► 0. Compare 
this slope with the sound velocity calculated from the appropriate derivative of the 
total energy as a function of density. 

b) Now, approach the problem diagramatically, using number-conserving 
zero-temperature Boson diagrams. 

1) First, note that the scattering length pertains to the T-matrix which is 
the ladder sum of all possible successive interactions between two particles. Since 
S - wave scattering dominates in the low density limit, define a pseudo-potential 
V = U6 i {xx — r 2 ) which reproduces the scattering length, and use V to represent 
all ladders of the true interaction. Calculate U. 

2} For a diagram with m interactions, find the topologies which have the 
leading N dependence, where N is the number of Bosons, Show that any Haxtree 

insertion ^ Q increases the order of V and N by one. Hence, remove all such 

insertions by appropriate definition of Ho- Of the remaining diagrams, show that 
the ring diagrams dominate. Typical ring diagrams containing only forward-going 
chains and containing a single backward-going segment are shown below: 
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3) The easiest set to sum is all ring diagrams with forward-going chains of the 
form shown at the left. Note that whereas each ring diagram individually diverges, 
the sum is well-behaved. Show that the result is 

X+^na 3 ) 1 / 2 ] . 

u m 

This result was obtained by Brueckner and Sawada (1957) and the (na 3 ) 1 / 2 term 
agrees with the result in part 1 to within 4%. 

4) Sum all ring diagrams with one backward-going segment and determine 
the remaining fractional error. 

PROBLEM 3.4 One Dimensional Interacting Fermi Gas. Consider a transla- 
tionally invariant system of Fermions in one dimension interacting with the attrac- 
tive 5-function potential of Problem 1.9 and having spin degeneracy 2S + 1. Recall 
that g/p is the expansion parameter for a uniform density. 

a) Evaluate the second-order energy and compare with the lowest order result 
calculated previously. Sketch the energy as a function of density for both cases and 
determine how the minimum changes in second order. 

b) Calculate the sum of all ladder graphs with intermediate states above the 
Fermi sea: 

I am I PQ) - (MN I [„ - £ °^LT ] i p « ■■ 

b>h F 


Then, evaluate 

\ (MN | G(E m + Eh) | MN) ~ (MN | G(E M + E N ) \ NM) 

M, N<kp 


to obtain the contribution to the ground state energy. You may be left with one 
integral which cannot be done analytically, in which case expand in the low density 
limit, and compare with the first and second order results. How does this result 
affect the comparison with the energy of localized solutions in Problem 1.9? 

PROBLEM 3.5* l/N Expansion of Ground State Expectation Values for the 
One- Dimensional 6- Function Problem. It was shown in Problem 1.9 that the 
Hartree-Fock approximation yields the correct N 3 term in the energy for a bound 
state of N Fermions with spin degeneracy 2S + 1 = N. 

a) You have already found the lowest eigenfunction and eigenvalue of 
x) + I7hf(*)^(*) = « ^(*) for the HF potential 


I/ H f(x) = - 


N(N- l)g 2 
8cosh 2 (^) 
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Now obtain the complete set of all higher eigenfunctions and eigenvalues. (Hint: 
Look in Morse and Feshbach (1953) or play around with exponentials and hyperbolic 
tangents.) Note that all eigenfunctions are functions of (“{^). 

b) Now consider enumerating all time-ordered graphs for the energy in this 
HF basis, (i.e., H 0 = ^(—^ p f 2 + £/hf(*»)) )• Prove that the JV-dependence of 
an arbitrary diagram is N°~ I+2 where C is the number of closed loops and I is the 
number of interactions. Hence, enumerate all the graphs of order N s , Does this 
explain why the HF energy was correct to order JV 3 ? 

c) Define the class of graphs of order N 2 . One of these should already be 

included in the HF energy. Write the expression for the next lowest order graph in 
this class. (Note evaluation of this expression yields — thereby removing 

almost all of the 0(N 2 ) error.) 

d) Now consider the expectation value of the one-body density operator, 
p(x) = 2, £(* — »<). Derive a formula for the jV-dependence of an arbitrary density 
diagram and evaluate the leading order approximation. For what other operators 
is it possible to derive general expressions for the iV-dependence of individual dia- 
grams? 


PROBLEM 3.6 Brillouin-Wigner Perturbation Theory. Let Ho|^o) = W 0 \4>o} 
and 

(Hq + Hi)\ipo) = E q \iPo) with the normalization condition (<f> o|$o) = (4>o\i>o) — 1 
and define the projector Q = 1 — j^oK^ol 
a) Show that 


Eo-Wo^iMHtWo) 


Eq - Ho 
l^o)(«^o| 
' E 0 ~ Ho 


H 1 \M + 


Q 


Eo-Wo 


Hi |Vo) 


and thus 


|W 

Eq~Wq = (Mm f; \M ■ 


b) Now, consider N Fermions in a periodic box of volume V in the limit 
N oo at fixed p, and let Ho be the kinetic energy operator and Hi a two- 
body potential t>(r< — ry). Show that whereas (^ol-Hil^o) is the usual Hartree-Fock 
energy which is proportional to N, the next order correction “ 

independent of N . In analyzing the JV-dependence, it is useful to use momentum 
conservation to enumerate all states \4>m) to which H% can connect |$o) aI >d to 
examine the factors of V and N arising from matrix elements, momentum sums, 
and energy denominators. Consider whether this problem persists in higher order 
and explain the implications for convergence of the perturbation series for large N . 
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PROBLEM 3.7 Raylelgh-Schrodinger Perturbation Theory. The form of per- 
turbation theory used in most quantum mechanics textbooks is Rayleigh- 
Schrodinger perturbation theory. Let H 0 |^ n ) = W n \4> n ) and (Ho + AJ5Ti)|^o) = 
Eo\i>o)> where we now associate a formal expansion parameter A as follows: 
J5b = an(i l^o) = ]C“ = o^ , ‘l n )- We use the same normalization as 

before (^oj^o) = 1, which implies (0|n) = 6 n0 , denote Q = 1 - j<£o)(^o|, and note 
that «o = W 0 and |0) = |^ 0 )- 

a) By equating terms of each power of A in the Schrodinger equation, obtain 
the recursion relations 

«»*<0|JTi|n-l> 

I n) = Wo ® Hq [{Bl ~ ei)|n - 1) - e 2 |n - 2) - e 3 |» - 3) . . . e a ^\l)\ . 

Write out the explicit expressions for |n) and e n through € 3 . 

b) This result may also be obtained from Brillouin-Wigner perturbation the- 
ory by expanding the energy denominator 

111 TT-' f Wq — Eq 1 " 

Eo-Ho ~ (W 0 - Ho) - {W 0 - E 0 ) ~ Wo - Ho [w 0 - H 0 \ 

and substituting the series for (Wo — Eq) each time it arises. Carry out this substi- 
tution through £ 3 . 

c) Compare the N dependence of €2 for N Fermions in a box interacting via 
a two-body potential with the result obtained in Problem 3.6. Note that it was the 
replacement of Bo l Ho by Wg i Ho which solved this problem. 

PROBLEM 3.8 Cancellation of Unlinked Terms. Although, as shown in the 
preceding problem, £3 has the correct jV-dependence, Rayleigh Schrodinger pertur- 
bation theory also contains terms with higher powers of N. For the theory to make 
sense, one must prove that these terms cancel. 

a) Show that the term {<l>o\Hi ij \<f>o) contributing to £3 has contri- 

butions proportional to N 2 as well as contributions proportional to N . Associate di- 
agrams with these contributions and relate the connectedness to the IV-dependence. 

b) Show that the term ( b" 0 -"h 0 ) ^i|^o)(^o|J5Ti|^o) > n «s exactly 

cancels the N 2 contribution in part (a). With sufficient effort, similar cancellation 
of unlinked diagrams can be verified in the next few orders of perturbation theory, 
and it was on this basis that the linked cluster theorem was first conjectured. 

PROBLEM 3.9 Variational Property of Brillouin-Wigner Perturbation Theory 

Consider the following trial wave function: 

ImW) “ £ ^ 
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where z is to be regarded as a parameter, 

a) Show that 


2N 

(xnMIJTi - (* - ffo)txw(*)> = E + ^0 - » 

n=0 


where A E n (z) = (4>q\Hi \$a)- Note that AE n (Eo) corresponds to the 

n th term in the Brillouin-Wigner expansion for the energy in Problem 3.6. 

b) Show <Xjv( 3 )|xn(z)) > 1 and use the variational principle to obtain a 
bound on Eq. State explicitly any conditions z must satisfy for this bound to be 
valid. 

c) Thus, show E 0 < W 0 + jf n l 0 A E n (z) for z = W 0 + A£„(z). Verify 

that this z satisfies the conditions established in (b). Hence, show that all odd 
orders of Brillouin-Wigner perturbation theory yield upper bounds on the ground 
state energy. 


PROBLEM 3.10 Summation of Topologically Equivalent Time-Ordered Dia- 
grams. 

a) Consider the energy denominators contributing to each of the 

Green’s function diagrams in Eq. (3.59a). Show that the sum of the first two 
diagrams yields 


b + 


(~id - ib + ex + €B + *'q)(w ~ id~ id' - iB + iA + iB + **?) 

r i i 


Si+2 = 


[w - €d + if) + -€d> ~ ib + iA + iB + 

1 

{—id - ib + iA + iB + *»l)(w - id + «?)(-«<(' ~ + *<7) 

Similarly, combine the third and fourth diagrams in Eq. (3.59a) to obtain 

g = I . 

3+4 (w - id' + iri){w - id + i*l)(-id' ~ ib + iA + €b + ifl) 

Finally, add the fifth diagram to 5j + 2 and add the result to S 3+4 to obtain 

Sl+2 + ^ 3+4 (w - id' + *»?) (— w ~ ib + iA + iB + *»?) (w — id + *>?) 

Hence, by including the proper signs and factors, obtain the self-energy Eq. (3.59b). 
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b) From the algebra in (a), it is evident that individual time-ordered diagrams 
having global energy denominators depending on the entire state of the system may 
be combined such that the final result is a product of components each of which 
has energy denominators depending upon propagators within that component. In 
the case of the Green’s function, we obtained G# (w) G<j(w) E(w), where Gj and 
Gd< were independent of propagators in E and energy denominators in E were 
independent of d and d 1 , Bethe, Brandow, and Petschek (1963) showed that this 
generalized time ordering is quite general. As a simple example, combine the energy 
diagrams 

G'_’$o * 

to obtain a product in which the energy denominator of each unit only involves its 
own propagators. This result may be generalized to the sum of diagrams of arbitrary 
complexity in which the position of the top interaction in the right hand insertion 
is held fixed and the lower interactions assume all time-orderings consistent with 
the topology. 



CHAPTER 4 


ORDER PARAMETERS AND BROKEN SYMMETRY 


One of the goals of many-body theory is to understand the phases in which 
matter exists and the transitions between these phases. This chapter addresses the 
fundamental role of order parameters and symmetry breaking in characterizing phases 
and understanding phase transitions. 

4.1 INTRODUCTION 

To prepare for the subsequent quantitative treatment of order parameters, mean 
field theory, and fluctuations, it is useful to review briefly several elementary aspects 
of phase transitions. 

PHASES OF TWO FAMILIAR SYSTEMS 

A ferromagnetic material, such as iron, and a typical substance having solid, liquid, 
and gas phases illustrate the essential features of how the phase of a thermodynamic 
system changes as a function of the temperature and an external thermodynamic field. 
In addition to the temperature and external field, it will be useful to characterize the 
state of the system by a thermodynamic variable conjugate to the external field and 
to study the surface of the equation of state in the space of three variables: the 
temperature, the external field, and the conjugate variable. 

The surface of the equation of state and phase diagrams for a ferromagnet are 
shown in Fig. 4.1 The magnetic field H is the external field which together with the 
temperature determine the state of the system, and the phase diagram in the H - T 
plane is shown in the upper left of Fig. 4.1. Below the critical temperature T c . the 
system is spontaneously magnetized and the state of the system is characterized by 
the magnetization M, the thermal average of the microscopic spins. If we choose S[ 
to be along the 2 axis, these will be two ferromagnetic states at low temperature, the 
t state for positive H and the j state for negative H. These two states are separated 
by a phase boundary, indicated by the solid line. This phase boundary terminates at a 
critical point C at temperature T c , and above the critical point, the system has a single 
paramagnetic phase. The system may either be brought from the ferromagnetic J. phase 
to the ferromagnetic t phase discontinuously, by selecting a path which crosses the 
phase boundary, or continuously by choosing a path which travels around the critical 
point into the paramagnetic phase. 

The magnetization M is the thermodynamic variable conjugate to H, and a more 
complete characterization of the phases of the ferromagnet is provided by the surface 
of the equation of state in the space of M, H, and T sketched in the upper right of Fig. 
4.1. The vertical shaded surface denotes the region of phase coexistence separating 
the f and | ferromagnetic phases. Isotherms below the critical temperature T<. at 
the critical temperature T c , and above the critical temperature T>, are shown on the 
surface of the equation of state. The top view of this surface along the negative M 
axis corresponds to the phase diagram in the H - T plane we have already discussed. 


176 



4.1 INTRODUCTION 


177 



Fig. 4.1 Phase diagrams for a ferromagnet. The surface of the equation 
of state In the space of magnetization M, external magnetic field H, and 
temperature T Is shown In the upper right. Projections of this surface are 
shown In the H - T, M - T, and M~H planes. Isotherms are shown at the 
critical temperature T c , at T< below T c , and at T> above T c . 

Viewed from the right, along the negative T axis, this surface corresponds to the set 
of isotherms plotted in the M - H plane in the lower right. For T> above T c . the 
curves are continuous and represent the single paramagnetic phase. For T< below T c . 
the curved segments of the isotherm represent the ferromagnetic f and J. phases and 
the vertical segment joining points A and B represents the region of coexistence of the 
two phases at zero field. Note that the magnetization is non-analytic at A and B and 
that these points correspond to a single point on the phase boundary in the H - T 
plane. Along the critical isotherm, the coexistence region is reduced to a single point, 
the critical point, and the two phases coincide. 

The final view of the ferromagnet phase surface, the front view of the H axis, 
yields the boundary of the coexistence region in the M — T plane shown at the lower 
left. We observe that at zero H field, M is non-zero below T c . approaches zero at %, 
and is zero above % and we will subsequently use this behavior to identify M as the 
order parameter. 

The analogous phase surface and projections for a typical* substance having solid. 


* Note that water is atypical in the sense that ice is less dense than water at the 
freezing point and is not considered in the present discussion. 
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Fig, 4,2 Phase diagrams for a substance having solid, liquid, and gas phases. 
The surface of the equation of state Is sketched In the space of the density 
p, the pressure P, and the temperature T. To show the region of the critical 
point In sufficient detail, all three axes have suppressed zeros. Projections and 
Isotherms are shown as In Fig. 4.1. 


liquid and gas phases are shown in Fig. 4.2. The pressure is the external thermodynamic 
field, and the P - T phase diagram is shown at the upper left. At low temperature, 
depending upon the pressure, the material can exist as a gas, liquid, or solid. At high 
temperature, the liquid and gas phases become indistinguishable and the material has 
a unique fluid phase. The liquid-gas phase boundary terminates at the critical point 
marked G, having critical temperature T c and pressure P c . In the present discussion, 
we will be particularly interested in the behavior in the vicinity of the critical point, and 
its similarity to the preceding example of the ferromagnet. The liquid, gas, and fluid 
phases are analogous to the ferromagnetic f ferromagnetic j. and the paramagnetic 
phases respectively, and as in the previous case, it is possible to go continuously from 
the gas to liquid phases by passing around the critical point through the fluid phase. 

Although the thermodynamic variable conjugate to the field P is often chosen to 
be the volume, the analogy to the magnetic case is most evident if we use the density 
p as the conjugate variable [p = 4 where v is the specific volume). The surface of 
the equation of state in the space of p, P, and T is shown in the upper right and 
isotherms in the p-P plane are plotted in the lower right. Again, the vertical segment 
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A- B of the isotherm T< below the critical temperature represents the region of phase 
coexistence, this time between gas and liquid. The projection onto the p- T plane in 
the lower left yields a phase boundary near the critical point c analogous to that already 
observed for the magnetization as a function of temperature, and will subsequently lead 
us to identify p« qU id — P% as the order parameter. 

Thus, the two surfaces of the equations of state in Figs. 4.1 and 4.2 show the same 
essential behavior in the vicinity of the critical point. The magnetic case is somewhat 
simpler to visualize because the coexistence region lies precisely in the M - T plane 
whereas the liquid gas coexistence region is a curved surface. In both cases, below 
the critical temperature a thermodynamic variable, M or p, varies discontinuously 
across the coexistence surface as a function of the conjugate field, H or P and the 
discontinuity approaches zero at the critical point. 

Since non-analytic behavior in thermodynamic variables such as M(H,T) is char- 
acteristic of phase transitions, it is useful to note the possible reasons for which the 
sum of analytic functions comprising the partition function Z — J2n e ~~^ could be- 
come non-analytic. The energies E n could be non-analytic functions of the parameters 
of the system as in the case of the quartic oscillator in Section 2.1. The finite sum 
over n could diverge as in the case of the hydrogen atom. Alternatively, non-analyticity 
could arise from taking the zero temperature limit or from taking the thermodynamic 
limit in which the number of degrees of freedom goes to infinity. Except in special 
cases, we shall see that the origin of non-analyticity is in fact the thermodynamic 
limit. 

PHENOMENOLOGICAL LANDAU THEORY 

Considerable insight into the structure of the general theory developed subse- 
quently is provided by a purely phenomenological theory by Landau (Landau and Lif- 
shitz. 1958). In this theory, an order parameter for a phase transition is defined as a 
quantity which vanishes in one phase, called the disordered phase, and is non-zero in 
the other phase, called the ordered phase. An order parameter may not exist for some 
transitions, such as the Kosterlitz-Thouless transition in a two dimensional classical 
spin system, and when it does exist, it is not unique (since any power also satisfies 
the definition). For our present purpose, it will always be possible to choose the order 
parameter to be the thermodynamic average of an observable. We will also use the 
Landau definition that a transition is first order if the order parameter is discontinuous 
at the transition point and second order if it is continuous.* 

In the case of a ferromagnet. we observe from Fig. 4.1 that the magnetization per 
spin is an order parameter. We will use the convention that the total magnetization Adf is 
defined as the thermodynamic average of the spin and that m denotes the magnetization 
per spin 

» *-<££$*>• (M 

The magnetization vanishes in the high-temperature paramagnetic phase, and the phase 
transition is second order since m is continuous. The physical order in this case is the 

* Note that for n > 2, this differs from the Ehrenfest definition of an n th order 
transition as one in which is the lowest discontinuous derivative. 
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Fig. 4.3 The Landau function Z[m,H,T ) for a ferromagnet. 


alignment of the microscopic spins. For the case of the liquid-gas phase transition, it 
is evident that />uq n ia — is a possible order parameter and that the transition is 
also second order. 

The phenomenological theory is based on the Landau function Z(m,H,T), a 
function of the order parameter, which we will denote as m in this discussion, the 
conjugate field, which we will denote as H, and the temperature T. The Landau 
function has the property that at any fixed H and T, the state of the system is 
specified by the absolute minimum of Z with respect to m. 

The only physical constraint on the form of Z is that it be consistent with the 
known symmetries of the system. One of the great accomplishments of this theory 
is its description of the non-analytic behavior at phase transitions in terms of the dis- 
continuous jumps in the position of the absolute minimum of a function which is itself 
varying continuously with T and H. Although we will eventually see a clear relation 
between the Landau function and an energy functional appearing in a functional inte- 
gral for the exact partition function, for the present let us simply see how the observed 
ferromagnetic phase transition is described by the function Z(m, H, T) sketched in Fig. 
4.3 

First, consider the case T > T e , shown in the top row of Fig. 4.3. As an ex- 
ternal field is applied tending to align m with &. the minimum of Z is continuously 
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displaced from negative to positive m consistent with the continuous behavior in the 
paramagnetic region of Fig. 4.1. Below T e , however, the absolute minimum jumps 
discontinuous!/ from -mo to mo when H passes through zero, reproducing the dis- 
continuous behavior in the ferromagnetic region. Thus, the double minimum provides a 
very simple description of a first-order phase transition. Furthermore, if we look ahead 
and anticipate the fact that the minimum of the Landau function will correspond to the 
stationary phase approximation to the exact theory, which must be corrected by fluc- 
tuations around the minimum, we see that since there is always a barrier between the 
two minima for T < T c , there is no reason for the fluctuations to change appreciably 
as H passes through zero. 

Now consider the dependence of t at zero field as the temperature decreases 
through T c as shown by the middle column of Fig. 4.3. As T approaches T e , the mini- 
mum becomes flatter and flatter, and one might expect the fluctuations to grow without 
bound. Infinitesimally below T e , the single minimum bifurcates into two infinitesimally 
separated minima, which continue to separate with decreasing T, generating the struc- 
ture observed in the m-T phase diagram of Fig. 4.1. This generic behavior of a single 
minimum flattening out and finally forming two degenerate minima thus describes a 
second-order phase transition. 

In discussing classical or quantum spin systems, there is a conventional nomen- 
clature designating the number of spin components, or equivalently, the dimensionality 
of the space in which the spins can move. Ising spins have a single component which 
is restricted to be parallel or antiparallel to a fixed axis and is specified by the values 
±1. Spins in the * — y model have two components in a plane and Heisenberg spins 
have three components in three dimensions. A generic name for a spin model with n 
components is the 0(n) model. 

In the case of Ising spins, which can only have the values ±1, the magnetization 
would only point in one of two distinct directions, and the Landau function would lie in 
a plane as denoted by the solid curves in Fig. 4.3. For x-y spins, the Landau function 
is a surface in three dimensions, and this three-dimensional character is indicated by the 
dotted lines in the bottom representing the local minimum for each angle. Similarly, 
the Heisenberg model is described by a four-dimensional surface which we will not 
attempt to sketch. 

Because the order parameter m changes continuously at a second order phase 
transition, the essential physics may often be seen by expanding £, in the immediate 
neighborhood of the transition as a power series in m. To the extent to which only a 
few terms are relevant* and the form of these terms is highly constrained by symmetry, 
one may identify essentially universal behavior shared by classes of diverse physical 
systems. Such universality is already evident in the basic similarity of the phase 
surfaces in the vicinity of the critical points in Figs. 4.1 and 4.2. For the case of a 
magnetic system, let us expand £{m,H,T) through fourth order (the sixth order case 
is considered in Problem 4.1), 

4 

£{m,H,T) = Yl«n{H,T)m n . (4.2) 

ffcssQ 

* There is no guarantee that t,he series may be truncated, and we shall subsequently 
see by dimensional analysis alone that all orders are relevant in two dimensions. 
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As discussed In connection with the middle column of Fig. 4.3. the conditions for a 
second order transition are 

d£ d 2 £ d 3 £ d*£ 

lm > 0 ( secon ‘ i order ) • ! 4S «) 

The second derivative must vanish because the curve changes from concave upward to 
concave downward and the third derivative must vanish to insure that the critical point 
is in fact a minimum. Similarly, from the bottom row, the conditions for a first order 
transition are 

— 0 £{mj i) = £(mg) (first order) . 

The form of £ may be further restricted by using the symmetry of the problem 
and expanding each of the coefficients a n (H,T) in the vicinity of the critical point in 
terms of the reduced parameters t~T~T c and h = H-H c = H 

a n (H, T) = b n + c„h + d„t . (4,36) 

Since, by inversion symmetry, £(m,H,T) — £{~-m,~H,T). the only invariants are 
even powers of m, even powers of h or combinations of odd powers of m and odd 
powers of H so that c n = 0 for even n and 6„ = d n = 0 for odd n. Furthermore, since 
«2 must change sign at the critical point, 62 = 0 and cfe > 0 and since 04 > 0 in the 
vicinity of the critical point, 64 > 0 and d 2 is irrelevant. Hence, the most general form 
for the Landau function near the critical point is 

£{m, h, f) = cihm + d^tn? + cahm 3 + 64m 4 > 0 , 64 > 0 . (4.4) 

In the present case, this expansion succinctly summarizes the essential features of Fig. 
4.3. In the case of crystals, with point group and translational symmetries and more 
complicated order parameters, the Landau rule that the symmetry group of the lower 
symmetry state must be a subgroup of the higher symmetry state for a second order 
transition provides a powerful tool for identifying the invariants which may appear in 
£ and thus characterize the possible phase transitions. 

To avoid misunderstanding, it is important to distinguish the Landau function 
from another function which also has the property that its minimum specifies the state 
of the system. Recall from the discussion in connection with Eqs. (2.162 - 2.163) that 
if the free energy is defined e~^ F < K ) = 'Si 5 *'), then 

< 4 - 5 ‘> 

and the Gibbs free energy is the Legendre transform with the property 

T(M) = F + MH(M) (4.56) 


d£_ = 9£_ 

dm mA dm 



(4.5c) 
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M 


Fig. 4.4 The Helmholtz Free energy F(H) r the Gibbs free energy F(Af), 
and the Landau function £(M) for the ferromagnet below T c . 


At zero field, then, the state of the system is specified by the condition = 0 so that 
when M is an order parameter, F(M) appears to satisfy the definition of the Landau 
function. In general, at finite field, one is tempted to consider the following function 
as the Landau function 


£{M, H) = T(M) - MH 

= F(H(M)) + M{H(M)-H) 


(4-5 d) 


s j nce — q anc | minimum specifies the state. (Note that the parameter 

JET is distinct from the function Above T c , where the isotherms in Fig. 4.1 

are smooth curves, £ becomes qualitatively like the top row of Fig. 4.3 and there 
is no problem with this association. Below the critical point, however, there is an 
essential difference between the behavior of £ and £ which is shown in Fig. 4.4 for 
the zero field case (where £ = T). Note that by Eq. (4.5c) Hj- = 0 at the points 
M — ±Mo corresponding to values of M in the ferromagnetic phase and the curve 
bends continuously upwards outside these points. However, because the isotherm 
has H = 0 for all values of -Mo < M < M 0 . T = F(H = 0) is a constant 
between these points. This non-analytic behavior of T is thus qualitatively different 
from the continuous double well of the phenomenological Landau function. Although, 
by definition, it describes the phase transition exactly, it does not embody the essential 
feature of the Landau function of describing a phase transition in terms of competing 
minima of a continuously varying smooth function. 

One useful result of the correspondence between £ and £ outside the region 
of phase coexistence is a clarification of the earlier discussion of fluctuations. The 
magnetic susceptibility directly measures the spin fluctuations^ since 


X = 


dm 

Jh 


g tr fa ZiS ie -** a -Zj 
tr 




(4.6) 
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By Eqs. (4.5) the susceptibility x is also directly related to the second derivative of t 


dH _ a?v_ _ a 2 £ 

dM ~ dM 2 ~ dM 2 


(4.7) 


and hence the spin fluctuations diverge as the curvature of L approaches zero at the 
critical point. 

BROKEN SYMMETRY 

The Landau function sketched in Fig. 4.3 clearly displays the phenomenon of 
symmetry breaking which we will observe in mean field theory. 

Although the Landau function for H = 0, T < T c displays all the symmetries 
of the magnetic Hamiltonian, its minima break the symmetry. For the case of Ising 
spins, the system Is invariant under global spin reflections S< —* — S, and the Landau 
function is a symmetric double well possessing the same symmetry. However, each of 
the two minima of the double well break the symmetry and transform into each other 
under spin reflection. For x-y and Heisenberg spins, the Landau function is a surface 
with a continuous set of degenerate minima reflecting the symmetry with respect to 
continuous global spin rotations. The configurations corresponding to each of these 
minima break the spin rotation symmetry and transform into one another under spin 
rotation. This structure is quite general. For a Hamiltonian with a symmetry group 
Q. above T c the disordered phase will be invariant under § whereas below T c , the 
degenerate disordered phases will not be invariant and will transform among each 
other under the action of Q. 

Since the thermodynamic properties of a macroscopic magnetic system below T e 
are non-analytic at H — 0. some care is required in discussing the zero field properties. 
On the one hand, physically we know that the magnetic field of a ferromagnet can point 
in some specific direction. On the other hand, the strict definition of a thermodynamic 
average as the sum over all states with the appropriate Boltzmann weights would 
yield zero net magnetization since ail degenerate orientations of the spins are weighted 
equally. To reconcile these two facts, one must examine carefully whether all the states 
of a magnetic system in zero field actually are accessed with equal probability. 

To avoid ambiguity, we shall define the order parameter at zero field as the limit 
of the order parameter in the presence of a weak external conjugate field as the field 
goes to zero. For a magnetic system, the zero field magnetization is defined 


M= lim M(H) . 

H-+ 0 ' ' 


(4.8) 


We first consider the case of Ising spins. For an arbitrarily weak positive H. the 
symmetry of the Landau function is broken and the minimum at positive M, denoted 
by A in the lower right of Fig, 4.3, is slightly lower than B, Using the fact that H 
couples to the spins through the interaction the Boltzmann weight then 

yields the ratio of probabilities for observing the system in state B and state A as 


Pb 

Pa 


-"iNfimH 


(4.9) 
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where, by Eq. (4.1), m is the magnetization per spin. In the thermodynamic limit, 
N -* oo so that Pb 0 for any H and as H -* 0. the system is in state A with 
M = M 0 . The zero field state thus depends upon the history by which it is prepared, 
and if instead we had taken a negative field, it would have approached state B with 
M = -Mo. The crucial role of the thermodynamic limit in this argument is clear. 
If N remained finite as H -* 0, then and the two minima would be equally 

populated. In fact, for a large but finite system, all the thermodynamic functions would 
be analytic. Ail the sharp edges of the phase surface in Fig. 4.1 would be smoothed 
and the isotherms below T c would be very steep but not infinite at H = 0, yielding a 
unique solution M = 0. For infinite N. however, the behavior is non-analytic at H = 0 
and one must define the state of the system by a specific path on the surface of the 
equation of state as H -* 0, Heuristically, if we interpret the Landau function as the 
free energy for the moment, because there is in some sense an infinite barrier between 
A and B. the system is not ergodic at H = 0 and may be trapped in either state A or 
B depending on the history. 

The situation can be slightly more complicated in the case of continuous symmetry. 
For x~ y spins, the Landau function is a surface with a minimum corresponding to the 
circle denoted by dashed lines in Fig. 4.3. As H 0. the minimum becomes flat, and 
all the degenerate configurations can be accessed without having to cross an infinite 
barrier. Similarly, for Heisenberg spins in zero field, there is a sphere of degenerate 
configurations corresponding to all the orientations of fixed |m| in three dimensions. 
We will see that thermal fluctuations can excite collective Goldstone modes in which the 
system samples degenerate configurations at the bottom of the valley. Depending on 
the dimensionality of the space and tensorial character of the order parameter, these 
collective modes can either destroy the order by equally mixing all the degenerate 
phases, or have no effect on the order because their effect is suppressed by phase 
space factors. 

4.2 GENERAL FORMULATION WITH ORDER PARAMETERS 

We now seek to formulate a general theory which in leading approximation em- 
bodies the physics of the Landau function of the order parameter. Since the order 
parameter is singled out as the collective variable representing the essential degrees 
of freedom governing phase transition, it is natural to cast the partition function in 
the form of a functional integral over the order parameter, and in the stationary phase 
approximation, the theory has precisely the Landau form. The corrections to the SPA 
systematically correct the leading Landau contribution. To introduce the basic ideas, 
we first present a simple Illustrative model and then discuss the general case. 

INFINITE RANGE ISING MODEL 

In order to relate the preceding discussion to the general theory involving a func- 
tional integral over an order parameter, it is instructive to consider an admittedly 
artificial model, which has the important property that the stationary phase approx- 
imation is exact. In this model, each of the Ising spins Si (Si — ±1) interacts with 
every other spin Si with an exchange energy The scaling of the exchange energy 
as jf in this model is required in order to have a thermodynamic limit. In the presence 
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of a magnetic field H, the partition function Z is 

W,H,N) = £‘ ! (4.10) 


where ]TV.j means a summation over alt the 2 N spin configurations in which each 
spin may nave S — ±1. 

We now introduce an extremely useful technique which we will use frequently and 
replace the inconvenient spin sum £{s,} by the integral over an auxiliary field 

of the easily evaluated spin sum E{Si} eS ’- Using the Gaussian identity. 


J-oo Sfc 

and noting that 

JV 

LmJn+m +e -^j^+n) 

{+} <=1 


we obtain 


Z(p,H,N) = £ 


dft M$£p* + Ni o<s 2ch0(H+ixJ) 

\fWr 


(4.11) 


(4.12) 


(4.13) 


The magnetization m and susceptibility x are obtained by taking derivatives of 
(4.13) with respect to H: 


m= 7rJ = {mH + /lJ)) (4 ‘ 14a) 

- (th*p(H + »J))~{mH + nJ))* • (4.146) 

pjs an jv-*+ao 

As mentioned in the introduction, we see that as long as p and N are finite, 
Z(P, H, N) is an analytic function. Singular behavior occurs only if JV — ► +oo or 
p -+ +oo. 

It is useful to define a function £(/ i,H). which we shall later identify with the 
Landau function, as the exponent in the expression for Z: 


= -—fi 2 - j\og2 chp{H + pJ) 


(4.15a) 


so that: 



g -0N£(fi,H) 


(4.156) 
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In the thermodynamic limit, N -* oo, the stationary phase method applied to Z, 
Eq. (4.15b) becomes exact. The stationarity condition: 

—£(/*, H) =0 (4.16a) 

yields 

fi — + (iJ) . (4.166) 

Let us denote by ns the solutions for Eq. (4.16) which are separated local minima 
of the function £(n>H)- Then we know that in the thermodynamic limit: 

z = yv/w£(Ms,tf) 


m ~ Es e* a£ l»'< H ) 

If there are several minima ns for £(n,H). they correspond to the different stable or 
metastable phases in which the system can exist. The probability to find the system 
in the phase ns is given by the Boltzmann factor: 

e ~0N£(v> s ,H) 

P{ns) = e -0NC{ fls ,H) - (4.18a) 

If one minimum, no. is an absolute minimum of £{n, H). then in the limit N oo 

P{n o) -♦ 1 and P{ns) -* 0 for all 5^0. Thus, in the thermodynamic limit, by 
Eq. (4.17b) n — Mo and we observe that the stationary value of this auxiliary field 
corresponds to the mean magnetization. Let us study Eq. (4.16) in more detail. First 
consider the case 77 = 0 for which 

£(n,0) = ~n 2 ~ -p log 2chfiJ n , (4.19a) 

and the stationary condition is 

n = thpJn • (4.196) 

The solutions of Eq. (4.19b) are the intersection of the straight line n and the hyperbolic 
tangent graphed in Fig. 4.5a. 

There are two qualitatively different types of solutions, depending on the slope of 
the hyperbolic tangent curve at the origin n- If PJ < 1. that is T > J, there is only 
one solution n = 0. corresponding to zero magnetization, and this solution is identified 
with the paramagnetic phase. The shape of C(n, 0) is shown in Fig. 4.5b for T > T c 
and has a single minimum at n — 0. with free energy F/N — £(n> °) = —T In 2. The 
susceptibility is obtained by differentiating Eq. (4.16b) with respect to H , H = 0. 


(4.17a) 

( 4 . 176 ) 


1 dn 1 - m 2 

P M -H = o ~ 1 H=0 


(4.20a) 



188 


ORDER PARAMETERS AND BROKEN SYMMETRY 


(a) 


(b) 


(c) 



Fig. 4.5 Sketches of the Landau function and oraphlcal solution 

for the stationary points for the Infinite- range Islng model. 


and in the paramagnetic case (m = 0) 

xr a =j^Tj- (4.206) 

The susceptibility diverges at T e = J. which we thus identify as a critical point. 

If 0J > 1, that is T <T C , Eq. (4.19b) has three solutions, which are the extrema 
of £((m, 0) graphed in Fig. 4.5c. Since the stationary solutions at the minima determine 
the physical solution, we ignore the solution ft = 0 corresponding to a maximum. 

The two physical solutions are the minimum A, corresponding to the positive 
magnetization f phase and the minimum B corresponding to the negative magnetization 
1 phase. Both f and j, phases have the same free energy, and thus both phases can 
be present in the system. 

Close to T c . the magnetization mo of one phase can be calculated by expanding 
Eq. (4.19b) to third order in n around p = 0, 

(4.21a) 

which yields: 


(4.216) 
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The model provides a concrete example of the need to define the zero field mag- 
netization carefully as the limit in which an external field is turned off. Simply arguing 
in terms of equal Boltzmann weights, one would naively calculate the zero field mag- 
netization to be 

m= ~{p A +h b ) = -(^o-mo) =0 . (4.22) 

However, as we shall now see, introduction of an infinitesimal field H, which we 
will assume to be positive, lifts the degeneracy between the two phases and leads 
to a unique absolute minimum of the Landau function. The stationarity condition 
p = th0(H + pJ), Eq. (4.16b), is solved graphically for a small magnetic field in Fig., 
4.5d. 

Away from the critical point, using the definition of the zero field susceptibility, 
the shift 8p away from the zero field solution p 0 induced by a small field H is 


6p=* 


dp_ 

dH h= o 


H 


= 0XoH . 


(4.23) 


So, as shown in Fig. 4.5, for T > T c , there is only one solution, point Q, with 
magnetization m = xoH, which goes to zero as H goes to zero. The minimum of the 
Landau functional is displaced in the direction of H. If T < T c as shown in Fig. 4.5 
there are three solutions: points A, B and Q'. 

The solution Q 1 . corresponding to pq< = is again a maximum of the Landau 
function and thus we must only consider the two phases A, corresponding to f. and 
B, corresponding to ). The magnetization of these phases is given by: 

= ±po +PxoH . (4.24) 

Their corresponding Landau function and Boltzman factors are given by 

C (//{£},#) =£{po,0)^poH (4.25) 

P { a } =P{po)' ±Nl>,loH ■ (4.26) 

Thus, we see that the introduction of a small magnetic field is sufficient to lift the 
degeneracy between the f and ) phases, and that: 


lim = lim e-W*" . (4.27) 

JV-oo P A N -* oo 1 ' 

So, the probability for the system to be in a phase opposite to the magnetic field is 
zero in the thermodynamic limit (as long as H does not go to zero as ^ or faster) 
and the magnetization is 


Aa = (Mo + PxoH) P A + ( ~IM> + Pxo H) P B 


(4.28) 
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which becomes equal to p 0 when H goes to zero. Thus, an infinitesimal field selects 
the phase with magnetization parallel to the field and the system acquires a finite 
magnetization. 

The non-analyticity of the free energy at H = 0 comes from the fact that at 
H — 0, the magnetization of the system flips. The free energy thus has the form 
sketched in Fig. 4.4 and the magnetization as a function of H behaves as the M - H 
phase diagram in Fig. 4.1. 

Because the stationary-phase approximation is exact for this model, we see clearly 
how the system locks onto one or the other of the two degenerate free field solutions 
as H is turned off, depending on the way the system is prepared. In practice, we 
will see that the process of turning off an external field means that whenever we 
encounter discretely separated degenerate minima in the Landau function, we calculate 
observables by taking into account only one of the minima. 

GENERALIZATIONS 

The features we have just seen for the infinite-range Ising model are very suggestive 
of the structure which will emerge in the next section when we address more general 
systems. In preparation, it is useful to discuss more generally some of the salient 
concepts. 

Order Parameters. In many cases of physical interest, we will be able to express 
the partition function as an integral Z = / dpe~ fiC ^’ H ^ such that at the stationary 
point, ps corresponds to the thermal average of a microscopic observable and satisfies 
the Landau definition of an order parameter. In the infinite-range Ising model, p, = 
m = (w'E'i &) and we f° und that m was zero above ~ and non - zero be * ow Tc 
The essential issue is to identify the physical order parameter. Once it is known, it is 
straightforward to formulate a suitable integral for Z. 

Thus far. we have restricted our attention to global order parameters which specify 
the value of some physical observable averaged over the entire system. It will also prove 
useful subsequently to consider a local order parameter specifying the average value 
of the observable at a specific position. Thus, for the magnetic example, the local 
order parameter is the local magnetization m< = {Si) and the global order parameter 
is the total magnetization m = representing the integral over all space. In 

Fourier space, m is just the k = 0 mode. We shall see that it is easy to generalize the 
Gaussian transformation for a single global order parameter p to a general Gaussian 
integral over a local order parameter pi defined on all the lattice sites. 

Landau Energy. The exponent C{p,H) appearing in the integral for the par- 
tition function naturally satisfies the definition of the Landau function. The absolute 
minimum of £{p,H) dominates Z in the stationary phase approximation, so the min- 
imum of j C specifies the state of the system. 

Phase Boundary and Critical Point. The order parameter varies discontinu- 
ous^ at a first-order phase transition and continuously at a second-order phase tran- 
sition. In the infinite-range Ising model, m varied discontinuous^ as H crossed zero 
below T c and the transition was thus first order. This discontinuity in H clearly arose 
from the N -* oo limit since the ratio of the thermodynamic weights of two nearly 
degenerate wells in Eq. (4.10), = e' Wwfl , would go to one as H -* 0 at finite 

N. The magnetization approached zero continuously at zero field at the second order 
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critical point T c . For second-order transitions, the behavior near the critical point is 
characterized by the critical exponent p. defined by 

m rZr.(cY L )’ T<Tc ' (4 ' 29 > 

For the infinite range Ising model, by Eq. (4.21b) we observe P = |. The definitions of 
critical exponents introduced in this and subsequent sections are summarized in Table 
4.3 at the end of the chapter for reference. 

Conjugate Field. A field which couples linearly to the microscopic variable whose 
expectation value is the order parameter is called the field conjugate to the order 
parameter. In the Ising example, H is the conjugate field because of the H ■ £),- 5* 
coupling in Eq. (4.10). The conjugate field, or symmetry breaking field, breaks the 
degeneracy of the degenerate double well and drives the discontinuous transition below 
T c from finite positive m at positive H to finite negative m at negative H. A second 
order transition occurs for some specific value H c of the conjugate field at the critical 
temperature. The behavior of m at T c for H near H c is described by the critical 
exponent 6 defined 

I* • (4.30a) 

For our Ising example, H c = 0, and expanding Eq. (4.16b) to third order in m at T c 
yields 

m 3 = j H (4.306) 

so that 6 = 3. 

Susceptibility. For the Ising example we have seen in Eq. (4.6) that the suscep- 
tibility for the order parameter, defined as the linear response of the order parameter 
to an infinitesimal conjugate field, is also the fluctuation of the order parameter. This 
relation holds in general for all cases in which the conjugate field couples linearly to the 
order parameter. Thus, in general, the susceptibility diverges at a second order phase 
transition, and the critical exponent 7 characterizing this divergence is defined by 

x T ~ T jr-r c r • Mi) 

For the infinite range example, according to Eq. (4.20) 7 = 1. In the case of a first 
order transition, there is no divergence in the susceptibility. 

Universal Behavior. In the present formulation, the critical behavior of a system 
is described by an integral over an order parameter of an action which is a functional 
of the order parameter. To the extent to which the functionals of the order parameter 
are equivalent for different systems, the critical behavior of these systems will coincide. 
The discussion of the power series expansion of the Landau function is highly suggestive 
that only a finite number of terms may be relevant to the critical behavior, and the form 
of these terms may in fact be highly constrained by symmetry considerations. Thus, 
it is not surprising that a large number of physically distinct systems may belong to 
the same universality class in the sense that they have identical critical exponents. For 
example, the ferromagnet YFcO$, the antiferromagnet FeF 2 , the fluid Xe, the alloy 
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/?-brass. the molecular crystal NH+Cl, and the three-dimensional Ising model are all 
characterized by a spin-like order parameter and belong to the same universality class. 

Symmetry Breaking. Very often, a phase transition occurs through the mech- 
anism of a symmetry breaking. In the magnetic example, the Hamiltonian H = 
377 Si/ is invariant with respect to reversal of all the spins Si —* —Si. Normally, 
we would expect that (5.) = (—Si) = 0. The appearance of a finite magnetization is 
the manifestation of a broken symmetry, in which (Si) / (-Si). 

More generally, let us consider a Hamiltonian Xfa) invariant under a group § of 
transformations on its degrees of freedom {<?<}: 

Vgeg,Vq i: M(gqi) = M(qi) . (4.32) 

Then, ail states {q<} obtained from {<?<} by the action of the group G have the same 
energy, and thus the same Boltzman factor. The conjugate field must have the property 
that when added linearly to the Hamiltonian, it lifts (at least partially) the degeneracy 
of X. For example, in the magnetic case, H ■ £3 Si breaks the invariance with respect 
to spin reversal. Hence, the symmetry group §' of the perturbed Hamiltonian 

*’(«)» *(tt) + ff-m(«) (4.33) 

must be a subgroup of the group Q (§' strictly included in Q). The perturbed Hamil- 
tonian X' then satisfies 

v? € 5' ■ X'(m) = *'(«) (4.34a) 

and 

v?e S,g^S\ *'(**)*#'(«) . (4.346) 

We will see in Section 4 that the nature of the residual subgroup §' controls the 
stability and excitation spectrum of the ordered low-temperature phase. In general, the 
knowledge of the order parameter is guided by general symmetry considerations, and 
by some physical intuition of the nature of the phase transition and of the conjugate 
field. In some cases, however, the order parameter can be a non-measurable quantity, 
not uniquely defined, or its physical nature can be very complex (as in the case of spin 
glasses). 

PHYSICAL EXAMPLES 

Table 4.1 summarizes the order parameter governing the phase transitions for a 
variety of physical systems, as well as their coupling to conjugate fields. The antifer- 
romagnet is similar to the ferromagnet we have discussed at length with the exception 
that the interaction J S(»7) favors antialignment of adjacent spins. For bipartite 
lattices, such that every spin on one sublattice A is surrounded by nearest neighbors 
on the other sublattice B and vice versa, m and H for the ferromagnet are simply 
replaced by staggered fields ms and Hs defined with opposite signs on the two sub- 
lattices. The ferroelectric transition in polar crystals is analogous to the ferromagnet 
with the spins Si and magnetic field H replaced by the polarization <£,• and electric field 
E. Similarly, the binary alloy transition is analogous to the liquid-gas transition we 
have described. 
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Phase 

Transition 

Order 

Parameter 

Conjugate Field 
Coupling 

N 



magnetic field 


Antiferromagnetic 

staggered magnetization 

fn^jX ie i 

1 -Si t eB 


q 


polarization 

d{ 

electric field 

_ liEil 

m 


density difference 
liquid - Pk a» 

IHHEBHi 

H 


■mn 


II 

Superfluid A 
transition in 4 He 

KlSRiOHi 


2 

Superconducting 

(metals) 

electron pair amplitude 
M x > x ‘) = {^t(s)^x') 

electron pair source 
+ h - c - 

2 


Table 4.1 Order parameters, the coupling to conjugate fields, and the number 
of components N for a variety of physical phase transitions. 

The new form of transition included in Table 4.1 is that associated with Bose 
condensation, which underlies the superconducting and superfluid transitions. For ori- 
entation. recall the simple case of Bose condensation of a non-interacting gas. The 
density of particles in a box of volume T is given by the sum over the discrete momen- 
tum states in the box 

w = yZ) ~ — • ( 4 - 35 ) 




The density increases monotonically as p approaches zero, at which point the p — 0 
mode becomes macroscopically occupied and must be separated from the rest of the 
sum which may be replaced by an integral 

f d*p 1 

^ J ( 2*) 3 

“ * (4-36) 


n = no + 


= no + 


i*) 3 ePix-1 
/mAT\ 3/a 




V 2 * J 

where f(3/2) = 2.612... is the Riemann f-function. Bose condensation, that is, 
macroscopic occupation of the p = 0 mode, thus sets in at the critical temperature 

2»r ( n \ 2/3 


r c = - 


km {((3/2)) 
below which the condensate density may be written 


(4.37) 


/ /n»/» 

, = n V [ -\tJ 


)• 


(4.38) 
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Fig. 4.6 Bose condensate density as a function of temperature (a) and 

sketch of the phase surface of the complex order parameter <j> (b). 

The condensate density thus has the behavior sketched in Fig. 4.6a characteristic of 
an order parameter or a function of an order parameter. 

To identify the local order parameter and understand the similarity to the mag- 
netic example, it is helpful to recall the stationary-phase treatment of Bose conden- 
sation in Section 2.5. We wrote the path integral in the space of coherent states 
|<£) = J '* t (*)|o) which have the property The action in the 

resulting path integral, Eq. (2.215a), depended upon the fields only through bilinear 
combinations <f>*(x,t) so the action was invariant with respect to the global 

gauge transformation 4>{x,t ) — * e xa <j>(x, t). In the stationary-phase approximation, the 
action was dominated by a constant solution, with <f>(x) = 0 (appropriate for the high 
temperature phase) or 4>{x) = 4> c where <f> c is a complex constant with magnitude 
and arbitrary phase reflecting the gauge symmetry. Thus, in this approximation, the 
condensed phase is characterized by a state in which {$(x)) = <p c which is analogous 
to the magnetic case characterized by the state with (5(xi)) = m. We therefore iden- 
tify {${x)) as the local order parameter and / dx(if>(x)} as the global order parameter. 
Note that because the solution is spatially uniform, only the zero momentum mode is 
non-vanishing. Also, by the properties of coherent states — |^ c | 2 so 

that the condensate density is no = \<f> c \ 7 and, as expected, is a function of the order 
parameter. Because the order parameter <j> c is complex with an arbitrary phase, the 
phase diagram has the structure sketched in Fig, 4.6b. The two degrees of freedom in 
the complex order parameter <f> are analogous to two components of m in the x - y 
model for which the magnitude jm| is fixed but the orientation is arbitrary. As in the 
spin case, there is a Goldstone mode associated with the degenerate phase angle. 

The analogy with spin may be extended further by considering the addition of 
external sources / dx[fo(x) - J(x) + J*(x)d>{x)\ as in Section 2.4 analogous to the 
coupling to an external magnetic field / ds, ^(s,) • §(x,). For finite sources J*,J, 
the Hamiltonian is no longer number-conserving, so for the exact eigenstate we know 
($i x ))j',J / 0- It is only in the case of identically vanishing sources that number 
conservation implies (^(i))/»=j=o = 0. just as for the zero field ferromagnet, equal 
Boltzmann weighting of all states would imply (3(sc,)) = 0. Thus, in the zero field 
limit, the Bose condensate exhibits broken symmetry, and depending upon the path 
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along which the sources are turned off, the condensate has a definite phase. 

If one wants to construct a solution of fixed particle number, one must project 
by taking the appropriate linear combination of the degenerate solutions. For example, 
if we write <f> c = pe *+. a state of definite particle number may be projected from a 
coherent state as follows 


r 2 ” u } = r a t (fc=O )| 0) 

Jo 2*r Jq 2 k 


( 4 . 39 ) 


-7F |W >' 


Once the order parameter for Bose condensation is recognized, the order parameter 
for superconducting or superfluid transitions follow naturally. For superconducting 
metals, pairs of electrons at the Fermi surface form bound states (Cooper pairs) which 
behave effectively as Bosons and thus undergo Bose condensation. Since the bound 
states are spin singlets, and the annihilation operator for a pair is there 

is just one complex order parameter A = (*)$;(*')). In liquid 3 He, the short 

range repulsion is so strong that pairs in relative 5-waves are much less bound than 
in relative p-waves, and by antisymmetry the p-wave pair wave function must be a 
spin triplet. Coupling spin 1 and angular momentum 1 involves 9 different complex 
amplitudes, and the resulting 18 real components of the order parameter give rise to 
an exceedingly rich physical phase structure. 


4.3 MEAN FIELD THEORY 


The mean field theory, first introduced by P. Weiss in the study of the ferromag- 
netic transition, provides a simple yet powerful theory of phase transitions. We will 
see that its validity depends crucially on the spatial dimension d. For d sufficiently 
large, greater than an upper critical dimension d c , the mean field theory is very good at 
all temperatures. It yields the exact critical exponents, which means that it correctly 
takes into account the divergences which occur at the critical point, and it provides a 
starting point for systematic corrections. Below d e but above a lower critical dimension 
d t . the mean field still works well except close to the critical point, where it yields the 
incorrect critical behavior. Below the lower critical dimension, dt, the mean field theory 
is invalid and its predictions are qualitatively wrong. 

LEGENDRE TRANSFORM 

To formulate the theory in terms of the order parameter fhi rather than the exter- 
nal field Hi. it is natural to use the Gibbs free energy, r(m<), which is the Legendre 
transform of the free energy F(Sj). Hence, let us review several basic ideas from 
Section 2.4, where the source J„ corresponded to the external field Hi. the field <j> a 
corresponded to the order parameter mi, and the generating function for connected 
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Green's functions -W(J a ) corresponded to the free energy F(Hi). The order param- 
eter is given by 

= (4.40) 

and the Gibbs free energy is defined 

F(*i) - F (Si (m y )) + Y, H<(my) ■ m (4.41) 

» 

where 5,(m,) is obtained by inverting Eq. (4.40). 

Below the transition temperature, we know that the zero field order parameter 
depends on the path by which S approaches zero, so the equation of state 

*S = *’*‘ ( * <) (4 ' 42) 


also depends upon the path. In contrast, the reciprocity relation 




dT 

dm 


leads to the unique zero-field equation of state 


dT 

dm 


(4.43) 


(4.44) 


which admits a set of broken symmetry solutions which correspond to all the different 
orientations assumed by the magnetic field when it is taken to zero. 

Since F(Si) is the generating function for connected Green's functions, the 
Green's function specifying the spin-spin correlation function and response of m to 
it,- is calculated in the usual way: 


1 d 2 F 1 0m y 

p dHidHj p dHi 

1 5 tr(Sye-**-£ ( W) 

P dHi 

= (SiSi) - {Si) (S^ (4.45) 

= G <) • 

For a translationally invariant system, G depends only on the relative distance (F«-ry) 
and the Fourier transform is defined 




(4.46) 
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and in the long wavelength limit yields the static susceptibility, Eq. (4.6) 


frm 0G(q) = T pGg 
i 

= f £«*$,>- 


(4.47) 


By the same argument used in Eq. (2.169), the Green's function may be expressed in 
terms of the Gibbs free energy using the relation 


_ dmi _ drrii dHk 

S .. _ — _ — — 

d a F d 2 T 


dHidHk dmkdmj 


(4.48a) 


so that 

Finally, as discussed in Sections 2.4 and 2.5, we recall that the perturbative ex- 
pansion of the Legendre transform is identical to the loop expansion for the free energy. 
Hence, by using the stationary phase approximation to obtain the loop expansion of 
the free energy around the mean field, we will obtain a systematic perturbative solution 
to the equation of state. Eq. (4.44). 

FERROMAGNETIC TRANSITION FOR CLASSICAL SPINS 

To illustrate the mean field theory, we shall study the classical 0(n) spin model 
on a .D-dimensional cubic lattice with lattice spacing a. The Hamiltonian is 


*3 3 


with the nearest-neighbor interaction 


J a = 


lo 


if i and j are nearest neighbors 
otherwise 


and the constraint 

s’ s ±(srf = i 

a=l 


(4.49a) 


(4.496) 

(4.49c) 


where Si denotes the n components {<S“} of a unit spin on the t th site of a cubic 
lattice, and Si denotes the n components of a spatially varying magnetic field on 
the t' th site. Recall that the cases n = 1, 2, 3 correspond to the Ising, x - y, and 
Heisenberg models, respectively. Note that in the absence of a magnetic field, the 
scalar products • Sj are invariant if all the spins are rotated by the same angle so 
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the Hamiltonian has 0(n) symmetry. In the presence of a constant magnetic field 
Hi = S, the symmetry group is reduced to 0{n - 1), the global rotations of spins 
around the direction of S. 

To evaluate the partition function, as in the case of the infinite-range Ising model, 
we introduce an integral over an auxiliary field using the Gaussian identity Eq. (1.179) 


f 2 

Z = I n dSiM^SiSi - l)e » * 

= c j n d<t> { e « I n d$iM-*6{3 { - l)e - 

~C J ( 4.50 a) 


where 


*<) = I E V A - A) • A - A) - i E ■* (/ T s(S> - 5 ) ' 

(4.506) 

The constant (7 = ^ j (det J,y) - and the factor ,V normalizing the spin sum 

correspond to additive constants in the free energy which will not affect our results. 

In the case of one-component Ising spins, the spin sum on a single site appearing 
in (4.41) is simple 

H [ dSS{S 2 - l)e^ iS = J2 e WiS 
J Sm± i (4.51a) 

= 2ch . 

For higher n, it may be evaluated in polar coordinates yielding 

M J dS6(S 2 - l)e^' 3i oc J ” de S m n - 2 8 (4.516) 

which may be expressed in terms of Bessel functions. Alternatively, the spin sum may 
be expanded in powers of 4> as in Problem 4.3. 

For simplicity, we shall first consider the single component Ising model, for which 

sy>i, Hi) = \ - Hi)jr.^ - Hi) - i £ 1 In \ 2 ch[j}<f>i)\ . (4.52) 

i] i 

The mean-field approximation is obtained by applying the stationary-phase approxima- 
tion 

e~ fiF = j 

* e-W+o *•> 


( 4 . 53 ) 
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where the stationary solutions fa satisfy the mean-field equations 

|f-L = o = E ( 4 - 54 °) 

Qt 1+ j 

or 

fa--=Hi + Y J i3 th (Pfa) • ( 4 - 54fc ) 

3 

Since !*(#<) = S(fa{H k ), Hi) in this approximation and = 0. the magneti- 
zation is given by 


_ _ds_ _ as 

rrH ~ dHi ~ dH ( 

= ( 4 - 55 ) 

i 

= th(Mi) . 

Using Eqs. (4.54b) and (4.55) to determine JET,- (my) 

H i = Y Ji ’ m 3 + ^ (4-56) 

and using the relations ch{th~ 1 x) = (1 - x 2 )~ 1/f2 and th~ l (x) = the 

Legendre transform is 

F(m») = S (?y(m,), Hj(mi)) + Y Hi(m,)mi (4.57) 

= \ Y - \Y ln fy 1 - m i)~ 1/2 \ - Y 1 X) rni * /i_lm< 

»j p * »y ' » 

= Y miJi > m 3 ~ J ln 2 + ^ XI tt 1 + m *') M 1 + m *) + (!-”><) M* - "»•)} • 


It is straightforward to verify that the equation of state given by Hi = is 

identical to Eq. (4.55). 

Specializing to the case of uniform magnetization ny = m, noting that the number 
of nearest neighbor bonds on a cubic lattice in D dimensions with N sites is DN. and 
expanding to fourth order in m. we obtain 

4pr(m) = - JDm 2 - 4 In 2 + ^ {(1 + m) ln(l + m) + (1 - m) ln(l - m)} 

N p 2p 

m-T ln 2 + ^~-(T - 2 JD) + ^m 4 + 0 (m 6 ) 


(4.58) 
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We observe that T(m) has the form of the zero field Landau function sketched in Fig. 
4.3 and given in Eq. (4.4) and thus, the system has a second-order phase transition 
at 


r c = 2j£) . 

For a uniform field, the equation of state Hi = 

yields 

(4.59) 

H = m(T - T e ) + ?m 3 
& 

T <T C 

(4.60) 

which implies the zero-field magnetization below T c 



m=±^/|(T <5 -T) 1 / 2 

T<T e 

(4.61) 

corresponding to the critical exponent f) = |. At T c 

, Eq. (4.59) yields 



2r=|m 3 (4.62) 


so that S = 3. 

The spin-spin correlation function and susceptibility near the critical point are 
obtained using Eqs. (4.48b) and (4.56): 

[PGaT 1 = = -Jtt + TStj(l + mf) + 0 (m 4 ) . (4.63) 

Since J.y is a function of the distance between sites and vanishes except for nearest 
neighbors, its Fourier transform is 

•>(<?)= a D Y,e~ iHri - ri) J(n-?i) 

D 

« 2 JaP cos q a a (4 .64) 

assl 

= 2 Ja D (D-£? + 0(ff'} . 

It is customary to simplify the formulas by using a = 1 and measuring all lengths 
in units of the lattice spacing. The Fourier transform of Eq. (4.62) yields the low-g 
behavior of the Green's function near the critical point 

PG® = ^ 

T —2J J2 cos q a + Tm 2 
a=a 

1 

v-o T-T 0 + Jf + Tm 2 


(4.65) 
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For T > T e , the magnetization is zero, so 



T>To 

(4.66a) 

and, by Eq. (4.47) 

1 

T > T e . 

(4.664) 


Note that we will use + and - subscripts to distinguish quantities above and below 
the critical point. 

The Green's function (4.66a) implies an exponential decay in coordinate space 


G(r) ~ e~ 

from which we define the correlation length 

T>T C 

(4.66c) 

£+ — \J ' t — t 

T > T e . 

(4.66d) 


As expected physically at a second order transition, the correlation length diverges, 
and this divergence is measured in general by the critical exponent v 


^tZt} T ~ T ^ V • (4 - 67) 


In the mean field approximation, we thus find v = | and 7 = 1 from Eqs. (4.62d and 
b), respectively. 

Below the critical point, the magnetization is given by Eqs, (4.60) so that we 
obtain 


P ® «~o 2{T c -T) + Jtf 

T < T c 

(4.68a) 

1 

X ~ ~ 2 (To - T) 

T < T e 

(4.684) 

G(r) = 

T < To 

(4.68c) 

2 (To - T) 

T < T e 

(4.68d) 


with the same critical exponents v = | and 7 = 1. 

At T 0 , the decay of the correlation function is no longer exponential. Rather, it is 
given by 



d°q 

(2*P 


f * 


(4.69) 


where the r dependence is easily recognized by changing variables Ssf |?j. The 
general behavior of the correlation function near a critical point is parameterized by the 
critical exponent rj 


G(r) 


tZtc |rj D “ 2 +n 


(4.70) 
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so that in the mean field approximation, rj = 0. 

The final thermodynamic quantity we consider is the specific heat. 


" 8T H dS H dT H *dT a dT* H ■ 


(4.71) 


Using (4.58) and (4.61) to evaluate F{H = 0, T) = T(M{H = 0),T) yields 


F(H = 0, 


f —TN In 2 - |^(r e - Tf 
1 -TN In 2 


T <T e 
T > T e 


(4.72) 


so that 


Cjr 




M. T <T C 
T >T C 


(4.73) 


and the mean field theory yields a discontinuity in the specific heat but no singularity. 
Because of the possibility of an analytic background term in the specific heat, the 
critical behavior is defined by the relation 


^ r ~ T jr-r c r + c (4.74) 

and the mean-field value of the critical exponent is a = 0. All the preceding definitions 
of critical exponents and the mean-field values are tabulated in Table 4.3 at the end of 
this chapter for reference. 

All these mean field results for Ising spins are straightforwardly generalized to an 
n-component 0(») spin system near the critical point where S(} t Si), Eq. (4.50b), 
may be expanded in powers of <f>. As shown in Problem 4.3, the Legendre transform 
expanded to fourth order with an irrelevant additive constant omitted is 

r(m,) = • (4.75a) 

ij i i 

For uniform magnetization m* = m we obtain: 

^-J* 2 { T - 2J r) + l { 0,1)1 (4 ' 75i) 

and in zero magnetic field, the equation of state is 

(r-^)m+|(m 2 )m = 0 . (4.76) 

Again, we see that there is a second-order transition at 
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The shape of T(m) for a two-component spin system is a surface of revolution sug- 
gested by the dashed line in Fig. 4.3. For T > T c . r(m) has a single paraboloid 
minimum at in = 0 whereas for T <T C the minimum is a circular valley with radius 


m 2 = |(T c -T) 


(4.78) 


For larger numbers of components, the minimum is a sphere in higher dimension with 
radius given by Eq. (4.77). Since (m) ~ (T c - T) 1 ^ 2 . we again obtain the critical 
exponent B = | . 

The correlation function now depends on the lattice sites and spin components 
and is given by 



* 2 r 

SmfSm 0 


— —JijSap + Sij | [AT + Bfrifj S a 0 + 2Bmfm 0 j 


(4.79) 


and the Fourier transform for a translationally invariant state with uniform magnetiza- 
tion m is 

[pG a0 {q)]~ l ? ~ o S afi { Jq 2 + A{T - T c ) + Bm 2 } + 2Bm a m 0 . (4.80) 


The direction of m is defined as the longitudinal axis, and all other perpendicular 
directions are called transverse directions. Above T c , m = 0 and the correlation 
function and susceptibility are isotropic and equal to the Ising result: 


BG a0 (q) = 8aP 

P W A(T - T„) + Jf 

T>T C 

(4.81a) 

x A{T - T e ) 

T>T e 

(4.816) 

•Tty 

+ 

II 

1 

0 ^3 

T > T c . 

(4.81c) 

Below T c . using Eq. (4.69), we obtain qualitatively different results in the longitudinal 
and transverse directions. In the longitudinal direction, where m“ = |m|. 

2A{T c - T) + Jf 

T <T e 

(4.82a) 

1 

XL ~ 2A{T C - T) 

1 

T < T c 

(4.826) 

y 2A ( T ° - T ) 

T <T e 

(4.82c) 
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whereas in the transverse direction, where m a = 0, 

= 3 T<T ° (4 ' 83a) 

xf = OO T <T C (4.836) 

t T = oo T < T c . (4.83c) 

Thus, for any number n of spin components, including n = 1. the behavior in the 
direction of the magnetization is identical. In addition, however, for n > 2, there are 
components perpendicular to the direction of m which behave totally differently. Since 
the minimum of the Gibbs free energy T is degenerate in these other directions, it costs 
negligible energy to create excitations in these directions, and the resulting proliferation 
of spin waves is responsible for the divergence of the susceptibility and the correlation 
length. 

APPLICATION TO GENERAL SYSTEMS 

The mean field theory may be applied quite generally to any system for which 
the local order parameter has been identified. Let us consider the general partition 
function 

z = e ~0F ^ J [*(«)+/ «.**(..«)"<-)] {4 84) 

where {g,} denotes the microscopic degrees of freedom, n{x, g,) is the microscopic 
local order parameter, U(x) is the external field which couples to the order parameter, 
and / dx represents a spatial integral for continuous systems or a sum over lattice 
sites for crystals. 

The basic idea is to express Z as a functional integral over a field which is an 
order parameter 

Z = j • (4.85) 

The integration variable /(x) in this equation is an order parameter, since by virtue 
of its linear coupling to U( x), its thermal average is equal to that of the microscopic 
order parameter 

= (a(*. ?<)> = {/(*)> » ( 4 - 86 ) 

3U\X) ly,.,, 

where in an obvious notation, the thermal averages (^(x, qt)} and {/(x)) are defined 
by Eqs. (4.84) and (4.85), respectively. Hence, application of the stationary phase 
approximation to Eq. (4.85) directly yields the desired form of a free energy as a 
function of an order parameter. 

Any linear transform of the microscopic order parameter is also an order param- 
eter in the Landau sense, because it vanishes in one phase and is non-zero in the 
other. Thus, the action in Eq. (4.85) may have a slightly more general coupling term 
/ dxdy U(x)M[x,y)g(y). Recall, for example, the functional integral for Ising spins, 
Eqs. (4.52, 4.53) 

Zl = J dfr E« WTt'Bi] (4.87) 
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in which case the order parameter 4> was linearly related to the microscopic order 
parameter by 

= X) • ( 4 ’ 88 ) 

i 

Note that in addition to being an acceptable order parameter in the Landau sense, fa 
in this case has the physical interpretation of a mean molecular field. That is, gives 
the potential seen at site * as a result of interactions Jti with the mean value (Sj) 
of each of the surrounding spins. Clearly, changing the variable of integration in Eq. 
(4.85) by an arbitrary linear transformation would not change the physical result, and 
we could just as well use the variable x< = to which case x< = (Si)- 

Thus far, in the case of spin systems, we have seen an example of a specific 
technique, the use of an auxiliary field, to obtain a functional integral for the partition 
function. However, in general, it is straightforward to obtain the functional integral 
Eq. (4.85) from Eq. (4.84) by introducing the constraint f(x) = tt(x, q,} by use of the 
identity 

1 = j Of(x) S (f(x) - p(x, qi )) (4.89) 

with the result 

Z = J TUdqi J D fix) S(f(x)-^x,qi)) e -^ iqi)+ I^^ X ' 9 ‘ )U{x ^ 

= <**'(*> p <«>] 

where 

7[f(x)\ ~-j\n J (/( x ) _ M ( x , g< )) . (4.906) 

Even in cases for which 7[/(z)] is too complicated to evaluate exactly, it may be 
expanded in powers of f(x) and used to study the behavior in the region of the critical 
point where f(x) is small. 

Let us illustrate this method for the liquid-gas transition. The grand partition 
function for a classical gas. with two-body potential v(?) in an external one-body 
potential (7(r) is 

z- Y' f tt dDr i dD p< -y"-. •p'l-M-gy;* . gw 

m j M 

(4.91a) 

The momenta can be integrated out, yielding: 

J=jjl (4.9U) 

JV=0 J •= 1 

where A is the fugacity, given by: 
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As discussed in the introduction, a natural order parameter in the liquid gas phase 
transition is the density of the fluid (or rather the difference p L - pc). Defining the 
density as 

N 

p(?) = £ (4.92) 

f* l 

and using the integral representation of the ^-function 

6 - £>(r -*)j = / DHr)e i S^ r M r )-'L t ^i)\ (4.93) 

we write the partition function of the system as: 

Z =fljnj 

N=0 1 * 

x e-pf^rumm I JJ d D r .-i £,*('.) 

= J Pp(r)^(r}e*7 d ° r * (?w?)_ f /^'•<i D r'p(?)»(?-?')p(?') + A J d D re~ i4,(f ) 

X ^/ A W) , ( 4 , 94) 

Regarded as an integral over p(r), this is precisely of the desired form, Eq. (4.85). 
However, in the present case, because the action is quadratic in p(r), one may proceed 
even further by integrating out the field p(r) to obtain 

Z=jjJ P^(?)e"^/ dD,dDr ' w?, ” y( '' )),, ' l < f ' -p ' ) (^ 5 '')-' ;, f !, ')) e -'/ <lD ’- 

(4.95) 

where u -1 (r) is the inverse of u(r) and we have redefined <f>(r) to be equal to ^#(r). 
We observe that the result is completely analogous to the Ising spin case, written 
in Eqs. (4.53) and (4.87). The field <j>{r) plays the role of U(r) corresponds 
to the magnetic field, the potential term e A / d0re replaces 2c hfifc. and 4>{r) — 
J d D r' ti(r-r')(^fe 1 $ (?-?*)) = J2i( v (?~?i)) is the mean field at point r generated 
by the equilibrium distribution of the surrounding particles. The liquid gas transition 
is studied in more detail in Problem 4.4. 

Before proceeding beyond the mean field theory, several observations should be 
made. The first is that the Landau theory discussed in Section 4.1, which was origi- 
nally introduced on a purely phenomenological basis, follows naturally from mean field 
theory. Recall that the Landau function was defined as a function of the global order 
parameter with the property that its minimum specifies the state of the system. When 
the partition function is written in the form Eq. (4.85) as a functional integral over 
an order parameter /(r) and the stationary phase approximation produces a spatially 
uniform solution, the minimum of the exponent \7 (/(r)) + / dxf(3) U(x)] also spec- 
ifies the state of the system. Hence, the exponent of the functional integral provides a 
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microscopic definition of the Landau function, and the criterion for the validity of the 
Landau theory is the validity of the stationary phase approximation. 

Note that since an analytic function of the order parameter is also an order param- 
eter. there is considerable freedom to define alternative Landau functions. For example, 
in the case of Ising spins, both S(4>i), Eq, (4.52), and r(mj); Eq. (4.57) are equivalent 
Landau functions and are related by the transformation m< = th[P4>i) = f$4>i + &($)■ 
Since these two order parameters are proportional near the critical point, they neces- 
sarily have the same critical behavior. 

The previous discussion of the symmetry properties of the Landau function applies 
both to the Legendre transform and to the exponent of the functional integral, and 
is frequently useful in identifying the allowed forms of their series expansions. For 
example, the 0(n) symmetry of the n-component spin model implies that only powers 
of m 2 may appear as in Eq. (4.75). In contrast, there are no exact symmetries for the 
order parameter <j> = pii qU id - p gss in the liquid gas phase transition, and in fact odd 
terms in $ enter the expansion after fourth order. 

The second observation about the mean field theory is the remarkable absence of 
any dependence of the critical indices of the spin models we considered on the spatial 
dimension D. the number of spin components n, or even the details of the coupling 
matrix J,y. These features only affect the actual value of the critical temperature. The 
critical exponents for the nearest neighbor 0(n) model with any n or D are identical 
to those of the infinite-range model for which the stationary phase approximation is 
exact. When we examine corrections to the stationary phase approximation, that 
is fluctuations around the mean field, we will see that n, D, and J,y may play an 
important role. In some cases, such as the infinite range model or high enough D, we 
will see that the fluctuations do not affect the critical behavior and that the mean field 
result is exact. At the other extreme, for cases such as the Ising model in 1 dimension 
or the * - y model in 2 dimensions, we will see that fluctuations completely alter the 
mean-field result. Hence, we now proceed to calculate the contributions of fluctuations. 

4.4 FLUCTUATIONS 

LANDAU GINZBURG THEORY AND DIMENSIONAL ANALYSIS 

We have just seen that the Landau function corresponds to the expansion of the 
exponent of a functional integral over an order parameter for the special case of a 
spatially uniform order parameter. In studying fluctuations, we will be interested in 
the more general case of a spatially dependent local order parameter, and the cor- 
responding expansion of the exponent in terms consistent with the symmetry of the 
system yields the Landau-Ginzburg functional. Suppose we have a problem with local 
order parameter 4>{r), possessing symmetry with respect to and with 

translation and rotation invariance. In addition to the even powers of <£(r) discussed 
previously in connection with the Landau function, the action may contain invariant 
derivative couplings of the fields. The lowest-order derivative term consistent with the 
symmetries is (V<£(r)) 2 , in which case the Landau-Ginzburg functional in zero field 
would have the form 



208 


ORDER PARAMETERS AND BROKEN SYMMETRY 


For a uniform order parameter far) = m, we recover the familiar Landau form and the 
(W(r)) 2 term accounts for the additional energy required if the order parameter is 
non-uniform. Just as only a limited number of powers of <j> are required to study the 
critical behavior, it is shown in Problem 4.2 that terms involving higher derivatives of 
4> or higher powers of (V$) are not necessary to study the critical behavior. 

In general, the Landau Ginzburg functional can always be obtained by expanding 
the exponent of a functional integral over an order parameter, and we will now illustrate 
how the form Eq. (4.96) is obtained for the Ising model in D dimensions. Expanding 
the Ising action, Eq. (4.52) to fourth order in zero field yields 

W**) = f E -yX>? + yX>? • (4.97) 

ij *' * 


Since we will be interested in dimensions, note that in units such that ft = c = ks — 1, 
0 ~ L, J ~ % and fa ~ JET, ~ £ so that 0Si is dimensionless as required. Defining a 
continuum field <j>(na) = fa, replacing sums by integrals according to o£ Va = 

J d D rfar), and calculating the first term in a Taylor series expansion of J~ l by 
noting 


so that 


we obtain the result 


= £> [« s“ + e~ a *t] Xm 

€t si 


“ 2JD [‘ * Td* 2 ] x 

(4.98a) 

“27c[^S”' + -"] 

(4.986) 


■ 

V 12 a D f 


(4-99) 

It is conventional to rescale the fields such that the coefficient of the gradient term is 
so we define <j> = [ 4ji? f a c-a ] 4> and thus obtain the form Eq. (4.96) 

PS[*)~ y<i D r|i(v^(r)) 2 + ^ 2 (r) + ^ 4 (r)| (4.100a) 


’ Ja 2 T 
T* 

'' 3J 2 T* a 


(: T - T c ) 


(4.1006) 

(4.100c) 


and we have used T c = 2 JD. 
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!t is important to appreciate the physical motivation for taking the continuum 
limit. Although the Ising problem on a lattice has a fundamental microscopic length 
scale, the lattice spacing o, we have seen that the behavior near the critical point is 
characterized by fluctuations and a correlation length which become arbitrarily large. 
Thus, for the long-wavelength excitations of the system which dominate the physics, 
the microscopic length a is irrelevant, and the correlation length determined by the 
coefficients in Eq. (4,100) is the physically relevant length scale. At the critical point, 
where the correlation length diverges, the system has no characteristic length scale 
and is expected to behave as a scale invariant system. The dominance of the long 
wavelength, or infrared, behavior of the action near the critical point, illustrated here for 
the Ising model, is completely general. For example, in the liquid-gas phase transition, 
the correlation length becomes arbitrarily large compared to the microscopic length 
scale associated with the molecular potential v(r), and the potential only affects the 
magnitude of the coefficients in the expansion of the exponent of Eq. (4.94). By the 
same argument, the critical behavior of a quantum system is also dominated by length 
scales arbitrarily large relative to the microscopic quantum scale, and quantum effects 
only contribute to the numerical values of coefficients. 

Having established that the critical behavior is governed by a Landau Ginzburg 
functional of the form Eq. (4.96), we now examine the role of the spatial dimension 
D by dimensional analysis. Denoting the dimensions of a quantity by square brackets, 
we find from the term / d D r (w(r)j that 

L D L- 2 {<j>} 2 = 1 (4,101a) 

or 

[<f>\ = L~ & f 2 . (4.1016) 

Similarly, the term r 0 / d D r<f> 2 (r) yields 

[r 0 ] = L~ 2 (4.101c) 

and the term ia 0 f <f x ’r^ 4 (r) gives 

[Mo] = L D ~* (4.101(f) 

consistent with the specific Ising results, Eq. (4.100). Recasting the action in dimen- 
sionless form by the transformation 


? = I • ?o 1/2 


^ = x^o 

the partition function for the system may be written 


(4.102) 


(4.103a) 
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where 

? = u 0 r^ 1_ . (4.1036) 

Recall that the critical point occurs when the quadratic term r 0 {T}4 > 2 changes 
sign, so that as seen in Eq. (4.4) for the general case and Eq. (4.100b) for the Ising 
model, we may write 

r 0 = a(T - T c ) (4.104) 

so that the effective perturbation parameter for the quartic term in Eq. (4.103) is 

g = uq a ’ |T — T c | . (4.105) 

This result clearly displays the role of the spatial dimension D in governing the be- 
havior of the functional integral Eq. (4.103a) for the partition function. We distinguish 
two qualitatively different cases. For D > 4. g —* 0 as T — * T c and a perturbative 
expansion in g around the mean field result becomes increasingly accurate as T ap- 
proaches T 0 . Hence, the mean field accurately describes the critical behavior. For 
D < 4. g — * oo as T — ► T c and perturbation theory breaks down within some range of 
T c . Although mean field theory may still be accurate away from the critical point, it 
will give the wrong critical behavior. The case D = 4 is marginal and requires special 
care. In general, however, one should not expect mean field theory to apply for D = 4. 

Thus, we have identified the upper critical dimension, d c , discussed at the begin- 
ning of Section 4.3, which specifies the dimension above which mean field theory is 
valid around T c . For the action (4.96), we have just shown that d c — 4. For other 
systems which admit other invariants in the action, dimensional analysis will yield dif- 
ferent results. For example, as shown in Problem 4.2, a cubic term in the action implies 
4 = 6. 

For D < d c , one can determine the temperature region, called the Ginzburg region, 
in which one expects the mean field theory to begin to break down by the condition 
g > 1. Using Eq. (4.105). we write 1 = u 0 a^r^AT) 2 ? 1 which yields 

A . (4.106a) 

a 

For subsequent reference, using the explicit parameters (4.100) for the Ising model we 
find 

AT/ = J . (4.1066) 

The size of the Ginzburg region may be estimated for physical systems by finding 
a combination of observables which yield Eq. (4.106a). First, note that using 0F — 
£[0l g' ven ' n Eq. (4.96), the mean field approximation to the free energy below T c 
is F = VTa 2 (T - T c ) 2 /(2u 0 ) so that the discontinuity in the specific heat per unit 
volume at T c analogous to Eq. (4.73) is 

[ T ^Z\ T: - 52T « 

[V dT 2 J T + ~ 


AC = 


«o 


(4.107a) 
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The correlation length for Z\4>\ is calculated in mean field theory as in Eqs. (4.63 - 4.68) 
using G -1 (s, y) oc from which it follows that G~ 1 (y) oc q i + a(T—T c ) and 

£ = [a(T~ re)] -1 / 2 . Since mean field theory is only valid away from the critical point, 
we will estimate the correlation length well away from the critical point |r c -r| = 0{T C ) 
as follows 

& ~ far,]- 1 / 2 . (4.1076) 

Combining Eqs. (4.106a, 4.107a and 4.107b). we obtain the result of Ginzburg (1960) 


AT = 


C-D 

Jo 

AC 


T? S' 


■To — 


D=3 ^(AC)2 


(4.107c) 


This dependence on the correlation length scale accounts for the dramatic difference 
between the size of the Ginzburg region for the superfluid transition in liquid Helium 
and for the superconducting transition in metals. In both cases, AC is of the order of 
several joule/cm 3 °K and T e is of the order of several °K. However, the characteristic 
range of intermotecular correlations in liquid Helium is of the order of several A yielding 
AT ~ 1 °K whereas for a superconductor the correlation length is the size of a Cooper 
pair ~ 10 3 A so that AT ~ 10~ 1S °K. 

ONE-LOOP CORRECTIONS 

We will now explicitly calculate the leading order correction to the mean field 
theory for the simple case of the Ising model, and defer until the next section the 
additional complications arising from continuous symmetry. Using the Ising action S 
given in Eq. (4.52), for which 


6 2 S 

$<f>i$<l>3 


= jr . 1 - p (i - tk'Mi) % 


(4.108) 


and including an explicit expansion parameter l to keep track of orders in the stationary- 
phase approximation, the stationary phase result including quadratic fluctuations is 


Zi(Hi) = j 

< “ det [ v <£^] ' *'"i T ( ‘ uo9 “ ) 


Here 

F(l Hi) = \ £ - H) J-. 1 (?,. - fly) - £ £> chfa + ~A$) (4.1096) 


with 


A{4>) = In det [% - fi[i - ttfPh) Ji,] 


(4.109c) 
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the stationary solution satisfies the mean field equations 


and we will ignore the overall multiplicative constant C = ^ [detJ" 1 ] 1 ^ 2 2 <JV . 

To leading order in the magnetization is given by 

<«»«> 

and as shown in Problem 4.5 the Legendre transform is 

r(m,l = J2 miJ i} m y + A K 1 " "*•') M 1 ~ ”*i) + (* + ”x) M 1 + *"01 

*3 P < 

+ 2^0 ln det ^ ~ J<y l - 

(4.1106) 

The equation of state is: 

Hi = = ~Y1 Ji i m i + J th ~ l m + Jii (* r « _ ^ " m r)‘ / ”)« 1 "X 

(4.111) 

and the susceptibility in the high temperature region, where w,- = 0, is given by 


_! a 2 r 


= -2 DJ + \ + \ £ MSr. - PJr,)~U 


The sum is simplified by taking the Fourier transform 

(4U21) 

where J(q) is the Fourier transform of J,y defined by Eq. (4.63) and with the convention 
that the lattice spacing a = 1, the integral / d D q is over the Brillouin zone w < q a < r. 
The critical temperature is defined by the divergence of the susceptibility so 


0 = -2 DJ + T C + 


1 f d D q ■/(?) 
l] {2 x) d i-M 


Hence, to leading order in | 


T ‘ tj (2»P 1 - ■ 
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We thus observe that the effect of fluctuations is to decrease the critical temperature 
below the mean field result. T** F = 2 DJ. This downward shift in T c is reasonable 
physically because fluctuations tend to disorder the system. 

In order to expand x _1 around T e . we subtract Eq. (4.113a) from Eq. (4.112b) 
with the result 


X" 1 = (T - T c ) + 


(Tc - T) f d D g P(g) 

t J (2*) D (T-j(q))(T c -J(q)) 


(4.114) 


Since the critical region is dominated by the low q fluctuations, we expand J(q) to 
second order in 5 as in Eq. (4.64). To order |. we obtain the low q behavior 


■ Ti (r-r.)(i-i/ 


d D q T c 2 

(2tt)*> ' jf{jf+T~T e ) 


r.)) 


(4.115a) 


From this result we observe that the \ correction to x 1 at T c for D — 4 contains 
/ a ^f 2 and is thus logarithmically divergent. For any other dimension, we make the 
change of variable 

% = \lf^Y c ' n (4 ' 1156) 

and the susceptibility becomes: 


i 

T~*Tc 


(T - T e ) 


1 (T - T e ) B ? ± T$ f d D k 1 \ 

J ° 12 J W D f(? + l)J 


(4.115c) 


This result displays the role of the dimension D observed previously from dimen- 
sional analysis. If D > 4. then the | corrections to x ” 1 are finite, and do not modify 
the dominant singular behavior of x- In particular, the critical exponent 7 remains 1 . 
It can be shown that this result persists to all orders in |. 

For D < 4, the j corrections to x -1 diverge around T c , and therefore dominate 
the critical behavior. The critical regime is said to be fluctuation dominated. The 
higher order terms in \ become more and more divergent around T c , and the mean 
field expansion is inapplicable. The critical behavior in this region may be understood 
using the renormalization group. An introduction is presented by Huang (1986) and 
more extensive treatments are given by Ma (1976) and by Pfeuty and Toulouse (1975). 

From Eq. (4.115c), we can estimate the size of the Ginzburg region by calculating 
the value of T - T c such that the | term equals 1. with the result 


AT = J 



1 

f(l + ifc 2 ) 


■Ps 


(4.116) 


which is consistent with the rough estimate (4.106b). 

Before leaving the Ising model, several additional comments are in order. In two 
dimensions, it may be solved exactly, and as an alternative to the lengthy original deriva- 
tion of Onsager (1944). a simple derivation using Grassmann variables is presented in 
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Problem 4.8. One should also note that there are physical systems such as K 2 C 0 F 4 
which are accurately described by the two-dimensional Ising model: the anisotropic 
ionic field allows only two orientations for the magnetic Co ions and the anisotropic 
exchange interactions between Co ions via intermediate ions are essentially confined 
within planes. In three dimensions, the critical behavior is approximately known nu- 
merically, and in Table 4.3 at the end of the chapter, the critical exponents for D = 2 
and 3 are tabulated to show how they approach the mean field results as D increases. 

Calculation of the leading order fluctuation contributions for n-component spins 
is similar to that we have just presented for Ising spins, except for the existence of 
a zero eigenvalue in the fluctuation matrix associated with symmetry with respect 
to continuous global spin rotations. Hence, we now consider the general problem of 
continuous symmetry. 

CONTINUOUS SYMMETRY 


We now consider the fluctuations around the mean field solution of a functional 
integral of the form: 

Z = J D<j>{x) (4.117a) 

where the action has a continuous invariance group §: 


Vge9: Sfo •*(*))»$ (*(*)) • (4.1176) 


The mean field equation: 


SS 

W .(*} 


(4.117c) 


has degenerate solutions, since if $ c (x) is a particular solution, g<t> e (%) is also a solution. 
Since Q is a continuous group, its elements may be parameterized by a continuous 
variable. 0, which may be real, complex, or a multicomponent vector, and we may 
write 

9 = 9(6) (4.118 a) 


and 

g ■ j> c (x) = 4c{x, 0 ) . 

To compute the quadratic fluctuations, we must diagonalize the operator: 


A{x,y) = 


6 *S 

6 <t> c (x) 6 <t> c (y) 


(4.1186) 


(4.119) 


In particular, we must identify the zero eigenvalues, and treat these modes explicitly. 
Note that if <f> c (x, 6 o) is a particular mean field solution to Eq. (4.117), then 
is an eigenvector of Eq. (4.119) with zero eigenvalue since: 




dy 


6 *S 


6 <fr c (x, 8 o) 84 > c {y, 0o) 

dS 


dtcjyM) 


a / as \ 
~ d0o WMo)/ 


(4.120) 
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The last line follows since = 0 for all 8 0 . 

These eigenmodes with zero eigenvalues correspond to the Goldstone 

modes we have discussed previously. For example, in the x - y model, d 0 is the angle 
specifying the magnetization direction, and corresponds to a mode in which the 
magnetization moves around the circular minimum of the potential as sketched in Fig. 
4.3. Since in field theory these modes correspond to zero mass particles, Goldstone 
modes are also referred to as massless modes. 

The number of independent Goldstone modes is the order of the remaining sym- 
metry group of the system in the ordered phase. For example, for the 0(n) spin model, 
the symmetry group of the ordered phase is <5(n— 1), and there are (n — 1) Goldstone 
modes. 

We will now calculate the quadratic corrections by evaluating the partition function 
Z — e -s(4> c (z,& o)) J f (4.121) 

where ^4{*,y) is defined in (4.119). 

Since A has a zero eigenvalue for the mode a ~ , it is useful to separate the 
fluctuations of <f> into a component proportional to ||^ and the remaining components 
orthogonal to ||^. Hence we define the function; 

Wo) = J (-*(*) + *.{*, *o)) (4.122a) 

so that fluctuations orthogonal to the zero mode ||^(a;, 0o) are defined by the condition 

/((Jo) = 0 . (4.1226) 

This constraint may be included in the functional integral for the partition function by 
inserting the identity 

J d6of'(d 0 )5(f(8 0 )) = l (4.123) 

in Eq. (4.121) to obtain 

5 = J P^(a;)«i<9 0 /'(^o)<S (/(<9 0 )) e" * / _ 

(4.124) 

Using the Fourier representation of the 6-function, the identity (4.123) can be rewritten 
as 

d0 o da ia f <faffj(Mo)(*(*)~.M*,So)) 

2w 

* f dx ^~jjj^4Mo)(^(*) -<MM°)) + (f^Mo)) ^ • 



(4.125) 
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We make the change of variable ip(x) = <t>(x) - <p c (x,6o) and substitute (4.12^1 
in (4.124) to obtain 


X dxdyj)(x)A(x,y)tj>(y)Xiaf 



(4.126a) 

The term linear in ip in Eq. (4.126a) vanishes by parity since simultaneously 
changing ip into —ip and a into —a leaves the exponent invariant while changing the 
sign of the linear term. Therefore, 


z - ’~ S 'J nsr / W(I > / dI 

x e -$dzdyil>(x)A(x,y)iti(y)+ia J dx ~^ * Aa}. ^ fi(s) 


(4.1265) 


To evaluate the remaining Gaussian integral in which A has a zero eigenvalue, we define 
a new operator 

\ ato l a<j> o / 

where e is a positive infinitesimal number which is eventually taken to zero, \jjfc) 
denotes the zero mode, and Ax is the projection of A on the subspace orthogonal to 
the zero mode. In block matrix form, A ( and A may be written 


e 0 
0 Ax 


0 0 
0 Ax 


(4.1275) 


The operator A t has a finite inverse, and the Gaussian integral (4.126b) with A 
replaced by A ( can be performed to obtain 


From Eq. (4.127), we see that 

defc A e = € det Ax 


(4,128a) 


(4.1285) 


and that since f$£ is the zero mode. 




30o 


d<p e (x, 0 o ) 
30o 


)'■ 


(4.128c) 
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The integral over a may now be performed, yielding: 



Thus, the usual factor for the quadratic fluctuations is replaced by the 

result 

‘ > ‘ f . (4.130) 

%/detA y/2r \/det Ax J y J V / 

The factor is the usual factor associated with each eigenvalue in a Gaussian 
integral, and the symbol / dB o denotes the volume integral over the invariance group 

9- 

It is shown in Problem 4.6 that for the general case of a vector field <p{x) in which 
the mean-field $ s (x,6) has an invariance group parameterized by the vector (0i,...0 n ) 
there are n Goldstone modes. j|-, and the partition function is given by 

»-.-N«,u)-*/n£[«(/*g f)f • (««) 

These considerations also apply to the case of mean-field solutions which are 
localized in space and time, where the zero modes are associated with space and time 
translation. We will see in Chapter 7 how one sums over all possible combinations of 
such localized solutions to obtain physical results. 

ONE-LOOP CORRECTIONS FOR THE X - Y MODEL 

To illustrate the physical effect of zero modes, we now evaluate the contributions 
of fluctuations for the two-component X - Y model. Recall that the X - Y model 
has two component spins, that is spins on the unit circle, at each lattice site, by the 
same argument used to arrive at Eq. (4.100) for Ising spins or. alternatively, by general 
symmetry considerations, the Landau-Ginzburg form of the partition function is 

Z= J P$(x)e f dDx {{V<h{*)Y+{V<h(s)) 2 )-%- f d D x1*(x)-^ f d D x(F[x)Y 

(4.132) 

where 4>i and <j >2 are the two components of the vector 4>. 

The mean field equation is 


V 2 * = (ro + uq <f> )</> 


(4.133a) 
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Below T c , we know that ro is negative, and j? is given by; 

f = ~ r f Q . (4.1336) 

We will parameterize the degenerate mean field solutions as follows: 

*-<*•>- (££ JO (““■> 

where 8 0 is a real parameter in the interval [0, 2*-] and fa = The invari- 

ance group is the group of two-dimensional rotations 50(2). the volume of which is 
/o’tfo — 2 jt. Let us compute the quadratic fluctuations around the solution B 0 = 0 
and denote the fluctuations relative to $ MF (0) as $ 

» = ?„(.] + ■ ( 4 . 13 «) 

Retaining quadratic terms in i>, the partition function becomes: 

Z = M J ^l) (4.135a) 

or in Fourier representation, 

J (4.1356) 

In the language of field theory, given a functional integral of the form (4.135a), the 
square of the mass of the particle represented by the field $ is the coefficient of 
in the Lagrangian. Therefore, in Eq. (4.135a) we see that the longitudinal fluctuations, 
represented by ij>i correspond to a mode of mass y/—2r 0 , whereas the transverse 
fluctuations represented by fa have zero mass. This zero mass mode, resulting from 
the broken continuous symmetry is the previously mentioned Goldstone mode. 

The quadratic fluctuation operator A(x, y) may be written in block matrix form 

or in Fourier space 

I(jfc)=^~ 2r ° ° 2 j . (4.1366) 

The longitudinal modes, corresponding to fluctuations in the direction of the mag- 
netization. and the transverse modes, corresponding to fluctuations perpendicular to 
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longitudinal transverse 

Fig. 4.7 Sketch of the spatial distribution of magnetization for longitudinal 
and transverse modes propagating In the direction k. 


the magnetization, are decoupled. The longitudinal mode ^ and its eigenvalue A*, are 
given by 

*t(2) = o * ) X L = f- 2r 0 . (4.137a) 

The transverse mode, i/>t, known as the spin-wave mode, and its eigenvalues are given 
by 

iM*) = ( e JL) X T = f . (4.1376) 

The spin waves have an eigenvalue spectrum which goes to zero and correspond 
to the Goldstone mode associated with the broken continuous symmetry. In contrast, 
because r 0 < 0 below T c , the longitudinal modes have strictly positive eigenvalues. 

Since 0) is proportional to the magnetization, one can associate these longitudinal 
and transverse modes with the fluctuations in the magnetization sketched in Fig. 4.7. 
Here, one observes that adding fluctuations tj>i in the direction of the magnetization 
m changes its magnitude and thus costs finite energy in the long wavelength limit 
whereas adding transverse fluctuations leaves the magnitude fixed and costs no energy 
in the long wavelength limit. 

It is now straightforward to calculate the partition function, applying the general 
result for continuous symmetry, (4.130). Using the parameterization (4.135) 


so that 



-[£] 

(4.138a) 

V «o 

(4.1386) 


Finally, we write as -|exp[tr In A±] using the diagonal form (4.137b) 

and note that the phase space factor eliminates the k = 0 divergence for D > 1, so 
the partition function may be written 



-Vr 0 2jt 

e 

«o 


V 


(rfr-if <0r(ln S*+lu(K*-3r,))) 


(4.139) 
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LOWER CRITICAL DIMENSION 

The x — y model illustrates one of the ways in which the mean field approximation 
may completely break down in sufficiently low dimension. Let us consider the cor- 
relation function for transverse fluctuations. The external field $ couples linearly to 
the order parameter so in the representation (4.135). the coupling of the transverse 
field to the fluctuation field may be written / d D xH 2 (x) (sc) . Hence, the transverse 
correlation function is 

„ , v 1 d 2 F 

Gt{x V) fi dH 2 (x)dH 2 (y) 

= (4.140) 

f d D k «<*•<*-»> 

-](2x) D f 

where we have used the Fourier representations (4.135b) and (4.137b). 

The convergence of the transverse correlation function depends on the dimension 
D. For more than two dimensions, D > 2, the integral (4.140) converges at k = 0. 
The Goldstone modes generate finite fluctuations which tend to disorder the system, 
but the phase space factor d D k renders their effect finite. In contrast, for D < 2, 
the integral diverges, and the Goldstone modes completely disorder the system. This 
result is the essence of the Merm'in Wagner theorem (1966), which states that for an 
n-vector model, with n > 2, the lower critical dimension is 2. That is, for D < 2, spin 
waves destroy the long range order of the magnetization, and the mean field prediction 
of magnetic order is completely incorrect. 

We can understand the lower critical dimension for magnetic systems somewhat 
more generally by physical arguments based on domain walls. This approach not only 
reproduces the spin wave instability just identified for vector spins, but also identifies 
the relevant mechanism for Ising spins. Whenever a system has degenerate states of 
broken symmetry, one must consider configurations in which the system breaks up 
into domains of different states separated by domain wails. Since in the vicinity of 
the walls, spins are not optimally aligned, domain walls increase the internal energy. 
However, because there are so many alternative positions for the walls, they may also 
significantly increase the entropy. Depending upon the competition between internal 
energy and entropy in the free energy, the system will either remain magnetically ordered 
or spontaneously break up into domains. 

Let us heuristically estimate the entropy and internal energy of a plane domain. in 
a £>-dimensional system with linear dimension L. Since the plane may be located at 
any position along any of the D axes, the number of possible positions is L D so the 
entropy behaves as 

S~DlnL . (4.141) 

The internal energy may be estimated by examining the interactions between 
successive layers of spins as sketched in Fig. 4.8. For Ising spins, a domain extends 
over only one lattice spacing, and the cost in energy relative to a uniformly magnetized 
state is proportional to the number of spins at the surface of the domain wall 

Plains • 


(4.142) 
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Ising spins Vector spins 


Fig. 4.8 Sketches of domain walls for Ising spins and for vector spins. 

For vector spins, the orientation of the spin may change from 8 = 0, to 9 = 8 0 over 
a domain A layers thick. Assuming the change in angle between two layers is the 
surface energy between the layers calculated by summing — J%y pS>» ■ — lj for all 

sites in one layer and adjacent sites on the next layer is L D ~ 1 (l - cos *£■). Therefore, 
summing over the A layers and expanding cos j for large A, 

Sector - A L d ~ x (l - cos 5) ~ A" 1 lP~ x 81 . (4.143) 

Using (4.141) and (4.142), the domain wall free energy in the case of Ising spins 

AFu>n e ~L D ~ l ~T In L . (4.144) 

If D < 1, the entropy dominates, the free energy is negative, and the system will 
spontaneously break up into domains. For D > 1, at sufficiently low T the internal 
energy dominates yielding a positive free energy and a state of uniform magnetic order 
is stable with respect to domain formation. Thus, for Ising spins, the lower critical 
dimension is 1. 

For vector spins, we note that the domain wall energy (4.143) decreases with 
increasing wall thickness A. Since A is limited by the length L of the system, we have 

E Vector ^L D - 2 8l . (4.145o) 

If we allow the wall thickness to approach the size of the system, its possible positions 
become restricted and the entropy estimate (4.141) becomes an overestimate 

^Vector < D In L . (4.1456) 

Hence, we have the following inequality for the free energy 

AiW* > L D ~ 2 8l - T In L . (4.145c) 

If D > 2, we are assured that below some finite T, the free energy is positive and an 
ordered magnetized state is stable. Although the present inequality cannot distinguish 
whether the disordered case arises at D = 2 or lower, it is clear physically that the 
delocalized domain wall is essentially a spin wave. The domain wall argument is thus 
consistent with the spin wave calculation (4.140) which showed that the lower critical 
dimension is 2. 
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THE ANDERSON-HIGGS MECHANISM 

The zero-mass Goldstone modes we have been discussing associated with degen- 
erate broken symmetry states only occur for finite range interactions. For example, 
as long as the interaction is negligible beyond some finite number of lattice spacings. 
spin waves as sketched in Fig. 4.8 will have zero energy in the long wavelength limit. 
However, for infinite range interactions, spins with some finite relative rotation will pro- 
duce a positive excitation energy at any distance, so the energy at zero wave number 
will be finite and the mode becomes massive. Thus, it is not surprising that systems 
with electromagnetic interactions and having broken symmetry do not have zero mass 
Goldstone modes. 

What is remarkable, however, is the structure which emerges for a theory with 
spontaneously broken symmetry which also possesses a local gauge invariance. This 
phenomenon was originally discovered by Anderson (1958) in the context of an elec- 
tromagnetic field in a superconductor, and was extended to more general gauge field 
theories by Anderson (1963) and Higgs (1964). We will illustrate the essential idea for 
a charged scalar field coupled to the electromagnetic field. From the discussion in Sec- 
tion 4.2, one may regard the scalar field as the order parameter for a superconductor 
and consider the present model as a Landau Ginzburg description of an electromagnetic 
field in a superconductor. 

To facilitate the treatment of gauge invariance, it is convenient to extend our 
previous discussion of spatially dependent local fields to include space and time de- 
pendence on an equivalent basis, and to use the covariant notation of relativistic field 
theory. We will use the conventions x M = {x°, x 1 , x 2 , x 3 } = (f, x, y, z}. x M = g^x", 
1 = goo = -ffu = -022 = -033. and = jfy. As in the original presentation of 
path integrals, we will consider the path integral as an integral over the Lagrangian 
written in terms of the fields, and to study fluctuations, we will be concerned with 
expanding the Lagrangian to second order in the fluctuations around the stationary 
solution. 

To appreciate the structure of the interacting theory, first consider separate, non- 
interacting scalar and electromagnetic fields. The charged scalar field is described by 
the real and imaginary components of a complex field, or equivalently by <f>*(x) and 
^(x). The Lagrangian contains the kinetic term and the potential terms include 
-V^*V<£ and the usual quadratic plus quartic polynomial needed for spontaneous 
symmetry breaking: 

£{4>)=d»f{x)d„<f>(x)-r 0 p(x)<i>(x)-^(4>^x)<l>(x)f . (4.146a) 

The mean field equation from varying <f>‘ is 

{d^dp + r 0 + u 0 ^*(x)^(x)] <f>{x) = 0 . (4.1466) 

Note that since £ contains the negative of the potential, uq must be positive and 
the broken symmetry case corresponds to ro < 0, in which case the minimum energy 
configurations are given by 

= -11 = 4,1 . (4.146c) 

UQ 
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To parameterize fluctuations parallel and perpendicular to the minimum, we write $(x) 
and <}>*{x) in terms of two real fields £(*) and r?(s) 

4>{x) = e i( M [<f> 0 + tj(x)) 

4>*{x) = (4> 0 + rj(se)) . 


Expanding (4,146a) to second order in the fluctuations 

l - ut + d»rid„r) + 2r 0 »? 2 (4.148a) 

«o 

so that the equations of motion are 

= 0 (4.1486) 

- 2r 0 ) ij = 0 . (4.148c) 


The Fourier transform of (4.148c) has the form -p^p/x + m 2 = - E 2 + p 2 + m 2 = 0, 
so that — 2r 0 plays the role of the mass squared. Thus, as expected from our previous 
treatment, of two component fields, we have one massive mode, tj, perpendicular to the 
circular minimum of the potential and one massless mode, £, parallel to the minimum. 

The Lagrangian for the electromagnetic potential A M has the familiar form 


£(A) = 


where 


F^ = 3" A" - 3" A" 

and variation of A .** yields the free space Maxwell equations: 
d u F vt x = 0 . 


(4.149a) 

(4.1496) 

(4.149c) 


In particular, V -B = V -B = Q or in momentum space k-B —%-B = Oso there are two 
independent transverse massless modes of the electromagnetic field. For subsequent 
reference, these degrees of freedom and the associated masses are tabulated in Table 
4.2. 

The Lagrangian for interacting scalar and electromagnetic fields is 


t = [(S' 1 +teA*‘)^(a;)]* [(3 M + ieA,x) <j>(x)\ - r 0 ^*(:r)<£(a:) 

(4 ‘ 150) 

where we have used Eqs. (4.146a) and (4.149a), and A" is coupled to $ via the minimal 
coupling (a M +*eA^). The Lagrangian is invariant under local gauge transformations 


tt*) - 

4>*(x) -* e te ^<j>*{x) 

A»(x) — A»{x) + ^d“6(x) 


(4.151) 
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Field 

Modes 

Number of 
Components 

m 2 

Non 

Scalar 

n 

1 

—2ro 

Interacting 


€ 

1 

0 

Fields 

em 

A u 

2 (transverse) 

0 

Interacting Fields 





Symmetric Phase 

Scalar 

<t>> V 

2 

ro 

( r o > 0) 

em 

A 11 

2 (transverse) 

0 

Interacting Fields 





Broken symmetry phase 

Scalar 

V 

1 

-2r 0 

(ro < 0) 

em 

A n 

3 

-2e 2 r 0 /uo 


Table 4.2 Summary of the degrees of freedom for a charged scalar field and 
electromagnetic field. 

as well as global gauge transformations in which 8 is constant. 

The mean field equations are obtained by variation with respect to <j>*. <j>, and 
with the results 


(3" + ie J 4'*)(3 J1 + ieAn)^ + r 0 <f> + uo4>*<j> 4> = 0 (4.1S2a) 

(3** — ieA li )(d li — ieAn)^* + ro<j>* + Uq 4>*4> <f>* = 0 (4.1526) 

— ie^ldp + tej4 M )<£ + ie<f>(d^ — ieA ll )<j>* + d u F VVk = 0 . (4.152c) 

For r 0 > 0. the stationary solution for <f> with minimum potential is ij> — (f>* = 0, and 
linearizing Eqs. (4,152) for infinitesimal fluctuations in <f>. 4>* , and A ^ yields 

[d^dn + r 0 )$ — 0 (4.153a) 

(3^ + r 0 )<j>* = 0 (4.1536) 

d»F v,t _ o . (4.153c) 


Thus, as tabulated in Table 4.1, the symmetric phase of the system has two massive 
modes for the scalar field and two massless transverse modes for the electromagnetic 
field. 

For r 0 < 0, the stationary solutions with minimum potential correspond to the 
broken symmetry fields satisfying Eq. (4.146c) and A^ = 0. To parameterize fluctu- 
ations parallel and perpendicular to the minimum in the potential, we again use Eqs. 
(4.147) to write <£(a;) and 4>*{ x ) In terms of two real fields £(x) and rj(x). To eval- 
uate the Lagrangian in terms of these new fields, it is convenient to make the gauge 
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transformation (4.151) with d(x) = £(s) to obtain 

$(®) -* = e~’^ x ' je‘*^ (^o + r?(s))] = <f>o + »?(*) 

(sc) — » e*^*^*(a;) = e*^*^ ($o + ’ll®))] = + *?(*) (4.154) 

^(*) ^ ^(*) + ^£(x) = l^a) . 

Note that the electromagnetic field tensor is unchanged by the transformation 
from yl'' to A* 1 . In terms of the new fields >7 and A 1 *, the Lagrangian (4.150) becomes 

L = (a' 4 -ieA' 1 )(^o + i7)(a (I +rey4 (1 )(^o + r?)- r o(^o + »?) 2 - -t(^o + »7) 4 - T-^u/^' ll/ 

(4.155) 

so that variation with respect to rj and A^ combined with Eq. (4.146c) for <f> 0 yield 
the following linearized equations for infinitesimal fluctuations of the fields 


(a^M - 2r 0 ) n = 0 (4.156a) 

+ 3 u F utl = 0. (4.1565) 

«o 

Since d lt d v F u,i = 0, Eq. (4.156b) implies the Lorentz gauge condition 

<3^ = 0 (4.156c) 

and (4.156b) may be rewritten 

{dvd" - 2e 2 “) = 0 . (4.156d) 

From the equations of motion (4.156), we observe two important results, which 
are also tabulated in Table 4.2. 

• The mode £(z), which in the non-interacting case was the massless component of 
the scalar field corresponding to fluctuations along the minimum of the potential, 
no longer appears explicitly in the action. Instead, it has been subsumed into 
the field A(x) by the gauge transformation, Eq. (4.154). The massless Goldstone 
mode is said to have been "gauged away". Only the massive mode r) of scalar 
field remains, and its mass is unaffected by the coupling to the electromagnetic 
field. 

• The electromagnetic field ^(s) differs from the free-field solution to Maxwell’s 
equation in two crucial respects. By Eq. (4.156d) it has a mass m 2 = - 2 e 2 ^. 
Furthermore, the four components A? have a single constraint, the Lorentz gauge 
condition (4.156c) so that there are three independent massive modes in con- 
trast to the two transverse massless modes for Maxwell’s equations. Thus, the 
massless Goldstone mode of the scalar field £ has been effectively replaced by the 
massive longitudinal component of the electromagnetic field. 
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The Anderson-Higgs mechanism occurs in diverse physical systems. The example 
we have discussed applies directly to a superconductor in an electromagnetic field. 
The zero mass excitations of a neutral superconducting Fermi gas become longitudinal 
plasma modes of finite mass when the gas is charged. One physical manifestation of 
the finite mass is the Meissener effect, in which an externally applied magnetic field 
can only penetrate a depth equal to the inverse mass into a bulk superconductor. In 
the Weinberg-Salam theory of electromagnetic and weak interactions using non-Abelian 
gauge theory, all the masses of the gauge fields are generated from as yet unobserved 
Higgs fields by this mechanism. 


Definition 


Mean 

Field 

D = 3 
Ising 

D = 2 
Ising 

c * = w\h = ~T%£\ h t Z Tc * r “ r ‘l~“ + G 

a 

0 

0.11 

0 

"* r ~ 

0 

1 

2 

0.326 

1 

8 


7 

1 

1.24 

T 

4 


6 

3 

4.8 

15 

G(r) T-T. 

n 

0 

0.037 

i 

4 

f T ~jr-r c r 

V 

1 

2 

0.63 

1 


Table 4.3 Definitions of critical exponents and their values for spin systems. 

The mean field results, which are exact for D > 4 for any number of spin 
components, are compared with approximate numerical values for Islng spins 
In 3 dimensions (LeGulllou and Zlnn-Justln, 1985) and the exact Islng values 
In 2 dimensions, 

PROBLEMS FOR CHAPTER 4 

The first two problems treat phenomenological Landau theory: Problem 1 
explores the effect of a sixth order term in the Landau function and Problem 2 
examines the effect of higher powers and gradients in the Landau-Ginzburg func- 
tional. Problems 3 and 5 fill in details of derivations omitted in the text for the 
mean field solution to the 0{n) spin model and the one-loop corrections to the 
Ising model, respectively. Problem 4 treats the liquid-gas phase transition in the 
canonical ensemble, and demonstrates how the same physical results emerge as in 
the grand canonical ensemble. The next two problems deal with corrections to the 
mean field approximation in the presence of zero modes. Problem 6 generalizes 
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the one-loop corrections presented in the text to the case of N zero modes and 
Problem 7 shows how the general perturbation expansion is obtained. To comple- 
ment the mean-field results developed throughout the chapter, Problem 8 presents 
an efficient and elegant exact solution of the two-dimensional Ising model using 
Grassmann variables. 

PROBLEM 4.1 Landau Theory 

Consider the Landau function including a sixth order contribution 

£{Af, h, t) = -hM + tM 2 + btM * + M 6 . 

Note, in comparing with Eq. (4.4), for simplicity we have set ci = -1, d 2 = 1 and 
5 e = 1 by appropriately scaling h, t, and M and we assume M couples to h linearly. 

a) Analyze the generic form of L in the 6 4 — T plane at H = 0 identifying 
regions of single, double, and various classes of triple minima. 

b) Find the lines of first-order and second-order phase transitions at H = 0. 

c) Locate the tricritical point and calculate the critical exponents. 

PROBLEM 4.2 Landau-Ginzburg Theory 

Consider a Landau-Ginzburg theory, with the functional: 

£ = / J-X ( !(«*) + !*’(*) + t. *';.)) . 

a) By using dimensional analysis, show that there is a critical dimension d r = 
2r/(r — 2) such that for d > d r , mean field theory is valid, whereas it is invalid near 
T b for d < d r . 

b) Write the mean field equations for r > 3, and calculate the critical expo- 
nents. 

c) Show, using dimensional analysis, that if t contains higher derivatives of 
4> or higher powers of (V$) these terms become negligible as T — » T c , 

PROBLEM 4.3 The Classical 0(n) Spin Model 

Consider the classical 0 (n) spin model defined in Eq. (4.50) for general numbers 
of components n. To study the mean field theory close to the critical point, expand 
In (/ d§6{S — l)e^' ^) through fourth order in 4> and Legendre transform to obtain 
Eq. (4.75a). Explain how this result follows directly from symmetry arguments. 
Calculate all the critical exponents. 

PROBLEM 4.4 The Liquid-Gas Phase Transition 

Consider a classical gas of particles interacting via a two-body potential v(r) 
subject to an external potential U(r). The grand canonical partition function is 
given by Eq. (4.91a). 

a) Write the mean field equation by applying the stationary-phase approx- 
imation to the functional integral (4.95). In the absence of an external potential 
U (r), assuming periodic boundary conditions, one can seek a constant solution 
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4>{r) — <1 >q. Write the equation for $$ in terms of the volume integral of the inter- 
action V 0 = f d 3 r t/(r). 

b) Show that if V 0 > 0, the mean-field solution 4>o is unique, whereas if Vb < 0, 
there exists a critical temperature T c below which the system can undergo a phase 
transition from a liquid phase to a gas phase. Compute the critical temperature, 
and the critical exponents. 

c) Using methods similar for those used to derive Eq. (4.95), show that the 
canonical partition function for a system of M particles is: 

Zz=— f ptf, e ~l: J a d i rd i r‘<Hr)v- l (r-r')<Hr')-i:Nlog(f o d i rdr «-«<'>) 


d) Show that the constant mean field solution is given by 4>a = P Vo where 
p = is the particle density. 

e) Calculate the pressure P and the chemical potential n as a function of 
p. Show that when Vo < 0, there exists a temperature T c below which there 
are two values of p, denoted by pc; and pl, for which the pressure is identical: 

P(pg) = P(pl). 

f) The condition for coexistence of two phases is the equality of their pressure 
and their chemical potential. Using pQ and px, from part e), show that the condition 
p{pg) = p(pl) is identical to the mean-field equation derived in the grand canonical 
case. 

PROBLEM 4.5 

Perform the Legendre transform for the Ising model including one-loop correc- 
tions to obtain Eq. (4.110). The algebra is greatly simplified by expanding con- 
sistently to first order in | and avoiding explicit evaluation of the quantity 
which cancels out of the final result. 

PROBLEM 4.6 One-Loop Corrections in the Presence of Zero Modes 

Consider the partition function 

5 = J D4>{x)e- s W*n (1) 


in the presence of a continuous symmetry for which the mean field equations 


ag (*(«)) 
d H x ) *(*)=*„ 


(2) 


have degenerate solutions <pc[x, 0) parameterized by an n-component vector 
0 = {ft, $2 • • • 9 n }. Expansion of the integral (1) around a specific mean field 
<jt c { x, 0) as in Eq. (4.122) yields 

Z = f p<f,(x) c(«J)) ( 3 ) 
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A (s,y) S<t>{x,d)64>{y,e) 

a) By taking derivatives of equation (2) with respect to 0,-, show that there 
are n Goldstone modes — | i— which satisfy 




b) As in Section 4.4, we will separate the transverse and longitudinal fluctu- 
>ns. 

If we define n functions f%{9): 


0) = j (<MM) ~ H*)) 


then the fluctuations orthogonal to the Goldstone modes satisfy /<(?) =0, % = 

1, n. Show that the constraints 0) = 0 may be included in the functional inte- 
gral by including the following multidimensional generalization of the identity Eq. 
(4.123) in the partition function 

/n^n‘(A(5))«(|^)=i . 

c) Introducing an auxiliary field h(sc), show that the partition function (3) is 
given by: 


£ (h(x)) - j JJ J I <***{*)(-* 

W 

d) Since the Goldstone modes jffj- are not necessarily orthonormal, let 
{<^i(z), * — 1, n) denote an orthonormal basis of the zero eigenspace of A and 
define 

A t = + A ± 

»=i 

analogous to Eq. (4.127a). Replacing A by A t in (4), and performing the <j> integral, 
show that when e goes to zero 

£ ^ e~ n/2 r -rt dXid$i f5 x 

«-* 0 x/det A± J Ll- 2ir [ ’ 



230 


ORDER PARAMETERS AND BROKEN SYMMETRY 


where (f\g) denotes / dx f(x)g(x). 

e) Performing the {A;} integrals in (5), show that 


and thus 


/. L f TT 1 

z = f TT d6j I I,d4>c |d^e\\ 

>/det Ax J r~ y/2n y 30* ' 50/ ^ 


f) Show that in the case of a vector field <j>(x) this argument yields Eq. (4.131). 

PROBLEM 4.7 Perturbation Theory in the Presence of Zero Modes 

In order to perform a perturbation expansion, it is sufficient to be able to 
calculate Gaussian integrals, using the identity 

Z = [ P<j>(x) v (4(*)) 

^ I 

_ e ~ f dx v (*]&) f p0( x ) e -i f dxd !t tWA&vltMgf I 

J U=o 


Let us define 


£(j) = j f dx dy(<Hx)~<t> c {z,»o)}A(s,p)(<l>(y)-<fic(y,9o)) e f d* j(*)4(*) 

and d<j> e = is a zero eigenvalue of A(x, y). We regularise A as: 

ja&W. 1 


4 — e irz£iirz£i 4. 4 , 

(a^ c |a<6 c ) 


and integrate over transverse fluctuations by introducing in Eq. (1) the identity 

f d0o/ ! (W/(M) = 1 


where 


f(6 0 ) = J dx |^(ar, 6 0 ) {-<t>{x) + <M*> *o)) • 


a) Show that 



s . fdMx)\ 2 ' 
sj(x) + \ ae o y 


^t(y) 
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where 




1 r de Q i 

v ^ JlJ 


e i f dxd V ]x(*)A- l (x,y)i±{y) 


and 


b) Show that: 


Jx(*) *y(*)- 


(9<kc 1 j > 




^i(i) 


where we have used the fact that 


A2 l |a* c ) = o . 

c) By expressing jJfej in terms of write the formal perturbation ex- 
pansion of Z as the exponential of an operator acting on £(]), at j — 0. 

Evaluate the first order term of this perturbation expansion. 

PROBLEM 4.8 The Two-Dimensional Ising Model 

This problem outlines the solution of the two-dimensional Ising model using a 
method due to Samuel (1980). 

Consider an Ising model on a square lattice of size N = (2 M x + 1) x (2 M v + 
1), with nearest neighbor interaction J, and periodic boundary conditions. The 
partition function of the system is: 

Z = ^ e 0- ; ]C,( s,s ’+** +s,s *+*v) (1) 

{*} 

where denotes a sum over all spin configurations S r = ±1, the sum ]T) 7 runs 

over all lattice sites, and a x and a y are unit vectors along the horizontal and vertical 
bonds. 

a) Using the fact that we are dealing with Ising spins (S — ±1), show that: 
e pJSS> = ch(0J){l + KSS') 
where K = thfiJ . From this identity, show that 
Z = {ch/3J) 2N 2 N s 


?= w 5Z n( i+ ^ 5?55,+a *K i+ ^ s, " yi ' +a ») • 

{«»} r 


where 
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b) The high temperature expansion of Z is obtained by expanding f in powers 
of K. Using the properties that: 


Y S $ n+ 1 =0 Yj S ? n = 2W 

{*> {*} 

show that f is the sum of all closed polygons joining adjacent sites of the lattice, 
not connected and possibly self-intersecting. The weight associated with a graph is 
obtained in the following way: there is a factor K per bond, and there is an overall 
factor T, which is the number of ways in which the polygon can be drawn on the 
lattice. 

Show that graphs 1, 2, 3 below contribute to and graphs 4 and 5 do not. 



( 1 ) ( 2 ) ( 3 ) ( 4 ) ( 5 ) 


Show that the contributions of the first three graphs are fi = NK 4 , & = § N(N — 
4)j K s , and = NK 22 

c) The essential idea of this method is to write a Grassmann functional inte- 
gral which, when expanded, generates all the graphs of f with the correct weights. 
Since each bond belongs to zero or one polygon, it is natural to try to associate 
Grassmann variables with bonds. Hence, we will let denote a creation operator 
for a horizontal bond between r and r + a x , ipl' 1 denote a creation operator for 
a vertical bond between r and r + o„, and define the corresponding annihilation 
operators and $!. We associate with each of these operators the Grassmann 
variables tf* h Tj* v rft Vr • We will now prove the following formula: 




(2) 


where dp = f] r drj* h dri^dri* h dri^ by showing that it generates the same set of graphs 
as in (b) with the same weights. First, show that (2) can be rewritten as 


f = (II ( 1 + fl * hr> * + ri°nr + + rft'Hr) 

x J] (1 + KrtfnUJ (l + Kn7r, v r+ay ) ) 


(3) 


where the brackets ( ) are defined by: 

(A) = j . 


(4) 
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In order to evaluate (3), we can use Wick’s theorem, with the Gaussian weight 
given in (4). Show that the only non-vanishing contractions are = 6 rr > 

(Vr V Vr') = &rr'- 

There are four terms in (3) that can be represented as corners: 
r = n*r h n V r ~i=r/ r *V i - = «* 
and two terms that can be represented as bonds: 

= Kr)* h ^ +am j r * = Kt}; v tf +ay . 


Show by expanding (3) that the only non-vanishing graphs are the polygons 
discussed in (b). Finally, evaluate the factors associated with each graph. In 
particular, check that all graphs come with a plus sign and have the same 
weights as those of the Ising model. 

d) In order to evaluate (2), it is convenient to diagonalize the quadratic form 
by going to Fourier representation. Using the following Fourier series: 




= E E .-‘“--'’C 

Vi ’ x=-M* V --M y 


where k = [k%, k?), k x — 2 m’+i s > ^2 ~ 2 m"+i i 3 = {~Me> • • • , +M X } and 
t — {~M y , . . ,,+My}, show that: 


<-f n ff 

»=-M, t=-M„ 

x e K E,, < ( e, * i “s'‘ o s +e '* aa r a s) £M k «i +a r<+*r<\+4°u) 


(5) 


e) The quadratic form in (5) is not yet quite diagonalized due to the couplings 
of k to — k. Show that it can be rewritten as: 


n II dal h dalda^daldal\da h _j.da^Y^ k e s 

s=-M, t=0 

where 

S = - ]C f 1 " f (“£*“« + “'-A + a T a l + a -k a -k) 

»=~M, t=0 v ' L 


+ K^a^a'-i + e-' k 'a*_\a h _ % + e ifc ’a£ e a| + e^a^a* E ) 

+ + at* at + ajJ’V'jj + a\a v __ % + a*_ fc £ a* s + s + a”~af + a^a|) 
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Rewrite £ in terms of the new variables 

^ *1 = “? h - a l 

fi “ a -£ h = 9l = a U H = a -% 

and show that the quadratic form is diagonal in k 

d) Evaluate f , In the thermodynamic limit, M x , M y — + +oo and the summa- 
tions over k are replaced by integrals: YLk ^ f-n ^ f-n ^n'- Show that the 
free energy is given by the Onsager result: 

— In 2-^ / f ^-ln[ch 2 (2^J) — sh(2/9J)(cos ki + cosfe)] . (6) 

iY 2 J 2w J 2 tt 

g) The argument of the In in (6) is minimal for fci = fca = 0, Show that 
for ki = fcai the argument of the In is positive, and that it vanishes when the 
temperature T reaches a critical value T c . Calculate T c . All the non-analyticities 
of F, if any, thus come from the vicinity of k = 0 and T — T c . By expanding the 
cosines in (6) around k = 0, and rescaling appropriately, show that when T goes to 
T c , the leading non-analyticity of F has the behavior: 

Ft* (T-T e f In \T-T C \ . 

Show that the specific heat has a logarithmic divergence, and thus the critical 
exponent a vanishes. 
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GREEN'S FUNCTIONS 


5.1 INTRODUCTION 

In Chapter 2, Green’s functions emerged as natural quantities to characterize 
many-particle systems. On the one hand, they are defined as thermal or ground state 
averages of time-ordered products of operators which are directly calculable in per- 
turbation theory, and on the other hand they may be related easily to experimental 
observables. Thus, although any particular observable could be calculated directly 
using the techniques of Chapters 2 and 3. it is worthwhile to develop the general prop- 
erties of Green's functions which are applicable to a broad range of phenomena and 
are widely utilized in the literature. 

DEFINITIONS 

The n-body real-time Green's function in the Grand Canonical Ensemble was 
defined in Eq. (2.21) as the thermal trace of a time-ordered product of creation and 
annihilation operators in the Heisenberg representation: 

$ {n) (ait u ■ ■ • antn\a'A, ■ ■ ■ a' n t ' n ) 

= i^TY ( e ~^-^)TaW( tl ) ■ •• «£>(**)«<£>* ft) ' • • 

(5.1a) 

To simplify and unify the notation, it is convenient to replace operators 
af(t) in the a-representation by field operators defined in Eq. (1.89) i>{x,t) = 
an( j t0 d eno t e the thermal average by brackets: 

$ (n) (*iti, • • • x n t n \x\t\ • • • 

= {-i) n (T$(xxh) ■ftx n t n )ft{x , n t , n ) •• ft^'A)) • 

Note, following the convention established in Section 1.1, any internal degrees of 
freedom such as spin or isospin, which may have been explicitly included in the label 
a, are now implicitly included in %. It will often be desirable to compress the notation 
still further, replacing the arguments by n: 

5<"*(l,---n]l',-.-n') = (—i) n (T${1) ■ ■ ■ $(n)ft(n') • • • ft(l')) . (5.1c) 

Similarly, using field operators in the imaginary-time Heisenberg representation, 
Eq. (2.23), a*f(r) —* ftx,r) = e^~ t, ^ r ifi(x)e~^~ M ^ T the thermal Green's function 
defined in Eq. (2.22) may be written 

5 (n) (*in, • • • SnTnlx’A, • • • = (T${xin) ■ ■ ■ ftx n T n )ft («) • • • ft (x\t[)) 

(5.2) 
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where the brackets again denote the thermal average. Note that in this notation real- 
time and thermal Green's functions are distinguished by arguments t and r. respectively. 

Finally, the zero-temperature Green's function is defined as the ground state ex- 
pectation value: 

(5.3a) 

= (-*) n (^o\TUxitx) - ^{x n t n )^(x' n t' n ) •• 

to emphasize its similarity in structure to the finite temperature Green’s function, we 
will also write it 

G (n) (*iti, ■ -Xntn 1*1*1, • • x' n t' n ) = (~i) n {T^{xiti) ■ ■ - ${x n t n )$ r {x' n t' n ) ■ ■ ■ ${z\t' x )) 

( 5 . 36 ) 

Note that finite and zero-temperature Green's functions are distinguished by the use 
of § and G. and that the brackets denote a thermal trace or ground state expectation 
value, respectively. Also, the inclusion of the factor (-»)" in Eqs. (5.1) and (5.3) is 
not a universal convention: whereas it is used by Abrikosov, Gorkov and Dzaloshinski 
(1963), Doniach and Sondheimer (1974), Fetter and Walecka (1971), and Kadanoff and 
Baym (1962). no factor of t is used by Thouless (1972). and Brown (1972) uses (i) n . 

Physically, the real-time Green's functions at finite and zero temperature have 
an obvious interpretation: they describe the propagation of disturbances created by 
injecting particles at the space-time points {x x t x } • • * {x n t n } and removing them at 
(se'^} ■ • • {x' n t' n }. Note also that the definitions are quite general, applying to finite 
or infinite systems, with no requirement of translational invariance. 

Since one-particle Green's functions will be studied in detail in subsequent sec- 
tions, it is useful to introduce several auxiliary definitions. For notational convenience, 
the superscript (n) will usually be omitted on one-particle Green's functions. The two 
time orders in real-time Green’s functions at zero or finite temperature are distinguished 
by the definition 

G(l|l') = 0(t x - fi)G>(l|l') + 9{t\ - t 1 )G < (l|l') (5.4) 

so that 

tG>(lIl') = (^(l)^(l')) (5.5a) 

and 

tG<(l|l')»f(^(l')^(l)> (5-56) 

where f is the usual factor denoting 1 for Bosons and -1 for Fermions. These quantities 
are combined to define retarded and advanced Green’s functions as follows 

*G*(1|1') = ; (G>(1|1') - G<(1|1')) 9{t x - t' x ) 

(5.6a) 

tG x (l|l') = t (G<(1|1') - G> (1 1 1')) eft - t x ) 

~-<tf(l),&l')]-cW*i-*i) • ( 5 - 6fc ) 

Analogous quantities are defined at finite temperature by replacing G by Q in Eqs. 
(5.4- 5.6) 
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EVALUATION OF OBSERVABLES 

Although Green's functions were introduced because of their physical connection 
to response functions, they contain sufficient information to evaluate alt ground state 
observables or thermal averages. Since the ground state expectation value of an n- 
body operator requires the matrix element of n creation operators to the left of n 
destruction operators, it may be obtained directly from the n-particle Green's function 
by evaluating all the times associated with creation operators at time f + infinitesimally 
later than the time t associated with the destruction operators: 

<? (n) ( xit , ■ ■ ■ • • • x' n t + ) , g 7 . 


A general one-body operator d = f dxdx'0{x',x)fo(x')ij>(x) thus has the expectation 
value 

<< 5 )=K J dxdx'0{x'x)G(xt\x't+) . (5.8) 

For example, using Eq. (1.96), the kinetic energy operator corresponds to 


0(a',a) = - ^6{x' t x)V* so that 




I™'* 1 ],,,, 

(5.9) 

where the explicit spin sum is written in the last line for the case of particles with spin. 
Similarly, for the spin density at position ?' ,T){x' t x) = 6 (r* — f')S{r — and 

(5(r")> = [Z*'<rG{f"crt |r"crt + )] . 

€F0* 

(5.10) 

For any system with a time-independent Hamiltonian, the Fourier frequency trans- 
form may be written 

G{xt\x't') = G(x, x';t — «') = / ^<S(x,s , ;w)e~ ,w( *~ t ' ) 
J 2 w 

(5.11) 

so that 

(< 5 ) = J dxdx'Oix'tx) J — ^e*"’ , G , (x, x';u>) 

(5.12) 


where *7 is a positive infinitesimal. Finally, if the system is also translationally invariant, 
it may be useful to take the Fourier momentum transform, being careful to carry the 
spin dependence separately if necessary: 


G(xt\x't')~G a A?-?-,t-t') = f -—s ■ (5.13) 
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The kinetic energy may then be rewritten 

{T) / d * kdM ■ ( 5 - 14 ) 

Finite-temperature results analogous to Eqs. (5.8- 5.14) are obtained straightfor- 
wardly using thermal Green's function. The only changes are elimination of the factor 
% in the relation 

(5) = f J dxdx’0(x'x)$(xr\x , r + ) (5.15) 

and replacement of the Fourier frequency integral in Eq. (5.11) by the Fourier series 
Eq. (2.129). 

The ground state energy Eo. internal energy U, and grand potential fi are of 
particular interest. Although for a Hamiltonian containing two-body forces, they can 
be calculated directly from the two-body Green's function, they may also be obtained 
from the one-body Green's function by using the Heisenberg equations of motion. 

Using the field operator commutation relations, Eq. (1.88) and the commutator 
identity 

[A, £<?]_ = [A,6} t d-iB[A,d] s (5.16) 

the Heisenberg equation for $( x , t) yields 

= J^(x,t),y dzft{z)T{z)$[z) + i J dzdz'^{z)^{z‘)v{z,z')i(z')^{z)^ 

= T x $(x,t) + J dx"ft{x",t)v(x, x")rj>{x" ,t)${x,t) (5.17) 

where we have used the symmetry of v(z, z 1 ) and T x denotes the differential operator 
for the kinetic energy used above. Thus. 

f dx f/^V,*') $(*»*))] , 

J L ' v 7 n «'-"«+ (5.18) 

= J dxdx" ^^(x',t')^(x", t)o(®, x")rl>(x",t)r^(x, f)^j 

so that 

(V) = J dx - T X J G(zf|z't+)]^ ^ . (5.19) 

The ground state energy may be written 

. = <r + v) . ii S J d, [(.| - iv;) m-w] 


E t 


(5.20a) 
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or for translationally invariant systems 

Eo = J dPkdu e i ”« (J~ + y) £<5„&w) . (5.205) 

Analogous relations are obtained for the internal energy at finite temperature using 
thermal Green's functions and the Heisenberg equation — t) = [$(x, r), 6— 
with the result 

(H) = if J dx - ^ V r +M^) 5M®'r + )J ^ ^ (5.21a) 

“ (£ + ■'“» + '“) ■ ( 5 “l 

The connection between the expressions for Eq, Eq. (5.20). and the perturbation 
expansion of Chapter 3 is not evident because of the presence of the time derivatives or 
y factors. To obtain a direct connection to diagrams, it is useful to recall the definition 
of the self-energy, Eq.(3.38) 

G~ I = Go 1 -E = i~-T x -E . (5.22) 

Thus, the combination ( ~T)G appearing in (V) as a result of the equation of 
motion can be rewritten (G -1 + £)G =1 + EG. Since we have diagram expansions 
for both E and G they can easily be combined for the complete result. However, when 
(T) is added to obtain E 0 . Eq. (5,20) no longer has the desired simple form. 

A convenient technique, originally due to Pauli, to generate an expression for Eq 
of the desired form is to consider a continuously parameterized set of Hamiltonians 

H{X)=T + XV (5.23) 

having eigenvalues Eo(X). eigenfunctions ’l'o(A). Green’s functions G^. and self- 
energies £<*>. Using the familiar relation $E 0 {X) = (^»o (A» K | V»o(A)> (which follows 
from evaluating ^^o(A) = {&(M) + <ifo| (&B) M and 

noting the first and third terms yield jE’o(A) ^ <V> oiV»o) = 0 since |V>o) »s normalized), 
the difference between the energy of the fully interacting system Eq - E 0 ( 1) and the 
energy of the noninteracting system = E 0 {0) may be written 

E 0 -W 0 = f\x-~E 0 {X) = j' ~(MmV\MV) 

~hlfl dx [(4 - T *) 

~^J 0 T / ds \j dx " dt> ( [^ A r 1 (*< I *"«') +E A (*t(z"t')) G A (ac"t'|a:t + )| 

= -f J J dxdx , dt"E x (xt\x't')G x {x , t'\xt + ) 

= J ~ J *¥* J • 


(5.24a) 
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For a translationally invariant system 

Eo-W 0 = if jf 1 I • (5.246) 

Analogous expressions for the Grand potential are obtained in terms of thermal Green’s 
functions using the relation ^fl(A) = (V) proved in Problem 2.11 and the definition 
of the self energy Eq. (2.178) (note the sign) 

n-n° = />„ 

= Tf^[{-h~ Tm + ») $ M x ' r+) ] xma . {5 * 25) 

= X / X / dxdx>dT, % k ( xr \ x>T, )9 x { x>r '\ XT+ ) ■ 

Note that the price of obtaining direct contact with diagrams is the additional para- 
metric integral over the coupling strength A. 

It is an instructive to exercise to combine the diagrams for £ and Q to obtain the 
familiar expansion for O — f2 0 or Eq-Wq, and the details are given in Problem 5.1. The 
trace £ A £ A is represented by a closed graph composed of <J A connecting to the two 
external points of £ A . An n th order contribution is obtained from an m th order term 
of £ A combined with an ( n — m) th order term of Q and the parametric integral yields a 
factor fg ~ n- It ' s seen In Problem 5.1 that a given graph in 0 — fi 0 arises from 
combinations of many bits and pieces of E A and Thus, the Grand potential is an 
example of a quantity which may often be more easily calculated directly rather than 
by using Green's functions. In addition to being inconvenient, use of the one-particle 
Green's function may also be dangerous since a seemingly innocuous approximation 
having little effect on one-particle properties may have a large uncontrolled effect on 
fi. Physically, this reflects the fact that the one-particle Green’s function is directly 
related to single-particle propagation in the many body system, instead of the two- 
body correlations to which Eq and fl 0 may be strongly sensitive. The principal results 
of this section are summarized in Table 5.1. 

5.2 ANALYTIC PROPERTIES 

Single-particle Green’s functions have important analytic properties which follow 
from general principles. We will establish the salient properties of zero-temperature, 
real-time finite temperature, and thermal Green's functions in turn. 

ZERO TEMPERATURE GREEN'S FUNCTIONS 

The spectral representation for the zero-temperature Green’s functions (Lehmann, 
1954) is obtained by inserting a complete set of eigenstates between the field operators 
in the definition of G(xt\x't'), Eq. (5.3a). 

%G(xt\x't‘) = ]T)0(f - t')(i>o\f(x,t)\^ +1 )(^ +1 \^(x' t t')\il>o) 

" ( 5 . 26 ) 
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So‘ =i &-*o 
S- l =i^- Ho-E 

°(*)=sV/ 

Go(w)= u _, k+i ,,^„( €jt _ ef .) 

{0)=i( J dad*' 0(a'a)G(at|a't + ) 

W=*f / da((< &+r)G(*tj*'« + )] #(=# 
B-Bo=it/ 0 1 ^/da[(<^-r)G(a«|.'t+)] ]t , i 
= if f 0 l dad*'dt'E x (*t|aV)G i (a't'|a» + ) 


$Z l = £+Ho -M 
$-* = £:+1I 0 -m+B 

sw=iE., e ' f “'^w 

<0)=f / d*da'0(a'a)5(ar|*'r + ) 

<H)=J f /da[(-^+T+M)S(*r|a'r+)] ii= ,, 
a-n 0 =f f / o 1 ^d»[(-*-r+M)S i (*T|a'r+)] sM , 
= *f J 0 ‘ ^ /dada'dr'E x (ar|.V}5 x (aV|*r+) 


Tabic 5.1 Summary of results for zero temperature and finite-temperature 
Green’s Functions. 

Note that the creation and annihilation operators only connect the iV-partlcle ground 
state to (iV-F-l)-particle states and (iV-l)-particle states, respectively. The Heisenberg 
field operators acting on eigenstates \i>n) with energies yield the explicit time- 
dependence e ~^ B " +i — JS?o)(*— *') f or the first term in Eq. (5.26) and -1 --®o )(*'-*) 

for the second term. Using Eq. (3.30). the Fourier frequency transform of the Green’s 
functions is 


( " i- v 

(j>o\P{ x )\^n *)(^n 
^ u> + {E**- l -E 0 )-iri 

The analytic behavior of G{w) has thus been clearly isolated and is sketched in Fig. 
5.1. For each eigenstate |t/<£ r+1 ) of the (JV + l)-particle system, there is a pole in the 
lower half plane at E n+1 -Eq with residue (^o|^(*)|^n +1 ){^« +1 |^ t ( a: )l^o) and for 
each eigenstate |^ -1 ) there is a pole in the upper half plane at energy ~(E**~ 1 -Eo) 
with residue (*)!^ _1 ){^n ^ ~ 1 |$(*)|^'o). The poles in the lower half plane begin 

at n N+1 = Eq + 1 - Eo and extend to +oo and those in the upper half plane extend 
from — oo up to = Eo — Eq -1 . Because it is often convenient to deal with 
functions which are analytic in the upper or lower half plane, it is frequently useful to 
use the retarded and advanced Green's functions. Eq. (5.6). The analytic structure for 
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(N - 1 ) 

G(w) 

IN) 

* A 

G*(w> 

G a (w) 


(N + O 




Fig. 5.1 Poles of G(w), G R (u)), and G^fw) In the complex w plane. 

Gj*,) and Gj^j shown in Fig. 5.1 immediately follows from that of G(w) by noting that 
G R (t — t') contains only 6(t - t') like the ( JV + l)-particle contribution to G(t - t') 
and G^(f - t 1 ) contain 6(t' - t ) like the (JV - l)-particle contribution. 

For notational simplicity, we will present the remaining results for a translationally 
invariant, infinite system. It is important to note, however, that all these results have 
obvious counterparts for finite systems. Since n^ N+1 ’> = pW = n in the limit of large 


systems, it is 

convenient to measure all energies relative to the chemical potential and 

we define 




E% +1 -E 0 = E” +l - E r+1 + E* +1 - 

= c" +1 +M 

-E 0 

(5.28a) 

and 

E S’ 1 -E 0 = E%- 1 - E*- 1 + E*~ l - 

-E 0 

(5.285) 


Writing the field operator in momentum representation $(x) = ]T)fc fy e * k an< * 
writing eigenstates i> R±1 of total momentum ±k, Fourier transformation of the Green's 
function Eq. (5.27) to momentum space yields 


f G(k,u>) 
G R (%, u») 
iG^ifc.w) 



l« +1 l4l^o)l 2 



W - fi + €n +l { + \i£ 


(5.29) 


where we have now indicated the advanced and retarded cases as well for completeness. 
The two simplifications for infinite systems are positive definite residues, representing 
the probability of finding a£|^o) or cik\'l>o} in eigenstates of the (JV + 1)- or (JV - 1)- 
particle systems, respectively, and a common starting point n for the (JV + 1)- and 
(JV - l)-particle poles. For real u>. Eq. (5.29) shows that G, G R . and G A are related 
as follows 

G*(w)‘ = G A {u>) 


(5.30) 
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and 


or equivalently 


, . / G r { w) w > n 

GM = | g *( w ) w<fl 

G(u>) = G R (w)9{w~n) + G A {w)6( f i-w) . 


(5.31a) 

(5.316) 


Since the poles of G{k,w) become arbitrarily closely spaced in a large system, 
only averages can be measured and it is useful to define spectral weight functions 

P + M - £ | {4>n +l l a * l^o) | 2 2ir6(eJ r+1 -«) 

” (5.32a) 

p-(Jfc.w) = J2\(' l l > n~ 1 \ a k\i>o)\ 2 ^S{e^ 1 -w) 


and 

p(k,w ) = ff(u)p + (k, w) - $0(~u)p~ {k,- w) . 
In terms of these weight functions. 


(5.326) 


G(fc,w) = f° ^ ~ "’ - tt-- ~ ? — P • (5.33a) 

/o 2rr [« — p — or + trj w — p + m' ~ ttj 


and 


f G^tJk.w') 1 _ r°° dw' p + (k,u') p (&,<*>') 

\G*(fc,w')J J Q 2rr w~n~u'±ir) J w - p + u' ±tq 


-L 


du>' 


pj^y) 


(5.336) 


2rr u — p, — w‘ ±irf 


From the relation = P~ Ttjr6(w), where P is the principal part, it follows that 


Re ( G R (k,l) } = p [°° ~ - 

Ig a (*,«)J 2* 


f G(fc,«] 

Im < G ft (fc,w) > ssr 

1<7 A (*, W ) 


r — sgn(w — /<) 

+ 

so that the Green's functions satisfy the dispersion relation 


(5.34) 


-p(k,w~p) 


( Gjfc, w ) i P r °o M 
Re { G*(fc, W ) ) = - / 

\ G^(fc,w) J * 


-ssrn(w'-p)] f G(fc,w) 
Im < G R {k,w) 
lG A (Jfc,w) 


(5.35) 
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Fig. 5.2 Schematic representation of a (7, p) or (e,e'p)reactlon. 


The commutation relations of the creation and annihiiation operators give rise to 
a sum rule for the spectral weight 

1 = <*>| [«* a+]_ t 1 ^ 0 ) = £ K^ +1 l4hM| 2 - f E 

= j o ^ [P + i k > w ) - ?P~ i k > «)] (5-36) 

~L„^ p{k ’ u) ■ 


Combined with Eqs. (5.33), this sum rule establishes the high frequency behavior of 
the Green’s functions: 


1 — /°° — P + ( fc » w, )-?P (*X) = I 

(?A( w j J "-"“>7° 2rr w u 


(5.37) 


Experimentally, the spectral weight function is accessible through semi-inclusive 
experiments. Consider, for example, a ('/,p) or (e,e'p) reaction on a nucleus, as 
sketched in Fig. 5.2 in which a real or virtual photon of momentum q is absorbed by 
a nucleus in its ground state |^ 0 ) and a proton is ejected. In the final state, only the 
ejected proton having momentum p = k + g is detected and the rest of the state is 
unresolved. In the impulse approximation, (in which the interactions of the ejected 
particles are neglected) the proton knocked out by the photon must have had an initial 
momentum of k. so a proton of momentum k has been removed and the cross section 
is 


o = VhM 2 s(i?r 1 +e p ~e 0 ~ &,) (5 38) 

= p~ ( k , E n + n N - Ef) . 

By varying the kinematics and including corrections to the impulse approximation, much 
has been learned about the behavior of the spectral weights (Frullani and Mougey, 
1984), An interesting energy weighted sum rule for p~(k,w) has been derived by 
Koltun (1972) and is derived in Problem 5.2. 

FINITE TEMPERATURE GREEN'S FUNCTIONS 

We now turn our attention to the analytic properties of finite-temperature Green’s 
functions. Instead of regarding thermal and real-time Green’s functions, Eq. (5.1- 5.2). 
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t-t' * i/3 ; T--/3 





T’fi 


Fig. 5.3 Domains of complex t — if plane In which § > [xt\aft') and 
g < (xt\x't') may be continued. By the periodicity of §. the domains are 
reported Indefinitely In the Imaginary t direction. 


as distinct entities, it is useful to consider p(xt|xV) as a function in the complex t — t' 
plane. Under the change of variables it -+ r. 




so that 


»p(xt|x't') -* p(xr| xV) 


(5.39a) 

(5.396) 


Thus, a single function of a complex time variable specifies the real time Green's 
function along the real-t-axis and the thermal Green's functions along the imaginary 
f-axis. The real-time Green's function, which describes the physical response of a 
system, may thereby be obtained from the thermal Green's function, which is calcu- 
lable by the perturbation theory described in Chapter 2, by straightforward analytic 
continuation. To see the analytic structure of $ in the complex t-plane, we write 


g(xt\x't') = 0(t - t')g > {xt\x , t'\) + 8{t' - t)5 < (xf|x't) (5.40a) 

where 

g > {xt\x‘t > ) = TV { > C*-**^) ^ (*) C A (j^) J 

5 < (xt|x't') = ^TY{e-^ +< (*"‘')H*"^)^ t (x'}e‘ ( ‘" t ' )(A ~^ ) ^(3;)} (5.406) 

In order for the thermodynamic traces to converge, g > and Q < can only be 
continued into regions in which the factors multiplying H — in the exponentials 
have negative real parts. (Note that 6 - p# must be positive for the partition func- 
tion to exist). Hence. p > (t-t') can be continued if Re{/3 — t(t - 1 1 )} > 0 and 
Re{t(t-f')} > 0. Similarly. g K (t - t ') can be continued if Re{0 + i(t - t')} > 0 
and Re{*(f - t')} < 0. Thus, g > and p < may be continued from the real axis in the 
following domains, which are also sketched in Fig. 5.3. 


■0 < Im(f — «') < 0 G > (t — t') 

0 < Im(t - t') < 0 G < (t - 1') . 


(5.41) 
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We have already shown in Chapter 2 that thermal Green's functions for the non- 
interacting system are periodic or antiperiodic with period p, Thus, the interacting 
9 constructed from them must also be periodic or antiperiodic when the imaginary 
part of the argument is shifted by 0, and we confirm that G < (t - f') is related to 
G > (t - tf - ip) appropriately as follows, using Eq. (5.40) and the cyclic property of 
the trace: 


G< (x, *»;(*- £')) = J 

= ? (*') } 
= fG* (ac, x'\ (t - t' - ip )) . (5.42) 

This periodicity is consistent with the domain of continuation shown in Fig. 5.3. since 
the discontinuity between G > and G K adjacent to the real axis must be repeated again 
along the t - t‘ — ±ip axes. 

To study the analytic properties in the w plane, we insert a complete set of states 
to extract the explicit time dependence as in the zero-temperature case and Fourier 
transform. As before, the singularity structure is the same for finite and translationaliy 
invariant systems, and we only treat the translationaliy invariant case here for notational 
convenience. Writing the trace and completeness relation using a complete set of 
eigenstates (ji/'m)} with all number of particles 

i9(xt\x't>) = 6(t - t')f !>"* 

+ tHS ~ 0|E(^l e '^“^^ t ( Z '> t, )l^>(^m|^(x 1 f)|^) . 

(5.43) 

Extracting the time dependence as in Eq. (5.26), Fourier transforming to frequency and 
momentum space as in Eqs. (5.27) and (5.29) and treating the advanced and retarded 
cases in the same way. we obtain 


f <?(*,«) 

< G R (k,i») 
{ G A (i b,«) 



Note that we have used the fact that the only non-vanishing contributions arise for 
states in which the number of particles in state n, N n , is one larger than the number 
in m, N m . Since the two terms in Eq. (5.44) include all N n = N m + 1, they have a 
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more symmetrical form than the corresponding terms in Eq. (5.2.4) which involve only 
N + 1 and N - 1. Thus, we may combine them to write the spectral weight function 


p(M) = iE{|<^l4l^|)f 

m ' n (5-45) 

x2*£[i? n - . 

One observes that this expression effectively reduces to Eq. (5.32b) in the zero tem- 
perature limit as follows. For w > 0 the first term dominates and denoting by mo 
the state with minimum E m - nN m ,lim 0 ^ x % e~ 0 (Bm ~^ Nm ' i \{^ n \a t k \^m )\ 2 = 

(V’n|«*lV l mo)| 2 - Analogously, for w < 0, the second term dominates and yields the 
factor K^moKl^) | 2 . 

Using Eq. (5.45). the spectral representation of Q R and $ A may be written in the 
same form as the zero-temperature case, Eq. (5.33b). 


f^ML r 

1 9 A {k,«)j-J_ a 


dui' p(k,w') 


2jt w — w' dfc iff 


(5.46) 


The real and imaginary parts obtained from Eq. (5.44) and (5.46) may be ex- 
pressed in the following form using the identity 1 +t)e~ 0w = tanh (Jy} (* “ ( e ~ l>v ) 


\ QM \ r 

Re{ g*{k,») Up 

l^MJ J ~ a 


dw' p(k, «') 
2jt w — w' 


f $(*,«) } -tanh(^) 
Im {$*(*,«) = 

Hence, we obtain the dispersion relations 


(5.47) 


5P( fc > w ) 


( S{k,u>) 1 p -oo 

Re 9 R (k,u>) J 

l^(ik, W )J * J ~ °° W - W 


- tanh 

+ 


P{k, w) 


and the relation between Q, Q R , and Q A 

«*,„). ifttdL 

' 1 - se~ 0u i - i« 0u 

= 1 + fn(w + fi) 9 R (*» w ) ~ ( n ( w + a) 9 A (&» w) 


(5.48) 


(5.49) 


where n(w + /*) is the familiar occupation probability, Eq, (2.75b). The last result 
reflects the fact that the poles in the upper and lower half plane overlap at finite 
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temperature and only in the zero temperature limit does one recover the simple structure 
of non-overlapping poles reflected in Eq. (5.34b): 

. (5.50) 

Note in making this comparison that at finite temperature the combination w + n 
occurred in Eq. (5.44) where only the frequency occurred at zero temperature in Eq. 
(5.27). Denoting the zero-temperature convention for the frequency as u/ 0 = w + p. 
we confirm that the factors 0{±w) = B (±(w 0 - /*)) agree with Eq. (5.31b). The sum 
rule for p(k,u>) is obtained as in Eq. (5.36). 


1 - W) |w - JT £,(*,„) (5.51) 

so that the finite temperature Green's functions have the high frequency behavior 
J A {k, U ) ) u - ,ooJ w 


(5.52) 


Finally, we relate the thermal Green’s function to the real-time Green's function 
through its spectral representation. Since £(*,*'; r-r') is periodic or antiperiodic on 
the interval (0, 0), we expand in a Fourier series with Matsubara frequencies cv„ = 2"*: 
or defined in Eq. (3.129). Inserting a complete set of states in £(scr|a:'0), Eq. 

(5.2). and evaluating the Fourier transform on the interval 0 < r < p as in Eq. (2.131) 
yields 




-jEiw.i-Ihui’*- 

f 00 p(fc,w') 

oo iu, — w' 




(5.53) 


Comparison with Eq. (5.46) shows that -9(k,w n ), § R {k,w n ) and $ A {k,w n ) are 
given by the same complex function specified by the weight p(k,w) evaluated along the 
imaginary axis at the discrete Matsubara frequencies or infinitesimally above or below 
the real axis. Given the positions of the singularities of Q R and § A sketched in Fig. 
5.4, it is clear that -p(w n ) calculated in perturbation theory is to be continued in the 
upper half plane to determine Q R and in the lower half plane to determine § A . From 
§ R (u>) and § A , S( w) is specified by Eq. (5.49). Although perturbation theory only 
specifies $(w n ) at a discrete set of points, the continuation is unique because of the 
requirement that £(w) ~ |~y at infinity. 

Although we will subsequently present a detailed example of how this analytic 
continuation works in Section 5.5. we conclude this present section with the simple 
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-S(td n ) ' 

r \ 
< 

1 

^ 1 
« R (w) , 



****** J 

9‘ *(w) 

< 

t 

J 

i 

< 

-S(o)„) j 



Fig. 5.4 Continuation of the function f ,n tlle complex w plane 

from points w = tw„ along the Imaginary axis where It equals -5(w„) to 
points infinitesimally above the real axis where It yields $ a {u) and below the 
real axis where It gives Q A (w). 


example of the Green's function for a non-interacting system. Equating the non- 
interacting thermal Green's functions, Eq. (2.131b) to the spectral representation Eq. 
(5.53). we obtain 


iu> n 

from which it follows that 


~l j 

f dw' 

p(k,w‘) 

(5.54a) 

-(«*-#*) "" J 

2?r 

%U) n — U>' 

p{k, u') = 2 wS [w 1 


-/,)] 

(5.546) 

' du‘ p(k, u') 


1 

(5.54c) 

2ir w — u>' ± it) 

U) - 

-(e k -p)±iri 


These manipulations are equivalent to simply replacing %w„ in the thermal Green's 
function by w±it) in the real-time Green's function (and including the overall minus sign 
from our conventions). Since there is only a single pole, there is no distinction between 
continuation from above or below the real axis. By Carlson's theorem, other functions, 
such as or — +sin/9w which coincide with .the thermal 

Green's function at the points tw n are ruled out because they do not converge as |~j 
at large w. Thus, shifting the frequency by p to coincide with the zero-temperature 
convention and using Eq. (5.49) we obtain 


= (l + ?ri(w))p K (w-/t)-?n(w)^(w-/i) 

_ 1+ fn(e fc ) _ fn(e fc ) (5.55) 

w — e* + it) u — — itj 


consistent with the zero temperature limit, Eq.(3.31) 


5.3 PHYSICAL CONTENT OF THE SELF ENERGY 


At this point, it is appropriate to complement the treatment of the formal prop- 
erties of Green’s functions by considering the physical content of a specific illustra- 
tive case: the one-particle Green's function for Fermions at zero temperature. Since 
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Dyson's equation. Eq. (2.178) expresses the difference between the non-interacting and 
interacting Green's functions in terms of the self-energy. £ 


Go(k,w) = 


1 

w - e fc + »£sgn(w) 


(5.56) 


G(k,w) = 


1 

W — €fc — E(fc,w) 


(5.57) 


all the many-body physics is contained in E and it is most convenient to study E(fc,w) 
directly. Recall the convention from Chapter 3 that all energies and frequencies are de- 
fined relative to the Fermi energy ep. Also note once again that we assume translational 
invariance not of physical necessity but rather to simplify the notation by rendering 
equations diagonal in momentum space. 

The essential features of E arise in the first two orders of perturbation theory, 
so we shall consider the approximate Green's function defined by the second order 
self-energy 


G 3 (Jb,w) = 


1 

w - £fe - Ei(fc) - E 2 (A:,w) 


(5.58) 


The first-order self-energy is 


(«) = ° X) a ( 5 - 59 ) 

A 

where, according to our standard conventions, the curly brackets denote an antisym- 
metrized matrix element, upper case letters denote occupied momentum states, lower 
case letters denote unoccupied momentum states, and the Greek letters (with the 
exception of w which always denotes frequency) indicate an unrestricted momentum 
which may be above or below kp. Because the eigenfunctions in a translationally 
invariant system are plane waves. Ei(a) coincides with the Hartree Fock potential, 
Eq. (2.180). Note that since the Hartree-Fock potential is instantaneous, it has no 
frequency dependence. The full generality of the structure in the self-energy arises 
in second order, for which we have previously evaluated the contributions of diagrams 
having two-particle one-hole intermediate states and two-hole one-particle intermediate 
states, Eqs. (3.58 - 3.59): 


E’ plh (a, u) 



ly> |{aB[o|ail»}| 2 
abB 


£ l hlp (a, w) 



l{«b\v\AB}\ 2 
€a + - e a - W + *17 


(5.60) 


Because these and all higher order diagrams have finite extent in time, they have explicit 
frequency dependence. 

Both terms in £2 have an infinite number of poles. The denominator of S 2plh 
vanishes when w = e a +ee - e# which requires w positive corresponding to an energy 
greater than ep. Similarly, S 2hlp has poles when w = €a + «b ~e a corresponding to w 
negative and energies less than «f- Since haH 2plh < 0 and ImE 2h,lp > 0, the finite 
imaginary parts of £2 replace the infinitesimal displacement irj sgn(w) required in the 
non-interacting Green’s function. 
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Fig. 5.5 Sketch of e a + £i(a) + £ 2 (<*><v) as a function of w. The dashed 
vertical asymptotes denote the poles of Ea(a,w) and the dots Indicate the 
graphical solutions for the positions of the poles In G 2 (a,w). 


QUASIPARTICLE POLE 

We now consider the poles in G^la, u). By our general arguments in Section 5.2. 
the poles represent the eigenstates of the interacting N + 1 particle system and the 
residues specify their overlap with a||$o}- ^ t * ie s y stem behaves as non-interacting 
particles, there will be a single pole with unit strength as in the case of £o(a><v)- 
As the system becomes more and more strongly interacting, the strength will become 
fragmented between more and more complicated states, subject only to the sum rule 
that the integrated strength remains 1. 

To analyze the pole structure of Gjfa.w), it is convenient to perform the graphical 
construction shown in Fig. 5.5, where + Ei(a) + E 2 (a,a>) is sketched as a function 
of <ji. We will first consider states above the Fermi sea. For every value w = e„ + 
€6 - e.B at which E 2 Plft (a,w) has a pole, a vertical asymptote is drawn in Fig, 5.5, 
and the function e a + Ei(a) + E 2 Plfc (a ,u>) must smoothly decrease from +oo to — oo 
between even pair of asymptotes as shown. The condition for a pole in Gs(a,w) that 
cu = €« + Ei (a) + E 2 Pl,l (a!,w) is represented on the graph by the intersection of 
e a + Ei(a) + E 2 Plh (a,w) with the straight line at 45°. 

Having appreciated the general structure, it is instructive to consider a schematic 
example. Instead of the infinite number of poles discussed above, we will assume 
£ 2 ( 0 /) has only two poles 




and study the poles and residues of 


Ga(o>) = 


ui — E o — E2 (w) 


(5.61) 


(5.62) 


where for notational convenience E 0 — e a +Ei and we have suppressed the »>?. Further, 
we will assume that JSi is above E 0 . E 2 is below Eo and that the residues in E 3 are 
very small, satisfying the conditions 


Ai 


I Ei - E 0 \ \Ej - Eo\ 


<6 « 1 


t = 1, 2 

J — 1» 2 ' 


(5.63) 



252 


GREEN'S FUNCTIONS 


(a) (b) 



Fig. 5.6 Graphical solution for the poles of G^w) and G 2 (cu) In Eqs. (5.62) 
and (5.64). 


For subsequent reference, since A\ and Ai are very weak so that E 2 (w) Is in some 
sense small, we first neglect E 2 (w) entirely and perform the graphical construction for 

i SM > 

in part (a) of Fig. 5.6. Since Eq has no w-dependence. the graph is structureless 
and a single pole of unit residue occurs at Eq. In part (b) of Fig. 5.6, the graphical 
construction is repeated forG 2 (w). Far away from Ei and Ei, J3d + E 2 (o>) approaches 
the horizontal line sketched in part (a), and it is only very close to the singularities Ei 
and j E 2 that the curve diverges to ±oo. Instead of the single pole at E 0 in case (a), 
we now have three poles: o>i very close to E\, w 2 close to f? 2 , and w 0 close to E 0 . 

We now expand G 2 (w) around each of the three poles w, which are solutions to 
the equation 

ui, = JSo *F S 2 (w») s — 0, 1, 2 . (5.65) 

Near the pole w,. 

u> — Eq — E 2 (to) - Eq ~ E 2 (w t ) — (w — W ( )E2 (w») 

= (w-w 4 )(1--E2(w,)) 

so that 

Thus, in general the residue of each pole is y . For our schematic model, the 

assumption (5.63) makes it easy to evaluate the residue for each pole. 

First, note using Eqs. (5.65) and (5.63) that the shifts w 4 — E , are negligible 
relative to the energy spacing and 


(5.66a) 

(5.666) 


(<* - 2?o) = (i* ~ Eo) (1 + 0(6)) 

(Ei - wq ) = (Ei - Eq) (1+0(6)) 

+ 0(4)1 


(5.67) 
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To leading order in 6, the residues are 


and 


1-E'K) 1 + ELi 

1 

1 + Ei=l (Bo-fe)*' 

2 


1 1 
i 


1 + *^ 

Ai 

(Eo - Et ) 3 


t' = l, 2 . 


(5.68a) 


(5.685) 


Now, the full physical effect of switching on the matrix elements Ai is evident. 
Without this coupling, the system has a pole with unit residue corresponding to the 
propagation of a single particle, as sketched in Fig. 5.6a. After switching on the 
interaction. Fig. 5.6b, the strength is now fragmented between three poles. The system 
still possesses a fundamental excitation near the original energy Eo. but now the energy 
is shifted slightly to w 0 and the residue 1 - Y%=i (E 0 -Ei)* ts less than one - 
pole is called the quasiparticle pole: it still behaves very much like a single-particle 
excitation, but is no longer a true particle pole because of the medium modifications. 
Consistent with the sum rule. Eq. (5.36), the strength which has been removed from the 
quasiparticle pole has been distributed to the two new poles, with strength (-g- - rfe-yr 
going to the pole at w<. These poles represent more complicated excitations of the 
many-particle medium, such as two-particle, one hole states. 

With this schematic model as an introduction, it is now appropriate to return 
to the general expression for the second-order self-energy, Eq. (5.60), which has both 
two-particle one-hole and two-hole one-particle contributions. The residue of the quasi- 
particle pole corresponding to the state a, assuming a weak interaction v, is given by 


1 |{oBHa&}l a |{a%lAfl}| 2 

(5.69) 

Thus, as shown in Fig. 5.7, the strength associated with a particle state is depleted 
by coupling both to two-particle one-hole states above the Fermi surface and to two- 
hole one-particle states below the Fermi surface. In the limit of a continuum, these 
two-particle one-hole and two-hole one-particle states yield a smooth background in 
addition to the simple quasiparticle excitations. 

Having introduced quasiparticles, it is natural to ask if there is any regime in 
which they provide a useful and accurate description of a physical system or whether 
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2h-lp 



2p-lh 


Fig. 5.7 Fragmentation of strength of the quaslpartlcle pole. 

they always decay so quickly to more complicated states that they are of no practical 
significance. In fact, Landau's Fermi liquid theory is based upon the quasiparticle 
picture and as shown in Chapter 6 can provide an exact description of physical Fermion 
systems in an appropriate limit. The essential point can be seen simply by calculating 
the lifetime from the imaginary part of E 2 in Eq. (5.60). Since by the usual argument 
with outgoing wave boundary conditions, a state with complex energy E = E R - 1 '§ 
has lifetime r = A, the lifetime for a quasiparticle state a evaluated at the quasiparticle 
pole e a above the Fermi energy, t'.e., e a > 0, is given by 

i = -ZImE a (a,e 0 ) = |{aB|«|a6}| 2 2 *6(e a + e B - e„ - e 6 ). (5.70) 

akB 

Note that if we had considered a hole state, the two-hole one-particle component of 
E 2 would have contributed instead of the two-particle one-hole component. 

When the energy e a is close to the Fermi energy t F , phase space restrictions on 
the sum over a, 5, and B severely limit the contributions to With the convention 
of measuring energies relative to e F , e B < 0 and e a . e a , e b > 0 so that the energy 
conservation condition in Eq. (5.70) is e a — |e 0 | + |e(,| + |«b|- Thus, neither e a nor e b 
may be greater than e a , Hence, letting p(e) denote the density of states and defining 
the maximum values of p(e) and |{o(B| v |ofc}| for 0 < e„, [esl < e« as p max and 
V m ax we obtain the bound 

- ^ ^max f de » f de b f de B p(€o)p(«fe)p(eB)<S (e« + e B - e a - e 6 ) 

f Jo Jo Jo 

= [ de b p{e a )p(e b )p(e a + e b ~e a ) (5.71) 

Jo Jo 

<^maxPraax4- 

No matter how strong the two-body interaction, as long as its matrix elements 
and the density of states remain finite in the vicinity of the Fermi surface, j is there- 
fore bounded by a constant times e^. A completely analogous argument holds for a 
quasi-hole. So in general, as the energy e of a quasiparticle or quasi-hole excitation 
approaches the Fermi Energy e F . the lifetime increases as 

r(e) « |e— e F | -3 . (5-72) 

Thus, under very general conditions, a strongiy-interacting many-Fermion system will 
always have a domain sufficiently close to the Fermi surface in which quasiparticles 
have arbitrarily long lifetimes and are the appropriate degrees of freedom to describe the 
system. Note that nowhere in this argument have we invoked momentum conservation, 
as in most common derivations, so this result is clearly applicable to finite systems 
and non-transiationaliy invariant systems. 
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EFFECTIVE MASSES 


We now consider the effect of the energy and momentum dependence of the self- 
energy on quasiparticle propagation in an interacting Fermi system. Whereas the anal- 
ysis pertains to a variety of interesting physical systems, such as a 3 He atom in liquid 
3 He or a low energy nucleon propagating in a nucleus, we will illustrate the major 
points for the case of a nucleon in translationally invariant nuclear matter. 

From the dispersion relation defining the quasiparticle pole 


the density of states may be calculated as follows 


de) 


de _ k_ as as de 
dk m a k^ de dk 
k ( m aS \ / 
“ m V 1+ k dKJ V 1 


(5.73) 


(5.74a) 


It is often convenient to subsume the complicated effect of the medium on a particular 
process into a suitably defined effective mass. The density of states may thus be 
expressed 

de k 


dk m* 
m* = m ( 1 + 


m as \ _1 / _ as\ 

k dk) V 1 8e) ' 


(5.746) 


Noting that m* itself is the product of factors associated with the energy and momen- 
tum dependence of E(fc, w) it is useful to define the additional effective masses m £ and 
m* as follows (Jeukenne, Lejeune. and Mahaux 1976) 


m,. 

m 

m k 

m 



m* _ m € m k 
m m m 


(5.75) 


and to study m e and m k separately. Note that the factor ~- is just the residue of the 
quasiparticle pole discussed in the last section. 

The mass m* reflects the spatial nonlocaiity of E, and may be understood qual- 
itatively by considering the non-locality of the exchange term of the Hartree-Fock po- 
tential. As shown in Problem. 5.3, the general result for the exchange terms assuming 
a central potential u(r) and spin degeneracy 2S+1 may be evaluated with plane wave 
states to obtain 


E \ xch {k) = 


-2S + I £ 


~2S + 1 J ° 


3j! (k F r)p 
k F r 


(5.76) 
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(a) (b) 




k F 


Fig. 5.8 Effective mass m* In nuclear matter. Sketch (a) shows the two 
factors contributing to the Fourier transform of Ef xch (fc) In Eq. (5.77). The 
resulting affective mass = (l + fjf) 1 Is shown In (b). 

Note that a central potential contributes to the exchange term with the opposite sign 
and a strength reduced by 2 s+i ' ^ the potential is state-dependent, then different 
combinations of partial waves contribute to the direct and exchange terms. In partic- 
ular. if we consider nucleons with two internal degrees of freedom, spin and isospin, 
and assume even partial waves interact with a potential v evea and odd partial waves 
interact with the potential v 0 dd. then, from Problem 5.3, the exchange term is 

£ r h (*0 = J d 3 r e ikr [|wM - |v od<1 (r)] . (5.77) 

Since the nucleon-nucleon interaction is strongly attractive in even partial waves and 
weakly repulsive in odd partial waves, the effective potential 

VexchM = ^Veven(r) ~ j^odd(f) (5-78) 

contributing to the exchange integral is strikingly different than in the state-independent 
case. Both contributions to v««h(r) are attractive, so that the net attraction from the 
exchange term is larger than from the direct term, apd the qualitative behavior of 
Vexch(r) and the Slater density — are sketched in Fig. 5.8a. Since £i Xch (fc) 
is given by the Fourier transform of the product of these two factors, its momentum 
dependence is obvious. At low k. E(fc) is strongly attractive and when k » kp. the 
characteristic scale in the integrand, E (k) -* 0. Hence — is a positive decreasing 
function of k. so that ^ = (l + ^ has the behavior sketched in Fig. 5.8b. 

Note that at low momentum, the spatial nonlocality reduces m k to roughly half of the 
bare mass m. 

The mass m t reflects the nonlocality of E in time. Since the Hartree-Fock con- 
tribution to E is instantaneous, the leading contribution to m t arises from Ez. Eq. 
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Fig. 5.9 Effective masses m e and m* In nuclear matter. 


(5.60). The qualitative behavior of this contribution may be understood by the following 
schematic argument (Bertsch and Kuo 1968). Represent the sum over ajl two-particle 
one-hole states by a single average state with excitation energy «« + «& - ~ E s and 

an effective coupling matrix element V: 


jxiplh 


<M = |£ 


e + - € a - €b 


1 V 2 

2 e-E z 


(5.79a) 


Similarly, represent the sum over two-hole one-particle states by a single average state, 
and further assume that near the Fermi surface particle and hole states are symmetric. 
Then, e* + - e„ ~ -E x and 


sf'IM - -i £ 


|{A;a|«|ylJ9)| 2 


Thus, both terms in E a become more negative as e is increased from 0. yielding the 
following enhancement in m e at the Fermi surface. 


m e _ 3E 

m e, ~ de 


d 1 V 2 V 2 2V 2 

de 2 [e~£ x e + JS,J c=0 " + E m » ' 


(5,80) 


This schematic analysis is too crude to calculate m e away from the Fermi surface, 
but detailed calculations (Jeukenne, Lejeune, and Mahaux, 1976) yield the behavior 
graphed in Fig. 5.9a. The enhancement is very large at the Fermi surface, of the order 
50%, and falls off significantly away from the Fermi surface. The combined effect of 
m e and m* in the total effective mass m* measured in the density of states has the 
structure shown in Fig. 5.9b. Note that because m*. is so small, on the average m* is 
significantly less than m. However, near the Fermi surface, the peak in m* brings m* 
nearly up to m. 

Although the product of m e and m* appears in the density of states, other ob- 
servables depend on m c and m* separately. Consider, for example, the mean free path, 
which is calculated by specifying a real energy e, and solving the dispersion relation 
(5.74) for a complex k. Denoting the real and imaginary parts of E by 17 and W. k is 
given by: 

€= ¥- + U{k,e) + iW{k,e) . 


(5.81) 
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Since the Imaginary part W is small, it is sufficient to expand to first order in W about 
the zeroth-order solution fco given by 

e=^ + tf(fc°,e) • (5.82) 

Writing fc s fcjz + *fcj and expanding Eq. (5.81) to first order, we obtain 

fco + 2ko{kR - k 0 + iki) t trn 4 
e — 1- u\Ko,e) 

3U I (5.83) 

+ -~\ {kR-ko + ik^-HWiko,*) 

ak I fco 

with the result 


k, = -n't**,.) (~ + ^ 


Since the attenuation factor for a complex wave vector is ^ l ~ |e < ( fc " +li * !, ) r 
e - 2 k,r t j, e mean f ree p a th is 


2k j 2 m k W(k R ,e) 1 ‘ ' 

and is thus proportional to 

Similarly, the lifetime of a quasiparticle excitation is obtained by specifying a real 
fc and solving for the complex energy. The zeroth order equation is 


*o = -^ + U(k,e 0 ) 


and writing e = €r we obtain 


* r ^ i TTtU \ 

e R ~ ~ h U(k,€ 0 ) 


+ ^| {eR-e 0 -i^+iW(k,eo) 


with the solution 


T=~2W(k,eo)(l-^) 1 — ~2W(k,e 0 )^ 
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Thus, the lifetime r = A is proportional to m c . The two results for A and T in Eqs. 
(5.85) and (5.88) are consistent since A and T are related through the group velocity 



dE _ k _ k m m 
dk m* m m c 


(5.89) 


The effective masses play a quantitatively significant role in determining the mean 
free path of a nucleon in the nuclear medium and serve to resolve a long-standing 
discrepancy with experiment. The mean free path in a nucleus of neutrons in the energy 
range 50 - 150 MeV may be determined from the amplitude of shape resonances in 
total neutron scattering cross sections. In this analog of the atomic Ramsauer efFect, 
interference between the incident and transmitted wave can only be observed if the 
mean free path is long enough for a neutron to pass through the nuclear medium, 
and in this way one measures A ~ 6fm for neutrons in this energy regime (Bohr and 
Mottelson, 1969). 

The naive classical estimate of a mean free path A = Aj which ignores the Pauli 
principle is far too low. with the average nucleon-nucleon cross section at 100 MeV 
W = 5.5fm 2 and nuclear density p = 0.16fm -3 yielding A = l.lfm. The simplest 
approximation to W = ImE is obtained from Eq. (5.70) by replacing matrix elements 
of the potential by the free space T- matrix {kB\T\ab} measured experi- 

mentally and replacing the energies e a in the medium by the free space energies -£■: 


W T (k, e) = - J £ \mT\ab }| 2 5 (e + & - 
abB ' 


2m 



(5.90) 


Using this estimate for W and ignoring the effective mass in Eq. (5.85) yields A = 
~ 2 mW r ~ 3fm - sti '* f ar short of the experimental result of 6fm. Thus, simply 
including the Pauli principle through the restriction ab > k F , B < k F is insufficient. 
However, this formula omits two effective mass factors. The 5-function in (5.90) 
with free propagators simply includes the free Fermi gas density of states. Since the 5- 
function in S. Eq. (5.70), contain the energies in the medium, W T should be multiplied 
by to include the density of states in the medium. Including the additional factor 
of m/t from Eq. (5.85), the correct T-matrix expression for the mean free path is 

<-> 

Thus, the medium dependence reflected in the two effective mass factors, each of the 
order of ~ ^ is crucial to understanding the nucleon mean free path (Negele and 
Yazaki 1981, Fantoni, Friman and Pandharipande 1981). 

OPTICAL POTENTIAL 

Another important physical property of the self-energy is the fact that it specifies 
the optical potential for the scattering of a particle from a composite system made up 
of identical particles (Bell and Squires 1959). 
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Consider the elastic c an electron from an atom or a nucleon from a 

nucleus. Since the composite system is required to remain in its ground state, the 
asymptotic scattering state may be described by a wave function <f>(r] depending only 
on the relative coordinate between the composite system and the scattered particle. 
By definition, the optical potential is a one-particle potential producing phase shifts 
identically equal to those produced in <j>(r) for the full many-body problem. Note that 
since any phase-shift equivalent potential is satisfactory, the optical potential is not 
unique. 

The essential point in relating the optical potential to the self-energy is the ob- 
servation that the wave function can be written in terms of the one-particle Green's 
function. Since G(rt|rV) is the amplitude for adding a particle to a system at r't' 
and detecting it at rt, it is clear that we should be able to express the scattering wave 
function in terms of G. To be precise, let |^) be the ground state of the iV-body 
composite system and pick the zero of the energy scale such that its energy is zero. 
Then a scattering state may be generated by creating a particle at some point r' far 
away from the system at time t' and projecting onto a specific energy E by integrating 
over initial times 

|S> = j dt' e ~ iEt ' [*(t' - 1) + &{t - V( r *)] |^ 0 ) . ( 5 , 9 2) 

Since the optical model wave function is the amplitude for observing one particle at r 
and all other particles in the ground state |^o). we obtain 

*(?,*) = <0Hfr(r)|S) 

= J dt' e~ iEt '(rl> 0 \e(t-t')e iHt ^{r) e ~ iH U im '4(r')e- iBt '\M (5.93) 
= J dt'e~ iEt ‘ (V>o |0(* - t)ft (r', t ') - 8{t' - t (r', t')$(r s t) | M 

In the second line, we have used the fact that the 8{t' - t) term in (5,92) does not 
contribute because (0|V>(r)|0) = 0 and have inserted exponentials next to |^ 0 ) because 
■HjVo) = 0. The second time order in the third line required to obtain the Green's 
function could be inserted because = (V>(r , ,t')|0)) t = 0 since r' is far from 

the target and there are thus no particles for to annihilate. For convenience, we will 
evaluate the wave function at time f = Oand drop the factor* so that ^(r) = G(E\r,r'). 

Consider, for reference, the problem in which the interacting Hamiltonian H is 
replaced by Hq = T + U. where U is a one-body potential (such as the Hartree-Fock 
potential) producing a first approximation to the localized iV-body target. Then, by 
the previous argument, scattering from the one-body potential U is described by the 
wave function <£ 0 (r) = Ga(E;r,r'). Substituting ^(r) and M r ) in the Dyson equation 
G = Gq + GoEG, we may write 

<t>[r) = Mr) + j dr"dr m G 0 {E ; r, r")£(£; r", r"')4>{r'") . 


(5.94a) 
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Note from the spectral representation for Go. Eq. (5.29), that for the positive energies 
relevant to the scattering problem the denominator in the (2V + 1) particle term never 
vanishes so that G 0 (E) may be replaced by the retarded Green's function G§(E) 
having E + itj in both terms. Thus, we may rewrite Eq. (5.94a) in the form 

l* + ) = Itf > + e^-T-U ^ (5 - 946) 

where |^ + ) and denote the scattering wave function for the interacting and non- 
interacting problems $(r) and <f>o(r) and E + s E + iij. Because is the scattering 
wave function for the potential U. it satisfies the Lippmann-Schwinger equation 

Itf > - l*>> + ( 5 - 95 ) 

where |^ 0 ) denotes an incident plane wave. Substituting |$j") from Eq. (5.94b) into 
(5.95) we obtain the desired Lippmann-Schwinger equation for j<£ + ) 

lt + ) = \to)+-^Zr(U + V)\<i> + ) (5.96) 

so that the optical potential is 17 + E. 

When the self-energy is expanded in H-Ho = r» - ry) - U, the first order 

term containing -U exactly cancels U and the first few time-ordered contributions to 
the optical potential are 

(a) (b) (c) (a) (e) 

^+ 2 = )o + P +J& + + ]j)0 — • (5.97) 

Diagram (a) describes propagation in the Hartree-Fock mean field and (b) represents 
the amplitude for coupling to a two-particle one-hole state and propagating in that 
state rather than in the single-particle state. Diagram (c) expresses the fact that in 
the interacting system, two normally occupied states A and B may be virtually excited 
to states a and k. thus blocking the addition of a particle in state k to the system. In 
contrast to other approaches to multiple scattering theory in which antisymmetry is 
either neglected or put in laboriously by hand, the self-energy systematically includes 
its effects through terms such as this. Diagrams (d) and (e) are representative of an 
infinite class of terms in which U and the Hartree-Fock potential enter with opposite 
signs. As usual, it is advantageous to cancel such terms identically by choosing U to 
be the Hartree-Fock potential. 

Because one-particle irreducibility is defined in terms of Feynman diagrams rather 
than time-ordered diagrams, both of the following time-ordered diagrams are excluded 
from the optical potential 

(A) (81 



(5.98) 
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Whereas it is quite plausible that (A) represents a time history which will be generated 
when diagram (b) of (5.97) is iterated in the Ltppmann-Schwinger equation, one might 
naively be tempted to regard (B) as a valid four-particle three-hole contribution to 
the optical potential. Clearly, the derivation shows it must not be included, which is 
associated with the fact that the Lippman Schwinger equation has no projector onto 
states above the Fermi surface and thus generates propagation in hole states as well 
as particle states. 

5.4 LINEAR RESPONSE 


THE RESPONSE FUNCTION 


Section 2.1 showed how experimental observables could be expressed in terms of 
response functions, which we will now write in terms of two-particle Green’s functions. 
To obtain the product of two one-body operators, we must consider a two-particle 
Green's function in which the creation operators are evaluated infinitesimally later than 
the annihilation operators and we define the density-density correlation function and 
its retarded counterpart as 


D( 1,2) a tG^)(12!l + 2+) = -t(r^(l)0(l)^(2)^(2)> 
Dr( 1,2) a -i6(h - taXlWltfW.fWWD • 


As in Section 5.2, a spectral representation is obtained by inserting a complete set of 
states and Fourier transforming. For brevity, we will only write the zero temperature 
results, and leave the analogous finite temperature expressions as a straightforward 
exercise: 

(Tj{xi,z 2 ;u) } _ }(^n |p(^a) l^o) 

\Dr(xi,x 2 ;u>) J w ~{E% - E 0 )+ir) 

_ )(^>n 

U ) + {Ef* - £ o ) =F in 


where the density operator is written )*l>(xi) = p(x i). In momentum space, 
using 


m = j «■ iqx p ( *) 

- 11 / S' 

_ f d 3 k t 

“ J J2^ akak+ * 

p(q)1 = £(-q) 


we obtain 


fj?(M) ) KV’n |p(-< 

\ £>fi(A:,w) J _ (j <2N 


-g)l^o)[ 2 KlffM)l*>)l a 

Eq) +in w + {E% - E 0 ) =f it) 


(5.101) 


(5.102) 
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The essential difference relative to Eq. (5.27) is the presence of iV-particie intermediate 
states rather than states with N ±1 particles, so that the density-density response 
function contains information about the eigenstates of the jV-particle system itself. 

From Eq. (5.100). it is evident how to calculate the observables discussed in Sec- 
tion 2.1. First D is calculated in an appropriate approximation using the perturbation 
theory we have derived for the Green’s function G 2 . A response function. Eq. (2.16). 
is then evaluated by calculating Dr from the relations 


Rel?(w) — ReZ?/?( w ) 

Im D(oj) — sgn(« - Eo ) Im Dr . 


(5.103) 


Analogous expressions can. of course, be written with an arbitrary one-body operator 
replacing the density operator. Similarly, the inclusive scattering cross section. Eq. 
(2.19) can be evaluated from the imaginary part of D, since only the first term in Eq. 
(5.100) or (5.102) contributes for positive w: 


<j{q,u>) - 2nJ2 s ( E % - #o -«)«(g) 2 |{^|p(-?)lV’o)| a 
= — 2ImP(g,w)v(g) 2 . 


(5.104a) 


Because of its direct relation to experiment, the imaginary part of the response function 
is often referred to as the dynamic structure factor: 

S(q,o>) = ~hnD[q,w) = . (5.1045) 

Finally, it is convenient and conventional to define the density fluctuation operator 


p-p-{f>) (5.105) 

and its correlation functions 


*£>( 1 , 2 ) - {Tp(l)m 

= (Tj>H l)f?(l) ^(2)^(2)) - (T^(i)^(i))(T^t( 2 )V>(2))(5.106a) 
2 ) — <p(i))<p(2)) 

1^(1, 2) - e(h - t 3 )([p(l), p(2)]> = iD R {l, 2) . (5.1065) 

Note that Dr = Dr since {$) does not contribute to the commutator and that 
a{q,w) = — 21m D{k,u)v 2 (q) because (p) does not connect |t5o) to any excited states 
in (5.104). The fluctuation-dissipation theorem is particularly clear in this language, 
since transport coefficients are specified by the expectation value of products of fluctu- 
ation operators. The advantage of Eq. (5.106a) is the fact that its diagram expansion 
contains all liked_diagrams which connect the density operators at points 1 and 2. 
Taken by itself, J9(l, 2) contains linked diagrams of two generic types, those which 
connect the operators at 1 and 2 and those which do not: 


D( 1, 2) = 


(5.107) 
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Fig. 5.10 Feynman diagrams tor the response function D. Action of the 
density operators p( 1) and p( 2) are denoted by /* and which In momen- 
tum space may be regarded as Injecting momentum q at (1) and removing 
It at (2). Note that In addition to the diagrams shown, the contributions 
through second order also Include Hartree-Fock self-energy Insertions on the 
propagators In diagrams (a) and (b). 


The disconnected pieces in Eq. (5.107) simply correspond to all diagrams in the prod- 
uct (^(1))(£(2)) which are precisely subtracted off in D(l, 2). Feynman diagrams 
corresponding to the first few orders of perturbation theory for D{ 1, 2) are shown in 
Fig. 5.10. 

The diagram rules for D follow immediately from the definition Eq. (5,99) and 
the zero-temperature Feynman rules of Section 4.1. Recall that » 2 G a has propagators 
tGo for each line and the overall factor ( — *) r ( — !)■*”( — 1)”* where r is the number of 
interactions, n& is the number of internal closed loops and (-l)*’ is the sign of the 
permutation of the external legs. For the identity permutation in which 1 connects 
to 1' and 2 connects to 2' the diagram for D has two additional dosed loops rela- 
tive to G a . For all other permutations, connecting 1 to 2' and 2 to 1' creates one 
additional closed loop in D relative to G a . Thus, associating a minus sign with ev- 
ery closed loop in D correctly accounts for both the factors (— l) p and (-l) nt . To 
include direct and exchange interactions on an equal footing as in Fig. 5.10. we will 
use Hugenholtz diagrams and include the factor ~ for equivalent lines. Including the 
explicit i in the definition (5.99). the overall factor for a diagram contributing to D 
is (-*) r+1 (-l)' , » ^ where r is the number of interactions, n' L is the total number 
of closed loops in a diagram when it is drawn with direct matrix elements, and n e 
is the number of equivalent lines. The propagators in the diagram are t'Go and the 
interactions are antisymmetrized matrix elements {&! fc 2 |u|fc 3 fc 4 }. 

Additional insight into the physical content of the response function is obtained by 
considering the set of time-ordered diagrams corresponding to each Feynman diagram. 
For convenience, we will treat a translationally-invariant system and enumerate a com- 
plete set of multi-particle, multi-hole states. Let us write the amplitude for producing 
each intermediate state by injecting momentum q into the ground state as a sum of 
time-ordered diagrams, so that the matrix element |(^|^|^o)| 2 is given by all possible 
pairs of one diagram from the set connected with the adjoint of another diagram from 
the same set. For example, the top line of Fig. 5.11 shows four time-histories leading 
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y p A) 

(A) (B) (C) (D) 

yv y 

(E) lF) 

Fig, 5.11 Time-ordered diagrams for amplitudes contributing to the re- 
sponse function. 


to a one-particle one-hole state. If diagram (A) is connected to (A*), which is the 
same diagram drawn upside down, we obtain one time order of diagram (a) of Fig. 
5.10 in which a one-particle one-hole excitation is first created and then destroyed by 
the action of In the language of scattering theory, diagrams (B) and (C) would be 
called final-state and initial state interaction corrections, respectively. Note how the 
cross terms between {A. B. C} and { A* B f Cl} produce various time orders of the 
"chain” diagrams (a), (b). and (c), so that initial and final state interaction effects 
become totally entangled in the response function. Similarly, for the two-particle two- 
hole states in the second line, combining (E) with (F*) yields particular time-orders 
(d) and (g). but diagram (g) is also obtained by combining (D) and (A*). Thus, it is 
clear that the Feynman diagram expansion of the response function provides an eco- 
nomical description of a complicated process. The interplay of initial and final state 
interactions is treated consistently and the combinatoric of obtaining the same contri- 
bution from products of distinct amplitudes is automatically summarized by the rule 
that all symmetry factors are one for any Green’s function. The flexibility to treat 
the response function in terms of time-ordered diagrams as well as Feynman diagrams 
may be exploited in specific applications, such as studying the scaling behavior of the 
response function at high momentum transfer (see Problem 4). 

RANDOM PHASE APPROXIMATION 

Any practical calculation of the response function must truncate the infinite dia- 
gram expansion. One alternative to simply stopping at some specific order of pertur- 
bation theory is to sum an appropriate infinite series of diagrams. Summing the set 
of all chain diagrams, the first three elements of which are shown in (a) - (c) of Fig. 
5.10 yield the so-called random phase approximation or RPA. (Actually, there are two 
distinct approximations which are commonly referred to as the RPA: the present treat- 
ment of the response function and the summation of the ring diagram contributions, 
Eqs, (2.113) - (2.115) to the ground state correlation energy. The RPA correlation 
energy is treated in Problems 5.5 and 5,7.) 

As a prelude to summing chains, let us first calculate a single link, diagram (a) of 
Fig. 10, which corresponds to the response function Do for a non-interacting system. 
For simplicity, we will treat a translationally invariant system in momentum space and 
assume spin-1/2 Fermions. Noting that diagram (a) has a closed loop, no interactions. 
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no equivalent lines and two propagators iGo. we obtain the contribution 


Do{q t w) — k * q ^y k 

= —2* J — — ---Go(k + q,w k + u>)Go{k,Wk) 
_ 2 . f d 3 kdu)k f 1 

J {2k)* \u>*+w 


(5.108) 


I n k+q 


- + 


n k+q 


ek+q +iri Wfc + w - e fe+9 




/ l-n> + -» \ 

\w k -e k +iri w k -e k ~%r)J 


[ — 

(1 - n k+q )n k 

n fc+«(l - *fc) 

J M’ 

w + e fc - e k+q + tij 

w + £fc - e k+q -ir) 


Performing the momentum integrals in Eq. (5.108) with the zero-temperature occupa- 
tion numbers n k = 9(k F - |fc|) as outlined in Problem 5.6 yields the Lindhard function 
(Lindhard. 1954) 


t, n (- \ mkr { , , 1 [, (S) ?\ 2 1, 1+ (f f) 

+ Ti [' - { - 2 ) J *" 


I U + 5y r / 


(f-l)l 


-(*+ 1)1 


Ini Dq 


where 


|-Sf [>-(*-}) 

1 j lf-?l<«<f + ?l 


0<<5 < g- | 2 j 

III 

^ wm 

I* 

hi 

3 


(5.109a) 

(5.1096) 

(5.109c) 


The imaginary part, which specifies the inclusive cross section, Eq. (5.104), for a non- 
interacting Fermi gas has a very simple physical interpretation: it simply counts the 
ways an occupied state |£| < k F can be scattered to an unoccupied state |jS + ?| > k F 
by transferring momentum ? and energy w = e k+q ~ For q > 2k F . 

the Fermi sphere conditions are satisfied for all k < k F . so as sketched in Fig. 5.12a, 
the extremal values w = ^ ± ^ are obtained for |fc| = k F and k aligned with or 
opposite to q. The maximum occurs for k perpendicular to g corresponding to w = 
since all transverse values of |fc| < k F can contribute in this case. For q < 2 k F , the 
result is sketched in Fig. 5,12b. Whereas at large w, one has the same parabola as in 
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(a) (b) 



Fig. 5.12 Imaginary part of the response function Do(k, w) for q > 2k p (a) 
and q < 2 fcf (b). 

case (a), at w = the simultaneous requirements \k\ < kp and \k+ q\ > kp 

further restrict the phase space, yielding the linear behavior shown for lower w. 

We may now sum the sequence of chain diagrams contributing to the response 
function by writing an integral equation which iterates the addition of a single link. 
Let G ph (ki + q, + q, w) denote the particle-hole Green’s function obtained 
by separating the pairs of creation and annihilation operators which correspond to the 
external density operator in D(q,u ): 


G^(k 1 + q,k 1 \k 2 + q,k 2 -,w)~ y 
k|q k 2 

= -i J d{ti-t2)e ,u ^ l - t, ^(Tal i (ti)a kl+q (ti)al i+q ak,{t 2 )) (5.110) 
- ( a L a fc»+e>(«I,+«°fc a >} 

with the property 

U(g,w) = G ph (A:i + 9 , fcijfca + g, fc 2 ;w) . (5.111) 

Here and throughout this section where no ambiguity will arise, we abbreviate mo- 
mentum integrals and spin sums by = f 12a and ne g ,e ct the normalization 
volume 1/ which cancels out of all observables. 

Chain diagrams are summed by the following integral equation which yields the 
particle-hole Green's functions in the random-phase approximation 



Kjj + q k 2 kj.-1-q k 2 k 2 +q k a k 2 *q k s 


(5.112a) 
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The first term on the right-hand side is the particle-hole Green's function for the non- 
interacting system, and by definition, it is identical to Do in Eq. (5.108) except for 
the absence of the momentum sum ]T) fc . The direct and exchange terms are written 
explicitly so that one may observe that the direct term has the following factors in 
addition to the potential and <?£ h : (-*) for the interaction. (-1) for the addition of a 
closed loop and tGo for each of two propagators. Since these factors are just those in 
Do, the equation may be written 


G RFA {hi + g, + g.fcajw) 


(l ^kj+q)^ki __ (l n ki) n ki+q 

W + Cfc, - €fc 1+ , + tij w + € kl - e fcl+4 - t'n. 


x +X^{ fc 3,fcl + ?|u|fc3 + ?,*l}G RPA (ifc3 + ? > fc3|fc2 + ?,*:2;w)J . 

(5.1126) 

This equation clearly has the general structure of the integral equation discussed in 
Section 2.4 and in fact corresponds to the Bethe Salpeter equation in the particle-hole 
channel with the vertex function approximated by the bare interaction. We will return 
to the more general case in Chapter 6 in connection with Landau Fermi liquid theory. 

The direct matrix element in Eq. (5.112b) only depends on the momentum transfer 
g, {ka,ki + 9M&3 + q,ki) = v (-<?) whereas the exchange matrix element v(ka - ki) 
depends on the internal momenta. Hence, when it is physically justified to neglect 
the exchange term, the RPA equation becomes a simple algebraic equation. There 
are several circumstances under which the exchange term may be neglected. First, 
consider the Coulomb potential, for which the direct and exchange terms are -f- and 
■ respectively. For small g, the conditions that + g\ > kp and |fcj| < kp 
or vice versa force |fci| k F so the direct term generally dominates the exchange 
term by the factor ■ A second example is use of the high-spin technique to treat 
Bosons, in which case the direct term dominates the exchange term by the factor N. A 
specific application to the correlation energy of the dilute Bose gas is given in Problem 
5.7. Finally, in any system such that the momentum dependence of the potential is 
negligible between 0 and 2kp, the exchange term may be effectively included with the 
direct term. An example is the response function for the one-dimensional fi-funetion 
interaction in Problem 5,8. 

The sum of all direct RPA chain diagrams is obtained by multiplying Eq. (5.112b) 
by v{q). summing over k, and dropping all exchange terms, with the result 


G RFA (ki +g,ki\k2 + g,k2;ui) = Gjj h (*i;9,«) 


, , g(g)Gg h (fc 2 ;9,<u) 

l-v(g)Do(g,v) 


(5.113) 


where we have denoted the particle-hole Green's functions for the non-interacting sys- 
tem, which is the first term in Eq. (5.112b), by 


G pb (k'q u) = (1 nk+q) n k (l rifc)nfc+ 4 

0 1 ’ ’ - w + - €fc +4 + **7 W + (k - «*+« - in 


(5.114a) 


and 
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Fig. 5.13 Graphical solution for the RPA modes. The vertical asymptotes 
correspond to the particle-hole excitations ui = and the curves 

show the qualitative behavior of v(q)Do(q,u}) for the repulsive and attractive 
potentials, respectively. 


DoM = J2 G % h &><!•“) • ( 5 - 114i > 

k 

Since the poles of G ph (or D which is obtained by summing over k% and fc 2 ) give 
the excited states of the system, in the random-phase approximation the excited states 
occur at w such that 

v(q}D 0 (q,w) = 1 . (5.115) 

To understand the structure of Eq. (5.115), it is useful to consider the graphical so- 
lutions sketched in Fig. 5.13. Since Do(q,w) is symmetric in u> (see Problem 5.6), it 
suffices to consider positive w. For every value of k inside the Fermi sea such that %+q 
is outside the Fermi sea, the first term in Eq. (5.114a) has a pole at w = 6*+, - e*. 
For each k in the sum contributing to D${q,w), asymptotes are plotted in Fig. 5.13, 
and Do(q,u>) is a decreasing function between each pair of asymptotes. Thus, for a 
repulsive potential the solution to (5.115) is as sketched in the left part of Fig. 5,13. All 
except one of the solutions are trapped between states in the particle-hole continuum, 
and the remaining collective state is pushed above the highest state. Similarly, for an 
attractive potential, the collective state is brought down below the lowest particle-hole 
state. 

In order to study the collective RPA modes in several physical systems at low q, 
it is useful to note the following behavior of D 0 (q,w) from Eq. (5.109) 


ReD 0 (q,w) — * \ 

A 

i^( 

5 * 

r 1 + § ln N) 
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(5.116a) 
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(5.1166) 


As the first example, consider the electron gas. Because of the behavior of the 
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Fig. 5.14 Comparison of plasma oscillation and zero sound mode with the 
particle-hole continuum. 



The collective RPA mode, or plasmon, is a fundamental excitation of the electron gas 
which is readily observable experimentally. For example, if one measures the energy 
loss of electrons in solids, peaks are observed at multiples of w p , Since typical Fermi 
energies in metals are of the order e? ~ 5 - 20 eV, the plasma frequency is in the 
range w p ~ 7 - 27 eV. The spectrum of particle-hole excitations within the extremal 
values w = ± is compared with the plasma frequency in Fig. 5.14. Note that 

since w p is comparable to ep, the plasma mode is well-isolated from the particle-hole 
continuum and thus doesn’t decay directly through one-particle one-hole states. The 
leading correction to w p , which we have not calculated here, is proportional to q 7 
In contrast to the case of the repulsive Coulomb potential, many physical systems 
have scattering channels in which the interaction is attractive at the Fermi surface, in 
which case the collective mode is lowered in energy. Consider, for example the case 
of liquid 3 He, On the average, the interaction is repulsive at the Fermi surface since 
it is the short-range repulsive core of the two-body potential which keeps the liquid 
from collapsing to higher density. However, although there is negligible explicit spin 
dependence in the underlying potential, because two 3 He atoms in a spin triplet state 
must be spatially antisymmetric, they feel the hard core much less strongly than two 
atoms in a singlet state, and the interaction in the triplet channel is overall attractive. 
Thus, the spin-dependence tends to drive the system toward a ferromagnetic state 
and manifests itself in a low-energy collective RPA mode known as a paramagnon. In 
the limit in which the attraction between like spins were strong enough to drive the 
system ferromagnetic, this mode would occur at zero energy. Although it is not pushed 
down that far, it makes a significant contribution to the self-energy. In addition to the 
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Hartree-Fock and second order diagrams discussed in Section 5.3, RPA graphs such 



make a dramatic contribution to the effective mass, in the pressure range of 0.3 to 
27 atm.. ^ range® from 3.1 to 5.8, corresponding to the fact that in order to move 
a single 3 He atom through the medium, one must also drag along a large cluster of 
atoms with the same spin. 

A second example is the case of pion condensation in neutron or nuclear matter 
at high density (occurring for example in neutron stars). Whereas the 3 He~ 3 He in- 
teraction is attractive in the a ■ a channel, by virtue of the spin-isospin coupling of 
pions to nucleons and the resulting strong tensor forces, the nucleon-nucleon interac- 
tion at the Fermi surface is strongly attractive in the a ■ a r • r channel, giving rise 
to low energy collective excitations with the quantum numbers of the pion. Although 
uncertainties in the behavior of strong interactions at high density makes quantitative 
predictions uncertain, this mode is predicted to have zero energy and thus to lead to 
pion condensation at a density several times the density of nuclear matter. 


ZERO SOUND 


We now consider finite-range repulsive potentials, for which the low-? behavior 
of the collective mode is completely different than for the Coulomb potential. Since 
non-Coulombic potentials are less singular than ^ at low q, the dispersion relation 
vD = 1 cannot be satisfied for a finite w, so w -+ 0 as q 0. Thus, modes which go 
to zero at large wavelength are the general rule, and the finite energy modes such as 
the plasmon are exceptional cases associated with the infinite range of the force. Note 
that we have already seen an example of the role of the force range in considering spin 
waves. Since orienting different spin domains in different directions costs no energy 
except at the domain boundaries, if the force range is finite, the effect of the boundaries 
becomes negligible in the long wavelength limit and the energy of such a Goldstone 
mode must go to zero. Only if the force range is infinite do the boundary contributions 
remain finite, yielding a finite excitation energy. 

To simplify the discussion of the collective mode, which is called zero sound, let 
us consider the case in which v(q) is independent of q at small q and define 

/ & 5(0) » j d 3 r v(r) . (5.119) 

We now take the small q limit of the dispersion relation holding s fixed and greater 
than 1 to obtain real (undamped) solutions 
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where a defined in Eq. (5.116) is the ratio of the speed of the zero sound mode, co = v -, 
to the Fermi velocity, «/, 


a. 



cp 

vp 


(5.121) 


Note that solutions with a > 1 exist for all positive /. that is. for all repulsive interac- 
tions, For large /, (where the simple RPA presented here is an inadequate approxima- 
tion) we may expand In ||^[ to obtain 



1 mkp T 1 1 

/ W ir 3 [3a 2 + 5a 4 + 

• J (5.122a) 

so that 

[ Tnkp ,1 

■ 

(5.1226) 

In the limit of small /, 

a approaches 1 exponentially 



a — ♦ 1 + 2e~ 
/- o 

(5.122c) 

and the velocity of zero sound is therefore close to. 

but slightly above, the Fermi 

velocity 

kp 

c 0 » — . 
m 

(5.123) 


The zero sound mode is sketched in part (b) of Fig. 5.14. Note that the fact a > 1 
places the mode above the particle-hole continuum and prevents its direct decay through 
coupling to one-particle, one-hole states. 

For comparison, compare this velocity with ordinary thermodynamic sound in a 
nearly non-interacting Fermi gas in d dimensions in which there are sufficient interac- 
tions to produce thermodynamic equilibrium, but these interactions contribute negli- 
gibly to the energy per particle. Noting that the Fermi gas energy per particle in d 
dimensions is ^ and p « kj.. the usual thermodynamic arguments yield the 
velocity of thermodynamic, or first sound* 


i-« 

1 kp 

[m dp J 

s/d m 


(5.124) 


Thus, in a weakly interacting system in three dimensions, c% is approximately ^jc 0 . 
Furthermore, at least the velocity suggests that the geometry of zero sound may be 
more one-dimensional than three dimensional, and we will now develop an appropriate 
language to examine the geometry of zero sound. 

* For an infinitesimal change in density, the continuity equation requires ^6p + 
p 0 V • v = 0 and Newton's equation of motion requires mp 0 §f = -VP. Hence, the 
wave equation is -jjpSp = ^V 3 P(p 0 + Bp) = £ |^V 2 6p and c 2 = ~ 
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Since zero sound is a coherent superposition of particle-hole excitations near the 
Fermi surface, we would like to simultaneously examine the behavior in momentum 
space and coordinate space. If we were dealing with a classical system, it would be 
natural to study its classical distribution function as a function of coordinates and 
momenta. For a quantal system, the best analog of the classical distribution function 
is the Wigner function and for our present purposes it is most useful to study the 
Wigner transform of the one-body density matrix: 

/M) = / #r t-*' (f (*-})*(*-*)) . (5.125) 

In addition to yielding the familiar distribution function in the classical limit, its mo- 
ments have the following properties associated with the classical distribution function: 

J d 3 R f{p,R) = j d?rd 3 R ,-*(*+!) ,*•(*-!) (^t p (£+$)) 

= (4 a p) = (Pp) ' (5-126) 

/ <&£'»■*> - / $?*' (t ** (*’ ( s -*) ■ + ( 8+ ‘) }) 

= 2~j (tHmitm) - ^(*)) 

= cm) 

and similarly for higher moments. Essentially the only property /(?,.$) does not share 
with the classical distribution function is positivity, and this deficiency will not affect 
the present argument. 

Now, let us use the RPA response function to look at the response of the Wigner 
transform of the one-body density operator to a weak perturbation SU(t 2 )p q {t 2 ) which 
couples to the zero sound mode. Using Eq. (2.15) and omitting the standard details 
in going from the retarded to time-ordered response function, which are irrelevant to 
the present point. 

6f(p,&;t) = -ij dt 2 SU(t 2 ) J dr e~ ipf (T^ (S - r -,h} i/> (R+ x 

x a L+9(*2)%(*3)> 

= -i J dt 2 SU{t 2 ) j dr e~ if> T J2 *) j*'( R+ S) (5.127) 

kik* 

X 6(%t + ?- £') • 

Noting that the zero sound pole arises from the second term in Eq. (5.113) and that the 
only dependence on hi enters through G% h (ki,q,w), substitution of the RPA response 
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cos 8 


Fig, 5,15 Phase space contributing to (p - |) . The centers of the 
two solid spheres are displayed ±| relative to the dashed Fermi sphere. Every 
vector p In the upper shaded region yields p + | outside the dashed sphere 
and p — | Inside, 

function in Eq. (5.127) yields 

6f(p,R;w) « f dr 

J kt 

= e * R G?(p- fj (5.128) 

= (1 ~ n ?+ fK-l ~ £ ~ V4 K+f 

w + £ P-£“ £ P+f 

For small the range of p which satisfy the conditions that p± § be outside the Fermi 
sphere while pT§ be inside can be calculated easily from the geometrical construction 
shown in Fig. 5,15. The shaded region defining the vectors p such that p ± § lies 
outside the dashed Fermi sphere while pT | l< es inside have radial thickness gcos0 
where 8 is the angle between f and q. Since the p's are all confined to be close to 
the Fermi surface, we may write the phase space factor as 8(kF - |p|)qcos0, Finally, 
writing the denominator as u> + e p _ j - <r p+ j = and writing the explicit 

time-dependence, we obtain the desired result. 

l/B.ii,.),.**— . (5.129) 

This result is also obtained using Landau Fermi Liquid Theory in Chapter 6. The 
factor specifies the change in the distribution function as a function of the 

angle between p and q. Since s is close to 1. the magnitude of the peak at 8 = 0 
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Zero 

sound 




1 

minimum p 



R = 0 

maximum p 



Thermodynamic 

sound 





Fig. 5.16 The distribution function f{p, R) for zero sound and thermody- 
namic sound. The equilibrium Fermi sphere Is shown at each spatial position 
by the dashed line and the solid line denotes the momentum distribution of the 
propagating mode. 


is much larger than at 8 — it. so the volume of the Fermi sphere and thus the local 
density changes. 

Figure 5.16 compares the evolution of the distribution function for zero sound 
with that of thermodynamic sound. The factor propagates the fluctuation 

of the zero sound distribution function in the q direction at speed uq = a^J-. Snap- 
shots are shown of the momentum distribution at spatial points R separated by a half 
wavelength. The origin is selected such that the density is a maximum at R = 0, so 
the Fermi sphere distorts at successive displacements of ® by adding or subtracting 
t-coffl - The distribution is thus highly anisotropic and is concentrated in the forward 
q direction. In contrast, the Fermi sphere for thermodynamic sound just dilates and 
contracts spherically symmetrically. To the extend to which the zero sound distortion 
is concentrated in the longitudinal direction and the transverse radius of the Fermi sur- 
face is unaffected, the mode is more like one-dimensional thermodynamic sound than 
three-dimensional thermodynamic sound, consistent with Eq. (5.124). 

Zero sound and thermodynamic sound thus represent two opposite extremes. Zero 
sound is built out of quasiparticles, so at finite temperatures the frequency must be 
high enough that the quasiparticles do not decay, that is, that collisions do not domi- 
nate. Quasiparticles travelling in the q direction are thus not scattered in the transverse 
directions and the mode can remain essentially one-dimensional. At zero temperature, 
for which we have performed our calculation, the lifetime becomes infinite as quasi- 
particles approach the Fermi surface, so zero sound propagates at all frequencies. In 
contrast, thermodynamic sound requires local equilibrium. Hence, the frequency must 
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be low enough that collisions dominate and quasiparticles and collective modes de- 
cay. Longitudinal momentum is equilibrated with transverse momentum, so that the 
Fermi surface is necessarily isotropic and the mode is fully three-dimensional. In liquid 
3 He, one may experimentally observe the transition from zero sound to thermody- 
namic sound by varying the frequency and the temperature between collision-free and 
collision-dominated regimes. 

MATRIX FORM OF RPA 

Additional physical insight into the RPA may be obtained by deriving it from the 
time-dependent Hartree-Fock approximation, discussed in Problem (5.10). To make 
contact with this and other approaches, it is useful to write the RPA equations in 
their conventional matrix form. To display their full generality, instead of working in 
momentum space, we will work in a general basis with our usual convention of unoc- 
cupied states {a, b ■ • -}, occupied states {A, B ■■ •}, and arbitrary states {a, f> ■ • ■}. 
Rewriting Eq. (5.112) so as to distinguish the two possible cases G RPA (o.4|a,9) and 
C? Rp A(.Aa|a/?) we obtain the two equations 

G RPA (aA|a/?;w) = + Y) {aB\v\Ab} G RPA {bB\aftu) 

M + e A ~ «a + *>7 L m 

+ 5Z i ab \ v \ AB ) G BPA (i?4|a/ff;w)j 

6 B * 

(5.130) 

G RPA (Aa|a^ W ) « \s Aa S afi + ^ {A 5 |u|a 6 } G RPA (6B|«y9;cv) 

w+ea-tA-xrtl 

+ ^{ J 46|u|oB)G RPA (J35|a / 9;w)] . 


With the definitions 


AAaBb = (e<i - e A )8 A B8ab + {oJ3ju|i46} 

B A aBb — {o5|u|y4S} 

these equations may be written in the matrix form 

/ -w + A B \f G(bB\a0 ; w) \ _ ( -6 aa & A p \ 

V B* w + A*) \G{Bb\afrw) ) \~S Aa S a0 ) 

The poles of G are given by the eigenvalues of the generalized eigenvalue problem (note 
the minus sign on the right-hand side): 

U- i5,S3) 

where is a column of elements xl# labeled by particle-hole labels {b, B}. Using 
the properties established in Problem (5.11). the particle-hole Green's function may be 


(5.131) 


(5.132) 
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written as a sum over all positive energy modes 

- f(% 


w - £?(*') + iS 


) (yMtjrWt) 


ui + UM — iS 


(5.134) 


Since this is a spectral representation for the RPA response function of the same form 
as Eq. (5.100) for the exact response function, the and should correspond 
to matrix elements of a^ap between RPA approximates to the excited states, denoted 
an( j t (, e g roun£ j state, denoted |^o PA ). Noting that the upper com- 
ponent G rpa ( bB\af!) involves the matrix element (o^otata^) and £? RPA (J56|a/3) 
corresponds to (aja^al, a p ), it follows that 


kM = /,/, R PA U t 


1 bB 


<*r A i«Uh£ PA > ■ 


(5.135) 


If |V>jP A ) were just the non-interacting ground state, o ^at, would annihilate it yield- 
ing KM = 0. However, from Problems (5.5) and (5.10) it is clear that the RPA 
ground state contains multi particle-hole admixtures which produce a non-vanishing 
YM amplitude. Equations (5.134- 5.135) thus relate the two distinct random phase 
approximations alluded to earlier for the response function and for individual eigen- 
states. 

SUM RULES AND EXAMPLES 


We conclude this section by stating several sum rules satisfied by the response 
function and presenting illustrative physical examples. 

In addition to dispersion relations of the form of (5.35) which follow directly from 
the spectral representation of D, the imaginary part of the response function satisfies 
two important sum rules. The first follows from integrating out the energy conserving 
5-function and using completeness and the field operator commutation relation 


J dwhnD(xi,X‘iiw) = J du> S(u - E% + Eq) 


x (V'olOS(zi) - <p(*i)))|^„)(tM(p(*3) - (p{x 2 )) IV'o) 

= -*[<p(*i)p(*a)> ~ (p(*t))<P(*a))] 

= -«’[9 , (*i,*a) + S(xi - x 2 )p{xi)\ 

(5.136) 


where g(xi,x 2 ) is the two-body correlation function 


g(xi,x 2 ) = (i5o |V |t (®i)^ t (*2)^{a2)t5(*i)| V’o) - 
In momentum space, where g(xi,x 2 ) = g(x t - x 2 ) 


<&> |p(*l)|lM (V’O \p(^2)U>o) ■ 
(5.137) 


1 

*N 


J dwlmD(q,u) — 5(q) 

= p J dx e _,, ’*jf(a:) + 1 . 


(5.138) 
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Fig. 5.17 Sketch of cross section for Inelastic neutron scattering from liquid 
3 He based on the data of Stirling et al (1076). Solid contours denote the 
experimental ^cross sections, the long dashed curve Indicates the Fermi gas 
maximum, the short dashed curves show where the Fermi gas response 

goes to zero, ± 3 -^-, and the dotted line denotes the point at which Pauli 
blocking begins. 


Since lmP(q,w) is directly measurable in inclusive scattering. Eq.. (5.138) shows that 
one may measure the Fourier transform of the two-body correlation function by simply 
integrating over w. 

An energy weighted sum rule is derived in Problem 5.13 by evaluating the expec- 
tation value of the double commutator (j[JE7 p q ) 7 P-<,)) with the result 

— [ duulxn D{q,u>) = . (5.139) 

; kN J 2m 

A variety of useful related sum rules may be obtained by choosing other operators 
in the double commutator instead of fi q . For example, one may take the electric 
dipole transition operator and relate the integral of the dipole transition strength for a 
finite nucleus to the charge radius (plus corrections for velocity dependent and isospin 
dependent terms). This gives a total sum with which to compare the strength of 
an individual transition. The giant dipole resonance is “giant" because its strength 
exhausts most of the sum rule. 
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Fig. 5.18 Liquid structure function 5(g) and two-body correlation function 
g{r) for liquid 4 He. The left-hand graph compares X-ray scattering data of 
Hallock (1972) and Rubkoff ef al. (1979) (crosses) and neutron scattering 
data of Svensson et al. (1980) (circles) with the structure function obtained 
from Monte Carlo calculations (solid curves) of Kalos et al. (1981). The 
right-hand graph shows the two-body correlation function corresponding to 
this 5(g). 


Experimental measurements of response functions for several physical systems are 
presented in Figs. 5.17 - 5.19. Fig. 5.17 shows a contour plot in the (g, w) plane of the 
cross section for inelastic scattering of neutrons from liquid 3 He at 0.63° K (Stirling 
et al.. 1976). Since the neutron- 3 He potential is effectively a 5-function on the scale 
of Angstroms relevant to the experiment, the cross section is directly proportional to 
Im D(q, w). Using the value of k? = 0.786 A -1 specified by the ground state density, 
the maximum ^ and zeros expected from D 0 (g,w) are indicated by dashed 

lines. Although the data has the qualitative structure of Do, it differs quantitatively 
in detail. In particular, one sees clear evidence of a large enhancement in the effective 
mass. The experimental peak in the region of g ~ 2kp occurs at ~ | x ^ so that 
m* ~ 3m. 

The structure factor for liquid 4 He. 5(g) defined in Eq. (5.138), has been measured 
both by X-ray scattering (Hallock, 1972; RobkofF et al. 1979) and neutron scattering 
(Svensson et al. 1980) Typical data are shown in Fig. 5.18, and are observed to agree 
quite well with each other and with the results obtained from Monte Carlo solution of 
the zero-temperature ground state of 4 He (Kalos et al. 1981) using the Aziz (1979) 
potential. As discussed in Chapter 8, the Monte Carlo solution provides an essentially 
exact solution for the ground state of N particles in a box with periodic boundary 
conditions, so the only error in the structure function is the departure from linearity 
at very low g associated with the finite box size. One thereby has an exceedingly pre- 
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(a) (b) 



Fig. 5.19 Inclusive electron scattering from atomic nuclei. The Inclusive 
cross sections as a function of energy loss ui for 12 C at Incident energy E — 
198.5 MeV and scattering angle 8 — 135° In (a) correspond to momentum 
transfer q less than 2kp whereas the E = 500 MeV data at 6 — 60° shown 
for 12 C In (b) and 208 Pb In (c) correspond to momentum transfer greater 
than 2kjs-. The solid curves correspond to the Fermi gas response functions 
described In the text. The low energy data Is from Lelss and Taylor (1963) 
and the high energy data from Monlz et al. (1971). 


else measurement of the two-body correlation function of a dense, strongly interacting 
quantum liquid, also shown in Fig. 5.18. One observes in particular the strong sup- 
pression of the wave function at short distance due to the strongly repulsive core of the 
He-He potential. Note that the strength of the interaction between the constituents 
in no way affects the applicability of the linear response analysis: all that matters is 
that the coupling of the external probe, in this case the X-ray or neutrons, is weak. 

A final example is inelastic electron scattering from atomic nuclei, shown in Fig. 
5.19. A good approximation to the response may be obtained using the response 
function for a non-interacting Fermi gas corrected for the medium dependence of the 
nucleon self-energy. Recall from Fig. 5.12 that when the momentum transfer q > 2kp, 
there is no Pauli blocking and ImDo( 9 j<u) is an inverted parabola with center at 
a> — and width | n contrast, when q < 2 k F . Pauli blocking yields linear 

dependence below w = This qualitative difference is observed in the low and 
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high momentum transfer data for 13 C in (a) and (b) and the high momentum transfer 
data for 208 Pb in (c). Note that the excess cross section at high w corresponds to the 
inelastic processes in which pions or A resonances are produced. In Section 5.3. we 
saw that the nuclear self-energy was strongly momentum dependent, with a nucleon 
within the Fermi sea having a strong attraction and nucleons well above the Fermi 
sea having much weaker attraction. This effect may be included approximately in the 
response function either by introducing an effective mass m* or a binding correction f 
representing the average difference between the self-energy of a nucleon in and outside 
the Fermi sea. In either case, the data specify two parameters, k F and either m* 
or i. The 12 C data of Leiss and Taylor (i960) in (a) are fit with k F — 1.19fm -1 
and m*/m = 0.7 (Moniz 1969), consistent with the value m*/m discussed in Section 
5,3 and the fact that the average Fermi momentum in a small, surface dominated 
nucleus like 12 C is somewhat lower than the value k F = 1.31 in fm -1 in bulk nuclear 
matter. The high momentum transfer data for 12 C in (b) is fit with k F = 1.14fm -1 
and s = 25 MeV (Moniz ef al„ 1971) consistent with the previous value of k F and 
the fact that the average of the observed single particle energies is of the order of 
25 MeV. Finally, the same analysis of the 208 Pb data yields k F = 1.36 fm -1 , in 
satisfactory agreement with bulk matter, and f = 44 MeV consistent with the average 
single-particle energy in 208 Pb. Thus, the Fermi gas response corrected for the known 
behavior of the self-energy gives a simple semi-quantitative physical description of the 
nuclear response function. 

5.5 MAGNETIC SUSCEPTIBILITY OF A FERMI GAS 


The magnetic susceptibility of a non-interacting Fermi gas is an instructive, il- 
lustrative application of many of the ideas presented in this chapter. Although the 
problem is in some aspects trivial, because it is an exactly solvable problem with one- 
body interactions, it clearly demonstrates the similarities and differences between zero 
and finite temperatures and between static and dynamic response. In addition, it will 
demonstrate some of the techniques involved in practical calculations. 

The specific model to be solved is a system of non-interacting spin-1/2 Fermions 
coupled to a constant external magnetic field in the 2 direction 


V-* = -ao H*$ 

VM = -Ao*$(2*) 3 5 3 ( 9 ) 


(5.140) 


where a, /3 denote spin indices, no is the magnetic moment and orW is a Pauli spin 
matrix. We will now calculate the susceptibility four different ways and compare the 
results. 

STATIC SUSCEPTIBILITY AT ZERO TEMPERATURE 

The magnetic susceptibility is 


X = 


d(M) 


(5.141) 



282 


GREEN'S FUNCTIONS 


where, using Eq. (5.12), the magnetization may be written in terms of the one-particle 
Green's function 

<M) = -uio j e*"> Tt*G(q,uj) . (5.142) 

In a one-body external potential, the Dyson equation is 


0 Ij 8 n/9 

= | + Jjf-Vfq) (5.143) 

G{p',P>w)f fa = : 6{p,p')Go{p-,<o)fia + J ^sG(p',p + q;u) 0X ,V k ^[q)Go{p-,(»)x a 

where we have explicitly written spin indices. Because V is constant in space and 
diagonal in spin, G is diagonal in spin and momentum. Using the familiar result 
Gq 1 — G~ 1 + V , Eq. (2.178), we obtain for a = ±1 


G aa = 


6(k — kf) 


w — €fc + apoH + ie u — e* + apoH — te 

Hence 

' °y (2?r)* [w -e* ■ 3 tp 0 H-¥%t u-ek+PoH-ie 

e{k - fe F ) fl(frp - fc) 


${k F ~k) 


« - e* — + te « — e* — ^oJJ — te 


(5.144) 


(5.145) 


= 0 


since the contribution of the two poles in the upper half plane cancel, and the formalism 
has handed us the unphysical result that x = = 0. 

STATIC SUSCEPTIBILITY AT FINITE TEMPERATURE 

Let us see if the finite temperature theory is any different. Replacing Go by §o 
and the factor t by (-1) in ( M ) (see Table 5.1) we obtain 

(M\ = f JlL [ 1 1 ] 

P (2?r) 3 * [tw„ — (cfc — jtx — poH) tw„ ~(e h ~p + poH) J 

(5.146) 

The standard techniques for performing frequency sums such as that in Eq. (5.146) 
is to perform a contour integral with an integrand deliberately constructed to have 
poles at w n and residues equal to the summand. In the present case, we will calculate 
fj"~i by evaluating 



5,5 MAGNETIC SUSCEPTIBILITY OF A FERMI GAS 


283 



Fig. 5.20 Integration contour and poles of Eq. (5.147) for evaluating a 
frequency sum. 


along the contour at infinity shown in Fig. 5.20. The integrand has poles at w = * and 
at the Matsubara frequencies iu„ = |r(2n+l)«. As w -+ oo. the integrand decreases 
as — and as w -* -oo it decreases as s ~^— . so for a positive infinitesimal ij, 
the contribution along the contour C vanishes. Equating the sum of residues to zero, 
we obtain the desired result: 


z- tWn _ x 


Pc** 

e?* + 1 u-+o+ 


Pn{x + n) 


(5.148) 


where, following the convention Eq. (2,75b), we have included the chemical potential 
H in the Fermi occupation probability n(e). Using this result to calculate the magneti- 
zation and taking the weak field limit 


(M) = po J 


cPk 
(2w) 3 
2 f d 3 k dn I 

M ° i (2w)» 


M«k - noH) - 
d 3 k 


n{e k + i* 0 H)} 


(5.149) 


The zero temperature limit is evaluated using — * ~fe8(e P - e) = ~£(e - e^-) and 

changing the integration variable to energy k = (2 me*) 1 / 2 with the result 


„ o f cPk dn 3 p , . 

hmx = -2 A]-- (5.150) 


where p is the density. 

On the basis of the general discussion in Section 3.3, it is simple to understand 
why the finite-temperature theory gives the correct result for the Pauli paramagnetism 
of a Fermi gas while the zero temperature calculation produced x = °- The zero 
temperature theory finds the lowest eigenstate with the same symmetry as the non- 
interacting system. Since the non-interacting system had equal Fermi spheres for spin 
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up and down, the perturbation H could not alter this symmetry and thus produced 
no magnetization, in contrast, the trace in the finite temperature theory has access 
to all symmetries and thus produces the asymmetric population of the Fermi spheres 
reflected in Eq. (5.149), 

In the high-temperature limit. Curie's law is recovered by noting that n(e) oc e~ fic 
so that = —0n and the momentum integral in Eq. (5.149) simply yields -§ p, with 
the result 



DYNAMIC SUSCEPTIBILITY AT ZERO TEMPERATURE 

From Eq. (2.15), the response of the magnetization n 0 & to an infinitesimal external 
magnetic field -fioSHa is given by the response function {[<r(l) o(2))). Hence, the 
dynamic susceptibility, which is defined as the response of M to an infinitesimal field 
of frequency w and wave vector q is given by 

X{k,u) = ~nlD{k,u) (5-152) 

where the spin-spin response function is given by 



= -» / 7 ^ 3 ? J2 <sGsi(P>UpWi)Gea(k + p,u + u p ) 
= Do{k,u) . 


(5.153) 


The last line follows because G is diagonal in spin so that the spin trace simply yields 
a factor of 2 equal to the spin factor already included in Do. Hence, using Eq. (5.116a) 
the long wavelength limit of the zero frequency susceptibility is 


Um*(A: )W = 0) = — Ao = \ • 


(5.154) 


Thus, although we are working at zero temperature, linear response theory allows the 
external field to break the symmetry of the non-interacting ground state, so the proper 
Pauli paramagnetism is again obtained. 

DYNAMIC SUSCEPTIBILITY AT FINITE TEMPERATURE 

Finally, although there is by now no question as to the outcome, we will show how 
the finite temperature response function produces the correct result. All of the results 
for linear response theory in Section 5.4 have finite temperature counterparts given by 
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the correspondence in Table. 5.1. Since the spin trace is trivial as before, the finite 
temperature response function is given by 



2 f d*p y* e' 

" P J (2*) 3 j^e p -e k 


€ k+p +tV m 


(5.155) 


tw n -(€ p -/*) i(v m + “m) ~ {dc+p ~ P) 


in the last line, the summand has been rewritten as the difference of two frequency 
sums which may be evaluated using Eq. (5.148). Whereas the original frequency sum 
converged because of the ^ dependence, the sums in the last line are logarithmically 


divergent and a convergence factor e iUnr > has therefore been inserted. Performing the 
frequency sums. 

<Pp n{e p ) - n{e k+P ) 

- «*+p + 




(5.156a) 


and continuing to the real axis as in Rg. 5.4, 


P R {k,u>) = -2 j 


<Pp »(efc+p) - n(e p ) 
(2?r) s w - (e fc+ p - e P ) + it) 


(5.1565) 


Thus, in the limit w = 0, k -+ 0 


lim x{k,w = 0) = lim -/LioPflffcjO) 


- f 


<* 3 P »(gfc+p) ~ »fcp) 

(2w) 3 e k+p - €p 
d s p dn 
(2»r) 3 de 


3 P 2 
2^*> 


as before. The methods for treating frequency sums and analytic continuation illus- 
trated in this very simple example are completely general and may be applied straight- 
forwardly to any finite temperature calculation. 

PROBLEMS FOR CHAPTER 5 

The problems for this chapter elaborate and apply many of the basic ideas 
presented in the text. Problem 1 relates the Green’s fnnction expression for the 
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grand potential to the perturbation expansion in Chapter 2. Sum rules mentioned 
in the text are derived in Problems 2 and 11. Problem 3 explores the structure of 
the exchange term contributing to the momentum dependence of the self-energy. 
The relation between the structure function at high momentum transfer and the 
ground state momentum distribution is derived in Problem 5. Problem 12 explores 
several truncations of the Martin-Schwinger Green’s function hierarchy to obtain 
approximations to the one particle Green’s function. 

The remaining problems deal with various aspects of the EPA. Problem 6 out- 
lines the derivation of the Lindhard functions quoted in the text and its importance 
is emphasized by an *. The ground state EPA correlation energy is derived in Prob- 
lem 5 and applied to the dilate Bose gas in Problem 7. The familiar one-dimensional 
5-function system provides a simple pedagogical example of how the EPA reveals 
physical instabilities, and is also emphasized by an *. Problem 9 outlines the clas- 
sical derivation of the plasma-oscillation which was obtained using the EPA in the 
text. Finally, Problem 10 outlines the derivation of the time-dependent Hartree 
Fock approximation and the equivalence to the EPA in the small-amplitude limit 
and Problem 11 establishes the properties of the EPA eigenstates used in the text. 

PROBLEM 5.1 Evaluation of the Grand Potential from the One-Particle 
Green’s Function 

Show that Eq. (5.25) reproduces the Hugenholtz diagram expansion for 
Q - fl 0 developed in Chapter 2 through third order. First, note that 
/ dxdx'dT'H x (xr\x'T , )§ x (x l T'\xr') or its Fourier transform 

/ d 3 k dw£ A (fc,w)£ A (Jfe,w) corresponds to the diagram in which the two 

external points of E are connected by §. Thus, the problem is to expand E A and 
§ x consistently through third order and show that each linked diagram in Fig. 2.3 
is obtained with the proper combinatorial factor. 

Using Dyson’s equation, show that to third order 



Use the fact that the self-energy is obtained from amputated one-particle irreducible 
Green’s function diagrams and use the Hugenholtz rules that Green’s functions have 
no symmetry factors and a factor of | for each equivalent pair of lines to show that 
through third order 

)> - )o +)co *)ooo *)cg 



( 2 ) 
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Finally, substitute Eq. (2) into Eq. (l), collect all equivalent diagrams through third 
order, for each diagram with n interactions include the factor £ from / and thus 
show that | f reproduces the contributions of the linked diagrams in Fig. 

2.3. 


PROBLEM 5.2 Energy Sum Rule for the Spectral Function 

For a system interacting via two-body forces, Eq. (5.20b) for the energy and 
Eq. (5.33a) yield 


E 0 


j y r 
~2 n {2*)* J 


p+M 


« - p - w' + iri * w - p + u' -irj 


& + “)L 

p~(k,w') 


~2x 


By completing the « contour in the upper half plane, show that the energy per unit 
volume is given by 


E 0 _ 1 

T - 2 


1 

2 


f d 3 k f dw' 

J (2*) 3 J (2w) 

f dPk r 
J (2w) 3 J 2n [2m 


k* 


+ M-w'|p (k,u') 
+ e] p~(k,n- e) 


where e measures the energy up from the bottom of the fermi sea instead of down- 
ward from fi. 

In schematic form, this sum rule may be written Eq = + e) where the 

brackets denote weighting with respect to the spectral function. This form, which 
is exact, is reminiscent of the result obtained in Problem 1.6 in the Hartree-Fock 
approximation E = Yk<k, ( 2 m + £fc ) • R ecover this old result by evaluating 
p~(k,fi—e) = Yn |{0n ' ” 1 |«fc|V , o)| 2 2x5 (E”- 1 - Eq + e) in the special case in which 
|«o) i 8 an particle ground state Slater determinant and \i />% -1 ) is an (iV — 1)- 
particle Slater determinant obtained by removing one particle in orbit n from |0o). 
Thus, the sum rule may be viewed as an exact generalisation of the familiar Hartree- 
Fock energy expression. 

PROBLEM 5.3 To understand the nonlocality of the Hartree-Fock potential 
and self-energy, it is instructive to evaluate the exchange term in a translationally 
invariant system. 

a) Consider the sum Yp ^j»(*)0p(y) appearing in the Hartree-Fock exchange 
term in Problem 1.6. (Recall 0(s) includes internal degrees of freedom such as 
spin and isospin). Perform the sum over all normalized plane wave spatial wave 
functions in a Fermi gas to obtain the Slater mixed density 


e -iS s 

ft ~W 7v = MTi ptl(kF \ x ~ yl) 




p,i{k F r) = 


3ji (k F r) 
k F r 


where 
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and the total degeneracy associated with internal degrees of freedom (25 + 1) spec- 
ifies the number of Fermi spheres which must be filled to obtain the total density 
p. Explain physically the value at |s — y| = 0 and why kf sets the scale at which 
the mixed density goes to zero. 

b) Using the result in part (a), evaluate the two-body density p 2 (rj.,r 2 ) = 
(Ej/y 5 (*"1 — (r 2 — r y )) in a Fermi gas with degeneracy (25+1). Sketch P 2 ( r i _r 2 ) 
and note that the Slater density describes the “Fermi hole” in the vicinity of ri = r 2 
required by the Pauli-principle. Noting that the normalization condition on P 2 is 
/ d 3 r 2 p 2 (ri,r 2 ) — (N — l)p(ri), show that the “Fermi hole” excludes one particle. 

c) Assume two different forces act in even and odd partial waves. Since even 
and odd partial waves are spatially symmetric and antisymmetric, a convenient 
representation is 


« = t> e ven(r) “ «od<i( r ) 

where the exchange operator P r exchanges the spatial coordinates of two particles. 
Now consider nucleons with single-particle states characterized by spatial wave func- 
tions U a (ri), spin wave function x<r(») and isospin wave function Xr(*)- Note 

P r U ai (rr )x ffl (l)xr, Mx*, (2)xr, (2) 

=U ai (r 2 )xv, (l)xn ( r x)x<rj (fe (2) . 

Show that in a Fermi gas of such wave functions 

= 2 / d3f [(j Weve “ W + f*«w) + - ^Vodd(r)^ P?i(fc/r-r)j . 

Note that the exchange potential, referred to in Eq. (5.78) reduces to the familiar 
result -|v(r) for a central potential. 

PROBLEM 5.4 Scaling Behavior of the Dynamic Structure Factor and Mea- 
surement of the Momentum Distribution 

At high momentum transfer q , the liquid structure factor for a non-interacting 
system measures the longitudinal momentum distribution of the ground state. Phys- 
ically, this is obvious because it just counts the ways a momentum k may be knocked 
out of the system by transferring a momentum q so large that it is assumed that 
the state k + q must be unoccupied. Formally this may be written using Eq. (5.108) 

So(q,w) = -Im Do(q,u) 
m . . 



(» 
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where the longitudinal momentum distribution of the non-interacting system (in- 
cluding 2 spin states for each k) is 

n o„( fc il) =/^? 2r *(fc||.^x) (2) 

the scaling variable is defined 



fc|| is the component of k in the direction of q, and k± denotes the two perpendicular 
components. The question is whether the structure function for the interacting 
system is similarly related to the momentum distribution of the interacting system. 

a) Analyze a general time-ordered diagram in which momentum q is injected 
at time 0 and removed at time T in the limit as q — ♦ oo with y held fixed. Assume 
for the present that the two-body potential is smooth with a Fourier transform 
v(q) which decreases exponentially in the q -* oo limit. Establish the following 
properties: 

i) Unless q injected at time 0 can flow solely through particle propagators to be 
removed at time T, the diagram vanishes at least exponentially in q. 

ii) Each global denominator between time 0 and time T has the form 

E = w- e P + e h + "k 

particles boles 


iii) Each energy denominator outside the range (0, T) has no q dependence, 
iv} The ^-dependence of any time-ordered diagram with n interactions in the range 
(0, T) and any number of interactions outside (0, T) is 

v) Hence, show that the most general contributions of order k t Q 
S w = are of the generic form 



Relate these diagrams to the most general contributions to the momentum 
distribution and thus show 




b) Now consider the case of a potential with an infinitely hard core. Use 
the optical theorem to show that the imaginary part of the forward scattering 
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amplitude grows linearly with q. Give two examples of diagrams which would be of 
order jr for smooth potentials but are of order | for hard cores. Thus, although 

qS (q, uj = j exhibits scaling by depending only on y, this scaling function 

is not the momentum distribution. 

c) Finally, consider practical experiments on finite nuclei and liquid helium. 
Experimentally, the total cross section for nucleon-nucleon scattering is approxi- 
mately constant for 0.4 < pbeam < 1.7 GeV. What does this say about measuring 
the momentum distribution for experiments with q in the range of 1 GeV? If the 
helium-helium interaction is described by the Lennard-Jones potential, is it practi- 
cal to measure the momentum distribution for liquid helium? Some further details 
may be found in Weinstein and Negele (1982). 

PROBLEM 5.5 RPA Correlation Energy 

To see the relation of the ring diagram contributions to the ground state energy 
discussed in connection with Eqs. (2.113 - 2.115) to the RPA response function, it 
is useful to repeat the ground state energy derivation in Eqs. (5.23- 5.24) writing 
( V ) in terms of D instead of G. Note, by the Fermion commutation relations, we 
may write 

WVW = \J dx J dx'v(x-x‘)(i(>\rj> i {x')‘lji{x')^(x)tli(x)-S{x-x')^(x)^{x)\i(>} 
and thus show in a translationally invariant system 

<tfo(A)|V|iMA)) ~ (•o|V|*o> = ^Jdx J dx'v{x - x') [»!?*(*« jx't) - *A,(*t|*'t)] 


where |^ 0 (A)) and D x denote the ground state and response function for the Hamil- 
tonian Eq. (5.23) and |^o) is the non-interacting ground state |^ 0 (0)). Hence, 
use Eq. (5.113) in the form D RPA — Do + and the relation E 0 - w 0 = 

/o **£ (lM A ) l-M ^o(A)) to write 


Eo = + V\<f>o) + l -J l y j dx j dx‘ v(x - x‘) [D x {xt\x't) - D 0 {xt\x't)] 

. i n f l dx f , {Xv(q)Do{q^)) 2 

Expand this result in powers of v and note that it generates the direct ring diagrams 
with the factor ^ in Eqs. (2.112 - 2.115). (There is no overcounting problem in 
second order because exchange diagrams have been neglected throughout.) 


PROBLEM 5.6* Llndhard Function 

Evaluate the momentum integrals in the response function for a non-interacting 
Fermi gas, Eq. (5.108), to obtain Eq. (5.109). To calculate the real part, it is 
convenient to change variables in the second term of Eq. (5.108) by defining k' = 
—k~q and write 

f d 3 k Wfc+ «(*-~ Wfc ) f d 3 k' U ~ k ‘ ^ ~ ; 

J w + e fc - e fc+4 - it) J w + e(_fc'_ g ) - «(-*>} - *f 



PROBLEMS FOR CHAPTER 5 


291 


so that identical 0-functions appear in both terms. The imaginary part is simply 
proportional the phase space such that k + q is outside a Fermi sphere while k is 
inside a Fermi sphere and energy is conserved, -jj* + = u>. Thus, Im Do may be 

calculated geometrically by computing the area of the circle in the plane defined by 
k • §+ | = mui such that |g + fc| > kp and k < kp. 

PROBLEM 5.7 RPA Correlation Energy for Dilute Bose Gas 

Using the RPA correlation energy expression from Problem 5.5, Eq. (1), sum 
all the ring diagrams for the dilute Bose gas treated in Problem 3.3. The integrals 
can be performed analytically and should reproduce the exact leading order result. 

PROBLEM 5.8* RPA Instability of Uniform Gas 

In Problem 1.9 the uniform gas solution for Fermions interacting with repulsive 
5-function forces in one dimension was shown to have a binding energy per particle 
about 10% less than a collection of clusters of (25 + 1) Fermions in the ground state. 
This suggests that the gas phase is unstable against fluctuations. Note, as seen for 
example in Problem 3.4, that perturbation theory for the ground state energy does 
not reveal instabilities, so instead it is useful to examine the response function. If 
all the RPA modes have real positive frequencies, the system is stable with respect 
to all infinitesimal fluctuations. If at some q, there is a mode with w = 0, the mode 
is self-sustaining: it costs no energy to create it. In regions of q for which u is 
complex, the mode will grow exponentially and the system is unstable. 

a) Calculate the RPA response function to search for instabilities at all q and 
p. Show that as q — * 0, the long wavelength stability criterion is identical to that 
derived in Problem 1.7 and applied already in Problem l,9d. 

b) Determine the range of q for which the equilibrium density gas is unstable. 
Compare the wavelength of the instabilities with the size of a ground state cluster 
of (25 + 1) particles and explain this result physically. 

PROBLEM 5.9 Classical Plasma Oscillations 

Show that the RPA mode (5.118) in an electron gas corresponds to the plasma 
frequency derived classically. Linearise the continuity equation 

do 

- + V.pv = 0 

and equation of motion 

m-^(pv) + mS ■ V(pt>) = -epE 

to leading order in the density fluctuation Sp = p — p 0 and velocity. Combine these 
results with the Maxwell equation 


V • E = 4ir6p 


to obtain the result 


at 2 6 


^Sn 

m 


with frequency w = — . 
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PROBLEM 5.10 Time-Dependent Hartree-Fock Approximation 

a) Using the equation of motion for t/i(x,t), Eq. (5.17), derive the following 
exact equation of motion for G^ 

( i ^ 1 -T**) Gil) ( 1 > 1, )=Hhll-iJdx 3 v(x i ~x,)GW{l2\l'2 + )\ ~ . (1) 

This is the first of an infinite heirarchy of equations (Martin and Schwinger, 1959) 
relating the evolution of GW to G^ n+l ) and G^" -1 * 

Now, make the time-dependent Hartree-Fock (TDHF) approximation by as- 
suming that the two particles propagate independently in Gf( 2 \ that is 

G< 2 > (1 2(1'2') m GW (1| l'JG* 1 ' (2|2') - GW (1|2')G7 (1) (2| 1') 

to obtain 

i±G( XlhM = J + 2) 

where the TDHF single particle Hamiltonian is 

h(xi, x 3 ;t) = (acjlTlis) + J J dx 2 dxt{xix 2 \v\x 3 x t } p(x t ,X 2 ;t) (2) 

and the one-body density matrix is defined 

p{x,x K ,t) = {^{x't)^{x > t)) . 

Combining the equation for G with its adjoint, the TDHF equation may equivalently 
be written purely in terms of the one-body density matrix 

= J d a x 3 (Mxi,*»;t)/»(*3,*3;0”P(*x.*s;t)M*».*a;«)) 

or in matrix form 

tp=[h,pj . (3) 

b) For a Slater determinant, p(x,x') = Ex Thus, show that 

Eq. (1) is equivalent to the single-particle equation of motion 

i<j> A = h<f>A ■ 

This equation will be obtained by using the time-dependent variational principle in 
Problem 7.5. 

c) Recover the RPA by considering infinitesimal TDHF fluctuations around 
the Hartree-Fock ground state .(Goldstone and Gottfried, 1959). Let po denote the 
static density matrix and pi the infinitesimal fluctuations in the density matrix. 
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The dependence of the TDHF Hamiltonian on p is indicated explicitly by writing 
Eq. (2) in the form 

h = T + W[p] 

and the static HF basis is defined 


{T + W[ Po ])\«) = E a \a) . 
Linearise Eq. (3) in pj to obtain 

ipi = flF[pij,po] + [T + !F[po]>Pil 


so that, taking matrix elements in the HF basis 


(%~-{E a -E p ) \ (a\ Pl \fi) =]T{a7Me£} (6|pib)(e|p 0 |/?) 

^ ' tSf 

+ {eq|v|^} (5|pih){a|po|«> . 


Finally, note that the most general infinitesimal change in the ground state wave 
function may be written as a superposition of particle-hole excitations so that an 
excitation of frequency w is written in the Hermitian form pie~ Mt + p\e' ut with 
Pi only having particle-hole matrix elements, and thus obtain Eq. (5.133) with 
X a a = <-4|pil a ) and YaA = (aj p f |j4). Show that the TDHF single particle wave 
functions for this mode have the form 


<t> A {x)~e- iE ** 




( 4 ) 


PROBLEM 5.11 Properties of RPA Eigenfunctions Derive the following prop- 
erties of the RPA eigenfunctions defined by Eq. (5.133). 

a) Orthogonality. Left-multiply Eq. (5.133) by and compare 

with the adjoint equations to show 

(xW+yW+) ( =o 

if EM j* EW*. 

b) Show that if ^ y(i/)^ has energy E^ v '> then has energy — jjf*')*. 

It is therefore convenient to normalise eigenvectors by the condition 

(xMtyMt) (^,)=sgnEH 

- /lW\ , /yW*\ 

so that l y ^ v j i and ! g{v}* 1 have the same norm. 
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c) Completeness. Let an arbitrary vector F be expanded in eigenstates F = 
Yhv <*«/ ^ ^r(f) ^ • Verify the completeness relation 

X>gn(£W) (_y { ri)) (xlrtYW) = 1 

by applying it to F. 

d) Green’s Function. Show that the Green’s function 


G = ^sgnfJE^ 


w - EM ± is 


satisfies the equation (5.132). Thus, derive Eq. (5.134) (with the appropriate ±tf), 

PROBLEM 5.12 Green’s Function Summations of Ladder Diagrams. 

Multiply the first equation in the Martin-Schwinger Green’s function hierarchy, 
Eq. (1) of Problem 5.10 by Go to obtain the exact equation 

GW(1|1') = G^(l|l') +*G^ , (1|4) {45|o|23}G (a) (23|5 + l') 

where 5 + denotes a positive infinitesimal time added to £5, v contains a 5-function 
in time, and repeated coordinates are summed. 

In diagrams, this may be written 



Instead of making the Hartree-Fock approximation as in Problem 5.10, consider 
more general summations defined by the equation 

G (2) (12, 1'2') = GW(U')GW(2 2') - G^(l 2')G (1) ( 2 l') 

+ A(1 2, 3 4) (3 4|v|5 6} G ™ (5 6, 1'2') 
which may be represented diagrammatically as follows: 



Note that in these diagrams the dotted lines are not propagators but just indicate 
how the various parts of the diagram are connected up, whereas the solid lines are 
really Go propagators. 
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We will deal with two approximations for A: 


A 0 o(12,l'2')=t-4 1) (ll')4 1) (22') Q3 = 


A u (12, l'2'J = *^ 1 )(11 , )G b) c) * * * * * * * * (1) (22') f A„ ] 


a) Treat the two equations as a system of closed equations and solve for 
the self energy S in the Aoo approximations. Retain terms sufficient to obtain 
contributions to the ground state energy through third oder in part b, below. Recall 
S satisfies the equation: 


b) Prom G* 1 * and E, obtain the expansion for the ground state energy through 
third order. Compare with the Goldstone expansion. (Here you will need to remem- 
ber that Green’s functions include all relative time orderings and both particle and 
hole propagators. You will need to be very careful with factors.) State explicitly 
which graphs are counted correctly, incorrectly, and omitted. 

c) Now, make contact with Brueckner theory (see Eq. (3.64)) by determining 
which ladder graphs are included in the Aoo and An approximations to all orders. 

Comparison is easiest in the low density limit where graphs with two independent 
hole lines dominate those with any higher number of hole lines. For two-hole line 

graphs, do An and Aoo correspond exactly to any prescription for the potential in 

Brueckner theory? What is the essential difference at higher density (more than 
two hole lines)? 

PROBLEM 5.13 Energy Weighted Sum Rules 

Derive the sum rule Eq. (5.139) by evaluating the double commuta- 

tor [\H,p q ],p- q ]. First, show = 0. Then show that = 

£ p (is ~ 4 a p+i from which follows that [[f, £,],£,] = ^4 °p- 

Finally, insert a complete set of states in the matrix element (^o|[[-H, to 

obtain the sum rule. 
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THE LANDAU THEORY OF FERMI LIQUIDS 


The general methods presented in previous chapters to calculate observables in 
Fermi or Bose systems have been based on perturbation theory. In the case of strongly 
interacting systems, even when physically motivated resummations have been made, 
it is difficult to assess the reliability of the resulting approximations. Hence, in this 
chapter we will present a completely different approach developed by Landau (1956. 
1957, 1958) for Fermi liquids which provides exact relations between certain observable 
quantities. 

The domain of validity of the Landau theory is restricted to phenomena which 
involve excitations very close to the Fermi surface. In this domain, the fundamental 
degrees of freedom of the system are quasiparticles which interact with a quasipar- 
ticle interaction f(k,k'). Although the theory does not specify any properties of the 
strongly interacting ground state, it describes small departures from the ground state 
and response functions. It thus allows one to express a number of observables such 
as the specific heat, magnetic susceptibility, sound velocity, zero sound velocity, and 
transport coefficients in terms of the interaction f[k,k'). This function can either be 
parameterized phenomenologically by fitting several parameters to experiment, or else 
it can be calculated microscopically, in which case the theory becomes exact. 

The chapter is organized as follows. In the first section we present the basic 
assumptions of the theory in a heuristic and phenomenological manner and in the 
next section we show how to calculate thermodynamical observables with this set of 
assumptions. We emphasize that the arguments in these sections will not be rigorously 
deduced from general principles; rather, at key points assumptions or postulates will 
simply be introduced following Landau’s original development. For those who wish 
to pursue this approach to Landau theory in further detail, the review of Baym and 
Pethick (1976) is particularly clear and pedagogical. The last section presents the 
microscopic justification of the theory. This microscopic understanding both provides 
a clear foundation for the postulates of the earlier sections and establishes the relation 
of the phenomenological interaction f{k,k ') to the two-body vertex function. 

6.1 QUASIPARTICLES AND THEIR INTERACTIONS 


Let us consider a uniform gas of spin-| Fermions, containing N particles in a 
volume V. If the Fermions are not interacting, the ground state of the system consists 
of a Fermi sea of plane waves of momenta (fc| < kp. The Fermi momentum kp is 
related to the density by: 


*L 

3* 2 


( 6 . 1 ) 


The total energy of the system is given by 


£ =E 

l 


2m 


■n(k) 


( 6 . 2 ) 
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where n(k ) is the occupation number of the plane wave state | k). 

n{%) = 26 ( k F - |£|) . (6.3) 

If an arbitrary weak external field is coupled to the system, the net effect will be 
a variation of the occupation numbers, and the corresponding variation of the total 
energy can be written: 

SE = H^ Sn ( % ) ■ (M 

£ 

Further, is the field is very weak, it can only excite states close to the Fermi surface, 
so that 6n(%) will be sharply peaked around kp- 

Let us now adiabatically turn on the interaction between the particles. A normal 
Fermi liquid is defined as a system in which the non-interacting ground state evolves 
into the interacting ground state and there is a one-to-one correspondence between the 
bare particle states of the original system and the dressed or quasiparticle states of 
the interacting system. A quasiparticle state with |fc p | > kp is defined as the state 
obtained from a non-interacting Fermi sea plus a plane wave \k p ) by switching on the 
interaction, and similarly, a quasihole state is obtained by starting with a Fermi sea 
with a hole in state \%h)- 

Note that in order for a system to be a normal Fermi liquid, switching on the 
interaction must not produce bound states. For example, in a superconductor, the non- 
interacting ground state does not evolve into the BCS ground state and the formation of 
Cooper pairs destroys the one-to-one correspondence between non-interacting states 
and quasiparticle states. Throughout this chapter, we will tacitly assume a normal 
state, either by virtue of a totally repulsive interaction or by treating temperatures 
above the superfluid or superconducting transition temperatures. Normal Fermi liquids 
to which the theory is commonly applied include liquid 4 He, the electron gas in metals, 
and nuclear matter. 

We have seen in Eq. (5.72) that the quasiparticle lifetime is proportional to 
(e- €f) 2 . so that even in a normal Fermi system, quasiparticles far away from the 
Fermi surface are ill-defined, unstable states. If one tried to prepare them by turning 
on the interaction slowly enough to be adiabatic, they would decay before the process 
was complete. Hence, the Landau theory is only applicable to low-lying excited states 
of the system, which are made of superpositions of quasiparticle excitations close to 
the Fermi surface. In particular, it can describe neither the ground state energy, which 
would require summation over ail occupied states in the sea, nor highly excited states. 

Let us temporarily suppress spin and denote the quasiparticle energy by e~ and 

the interaction energy of quasiparticles of momentum k and k by f[k, k ). If we apply 
a weak perturbation to the system which takes it away from its ground state, it induces 
a change 6n(k) in the occupation number of quasiparticle k, and Landau postulated 
that the change in the total energy of the system is given by 

5j5==^e2^) + i^/(J,^)^n(jfc)5n(ifc') . (6.5) 

£ £,£' 
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The energy of quasiparticle k, when it is surrounded by other quasiparticles, is 
given by: 

C jp -i 

]£/&*)*»$) • (6.6) 


The interaction f(k, k ) of quasiparticles k and % is given by 
1 


= — ~ E - ^ 
* 6n(fc)6n(ifc ) 


and it is thus symmetric in k and k 


Hi k') = f {%',%) . 


(6-7 a) 
(6.76) 


Although the Landau theory is much more general than the Hartree-Fock approxi- 
mation, it is instructive to note that Eq. (6.5) is of the same form as the total Hartree 
Fock energy where ejj is the kinetic energy, is the self-consistent single-particle 
energy and fyf {%,%') is the antisymmetrized matrix element of the bare two-body 
interaction. 

Since quasiparticles are adiabatically evolved from Fermions, they obey Fermi- 
Dirac statistics and the distribution functions at finite temperature is given by the 
usual Fermi distribution 


n(£) = 


„ 1 
e 0(*(£)-F) + l 


( 6 . 8 ) 


where p is the chemical potential. 

At zero temperature, we recover a step function distribution, and at non-zero 
temperature, Eq. (6.8) becomes a set of self-consistent equations since e(fc) depends 
on n(fc) through (6.6). 

We now extend the notation to include spin. Formulas (6.5) to (6.8) are un- 
changed. except that % should be replaced by ( k,a ) where a is the spin projection on 
a quantization axis and the sums over k are replaced by Y^ a -±i/ 2 Sg- t * 1e a bsence 
of a magnetic field, by symmetry e(fc,cr) is independent of a, so that e[k,a) = e{k). 
Similarly, f{ka,Ha') can depend only on the product a ■o ' , and may be parametrized 
as 

f(ka,ka') — k ) + 45 • a'<p{k, k ) (6.9a) 


or . . , 

f(ka,kc') — f 0 (k, k ) + 8*<r'fe(k,k ) 

with the relation 

fo = f ~<P 
fe = 2<p . 


(6.96) 


(6*9c) 


Note that here a denotes a spin | matrix so that a Pauli matrix would be 2a. 

A crucial simplification occurs for the translationally invariant systems. Since 
Landau theory is restricted to phenomena involving only quasiparticles close to the 
Fermi surface, f{k,k') only enters observables with the two vectors k and k' on the 
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Fermi surface. Thus, / will depend only on the angle 8 between k and k , and it is 
convenient to expand it on the basis of Legendre polynomials as: 


/(£*•, JV) |,g wr|=fc/ =/(f,cr l£ r') 

= f(0) + 4 3 • c?>(0) 

= Yl (& + 43-5 ' "Pl) Pl[co9 0) . 

L=0 


The orthogonality relation for the Legendre polynomials: 
2L + 1 


- j Pt(cosd)Pi,i{cos8)d(coa9) = 6ll' 


implies that 


/( *,£) 


i|Ei=iri=fc/ 


( 6 . 10 ) 


( 6 . 11 ) 


( 6 . 12 ) 


In practical applications, the Legendre coefficients /x, and 4>l decrease sufficiently 
rapidly with L that truncation after several terms yields an adequate phenomenology. 
In this case, a small number of empirical coefficients describes a much larger number of 
experimental observables and the theory has non-trivial physical content and predictive 
power. For metals with non-sphericai Fermi surfaces or finite systems. f(k, k') depends 
on many more parameters and the theory Is correspondingly less powerful. 


6.2 OBSERVABLE PROPERTIES OF A NORMAL FERMI LIQUID 


We shall now calculate a number of observable properties of a normal Fermi liquid 
in terms of the effective interaction f(k,k'), assuming the validity of Eqs. (6.5- 6.6). 
The microscopic justification of the theory and the relation of f{k t k') to the bare 
interaction will be deferred to the following section. 

EQUILIBRIUM PROPERTIES 


A fundamental parameter of the theory is the effective mass. As in Eq. (5,74), 
m* is defined in terms of the density of states or group velocity at the Fermi surface 


k^^d4 
m * d% fc . 


(6.13a) 


By the definition of a quasiparticle as the eigenstate obtained from a non-interacting 
Fermi sea with a particle is state |fc). must be the chemical potential p and 
expanding in the neighborhood of the Fermi surface 
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Specific Heat 

The specific heat at constant volume is defined 


i iE. 

' V dT , 


(6.14) 


A change in temperature induces a change in occupation numbers, so that cv is 
given by 


_ 1 6E Sn(k,ff ) 

” V ~ 6n(k, a) ST 

_£V' Sn(k, a) ( efc - fi 
^ ' T 



(6.15) 


At low temperature, the sum ^2$' f$ )Sn(k ) in Eq, (6.6) is of order T 2 so that 
the leading contribution to cv may be obtained by replacing eg by eg and converting 
the integral over k to an integral over eg using Eq. (6.13). The standard method for 
calculating the resulting integral using the low temperature expansion for the derivative 
of the Fermi function 


£ i 

de + 1. 0—oa 


-5(e - ») 




(6.16) 


is reviewed in Problem 6.1. The result to lowest order in T is 
cy = -rrCkpk%T . 


(6.17) 


Physically, since the effective mass is proportional to the density of state at the Fermi 
surface, we expect the specific heat to depend on m*. The result. Eq. (6.17). in fact 
shows that it depends on no other parameter of the theory. That is. to leading order in 
T the specific heat is equal to that of non-interacting Fermions of mass m* and thus 
provides a direct experimental measurement of m*. For liquid 3 He, the effective mass 
ranges from roughly 3m at zero pressure to over 5m at 27 atm, where the primary 
experimental uncertainty in measuring the specific heat arises from uncertainties in the 
temperature scale. These results as well as subsequent experimental Landau param- 
eters for liquid 3 He are tabulated in Table 6.1 at the end of the chapter. So-called 
"heavy Fermion systems" such as CeCujSia. UPt 3 , l^Zn^, and CeAl 3 have effective 
masses m*/m of the order of 10 2 - 10 3 (see Stewart. 1984). 

Effective Mass 

Having seen that m* may be measured experimentally, we now relate it to the 
quasiparticle interaction f(k, k'). It is clear that if one postulates that Eqs. (6.5- 6.6) 
hold in any Galilean frame, the different relative contributions of eg and f(k,k') in 
different frames will give constraints relating eg and f(k, k'). Problem 6.2 explicitly 
uses Galilean invariance to relate m* to /. Here, we present Landau's original argument 
which equates the momentum of a unit volume of the liquid to the mass flow. 
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The momentum per unit volume is given by 

• ( 6 - i8 °) 

On the other hand, since the velocity of a quasiparticle is and the number of quasi- 
particles equals the number of particles, the total momentum can also be expressed 
as: 

(6.186) 

V U dk 

where m is the bare mass of a particle. 

Equating (6.18a) and (6.18b). we have: 

= ]C m TF n (* I °') • ( 6 * 19 ) 

£,<r dk 


Since (6.19) is an identity, we may take a functional derivative with respect to n(ifc, cr) 
d 3 V d 


t de % V' f dH 

k=m — +m j:j W] 


dk 


which we rewrite: 

A 

m dk 


A = £f£ + ^y ,AA Sf (%<r, ka 1 ) 


(2vr) 3 


) 3 at \<yn(fc,o) 

n(k',<r') 


n(k , cr') 


(6.20a) 


dk 


dez ^ f d 3 k' - t n dn(k\a>) .. 

= it' ~ 5/ w /( ’ • (6 - 20fc) 


In (6.20). we have used the usual replacement of the sum by an integral V / 

At zero temperature 

^ = -t j(fc r - A) (6.21) 

OK 

where & is the unit vector along %. Thus, using (6.13) and (6.20) and taking k on the 
Fermi surface, we obtain: 

h = b + X) / s(kF - k>) • ( 6 - 22a ) 


Finally, denoting by 6 the angle between k and k' . and using Eqs. (6.10) - (6.12) we 
obtain 

A = _L + _Al. 4?r J d (cos 0) J2 (h + 4<r ■ ct'^x.) Pl{ cos 5) cos (9 
1 k F T 


(6.226) 
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Because this and all subsequent integrals over f[k,k') are evaluated at the Fermi 
surface and thus are ultimately multiplied by the density of states at the Fermi surface, 
it is conventional to define new Legendre expansion coefficients which include the 
density of states. Using Eq, (6.13b). the density of states at the Fermi surface is 

= (iy 4 * / k2dk 6 ~ ^ ( 6 - 23 ) 

m* kf 
— 

and we define the normalized expansion coefficients* 

Fl = (6.24a) 

Z h ~^ • (6.246) 

With these definitions, we see from Eq. (6.22) that the effective mass directly specifies 
the L = 1 component of the spin independent quasiparticle interaction 

£-( i+ f) ■ < 6 - 25 > 

As is also evident in Problem 6.2, we observe from Eq. (6.22) that the current 
associated with a quasiparticle is not simply Because of the interaction with all 
the other particles in the medium, there is another piece coming from the interaction 
/ which represents the other particles dragged along with the quasiparticle, or the 
backflow of other particles around the quasiparticle. 

Compressibility and Sound Velocity 

The compressibility x of a liquid characterizes the change of pressure with volume 
according to the standard definitionf 


1 ..dP dP 

X dV P dp 


(6.26) 


where V is the volume of the system and the density is p = The velocity of 
thermodynamic sound, ci, provides a convenient experimental means of measuring x- 
since by Eq. (5.124) 


.2 1 m 1 
1 m dp mpx 


(6.27) 


* A more modern notation for Fl is and for Zl is F£. where the a and a denote 
symmetric and antisymmetric, spin combinations. Note also that our definition of Z 
differs by a factor of 4 from some of the early literature. 


t Frequently, the compressibility of nuclear matter is expressed in terms of the 
compression modulus, K s k%-^r (j)- At equilibrium, ~ = e §-. 
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From the observation in Fig. 5.16 that thermodynamic sound corresponds to a spher- 
ically symmetric change in the occupation of states at the Fermi surface, it is clear 
physically that x and ej will depend on a spherically symmetric average of f(k, fc') and 
thus on the Landau parameter F 0 . We now derive the precise relation. 

Because the free energy is extensive, we may write it in terms of a free energy per 


unit volume as follows: 

F{T,y,N) = Vf(r, . 

(6.28) 

Hence. 

'-S-'-'g 

(6.29) 

and thus 


(6.30) 

Since it is convenient to express the final result in terms of the chemical potential, we 

use Eq. (6.28) to obtain 


(6.31) 

so that 

X P dp 

(6.32) 

In order to calculate 

0, we note that 



H = e(k Fl nfacrj) 

and thus, using Eq. (6.6), 

dn de° dk F , y* f d 3 k' t ^ 6n{k>) dk F 

dp dk F dp (27r)3 /l ' F ’ } Sk F dp • 


(6.33) 


(6.34a) 


Using the relations p = §{£ from Eq. (6.1). $■{£• = from Eq. (6.13). 2201 = 

6[k? - k F ) from Eq, (6.3) and / a, o’) = f 0 = from Eqs. (6.12) and 

(6.24), we obtain 


dp dk F I k F k F 2 




= s£l 1 + fi l 

from which it follows from Eqs. (6.32) and (6.27) that 


1 

X 


P k r 2 h . (1 + Fo) 

3m * V + m (3 + Fi) 


(6.346) 


and 
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kr 2 




kS (1 + Fo) 
m 2 (3 + FO ' 


(6.35) 


As anticipated, the compressibility depends upon F 0 , coming from the spherical average 
of f( 6 ). as well as F lt arising from the effective mass. Note that the compressibility 
becomes infinite, that is, the system becomes unstable against density oscillations, 
when Fo = - 1 . This is a specific example of the general stability criteria Ft > 
— (2 L + 1). and Zi, > —( 2 L + 1) derived in Problem 6.3. 

Magnetic Susceptibility 

In contrast to the previous properties which were independent of the Fermion spin, 
we now consider the magnetization which is induced by an external magnetic field. The 
magnetic interaction energy of a Fermion with an external field H is -a^H, where for 
a point particle with no anomalous moment, the gyromagnetic ratio is 7 = ^ and 
a = ±| is the spin projection along H. Hence, in the presence of an external field 
H. the energies of the spin +| particles are lowered and the energies of the spin 
particles are raised, causing the equilibrium occupation of the spin + § states to be 
larger than the spin — | states and thus producing net magnetization. 

To calculate the induced magnetization, we need to calculate how n{a), the density 
of particles with spin projection 0 , changes in the presence of a weak external field II . 
Since the total number of particles is fixed, we may write 


p(a) = po + <rA p . (6.36) 

Since the chemical potential of spin state 0 ,jn(a), depends on both n(o) and n(— 0 ), 
the equilibrium condition p{o) = p{— er) poses a constraint which we will use to specify 
An. The chemical potential for each spin is equal to the quasiparticle energy at the 
corresponding Fermi surface 

p{tr) = e[k F [c),o r) (6.37) 

where, in the presence of an external field, the quasiparticle energy is 

«(fc,o) = €°(k, 0 ) - ^ /(fccr, k 0 ')Sn(k o') . (6.38) 

Jc'a' 

Since both fc/’Jcr) and the distribution function n(k,a) are specified by the density 
p{a). p(a) is a function of p(a) and p(-cr). For a weak external field, we may expand 
the chemical potential to first order around the result po at H = 0 . 

p{a) » po ~ 0 lH + ]T) <^'Ap . (6.39) 


The derivatives of the chemical potential p{a) with respect to the densities for 
each spin state are evaluated as in Eq. (6.34), where we now distinguish the individual 
contributions of each spin population 


dp(cr') 


dk F (o') 
dp{o‘ ) 


+ / Wj iHkrc, ' h '°' ) 


dn(k', o') 
dkp{0') 


2 rr 2 

kr( a ') 


—£- 6 ( 0 , 0 ') + — — - (Fq + 400 ' Zo) 
m* 2m* 


(6.40) 
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Using Eqs. (6.39-6.40), the equilibrium condition At(cr) = p{-a) provides the desired 
constraint on Ap 

0_2 

lH=-P- z (l + Z 0 )Ap . ( 6 . 41 ) 

kpm 

Using Eqs. (6.36) and (6.41) the magnetization density is 
m= (po +<tAp)<j'i = ^Ap 

( 6 . 42 ) 

7 2 Hkfm* 

= 4w 2 (l+Z 0 ) ' 

From which it follows that the magnetic susceptibility is 


dm ^kf-m* 

XM-gff- 43r 2( 1 + 2 0 ) • 


( 6 . 43 ) 


As in the case of the compressibility, the L = 0 Legendre coefficient of the quasiparticle 
interaction enters because of the spherically symmetric deformation of the Fermi sphere. 
However, since the spin +| sphere expands while the spin sphere decreases, the 
difference. Zo. between the interactions of like and unlike spins contributes rather than 
the sum F 0 . Again, we see a specific example of the general stability criterion Z& > 
(2 L + 1) of Problem 6.3. In liquid 3 He, as tabulated in Table 6.1, Z 0 ranges between 
-0.67 at 0 atm and -0.76 at 27 atm indicating that the strong spin dependence of the 
effective interaction makes the system nearly unstable with respect to ferromagnetic 
ordering. The physical origin of this dependence is simple. By antisymmetry, the 
spatial wave function of a spin singlet is S-wave and appreciably samples the short- 
range repulsive core of the He-He potential, whereas the spatial wave function of a spin 
triplet is P - wave and experiences much less repulsion. 


NONEQUILIBRIUM PROPERTIES AND COLLECTIVE MODES 


The dynamics of a Fermi liquid close to equilibrium is governed by a Boltzmann 
equation for the quasiparticle distribution. Two fundamental assumptions are required. 
The first is that we consider only long wavelength, low-energy excitations. Then, in- 
stead of considering the quantum Wigner distribution function introduced in Section 
5.4, we may treat the non-equilibrium distribution function at position f as a classical 
distribution function n(/c,r,t), The second major assumption is that the local quasi- 
particle energy at the position r, e(k,f). plays the role of the quasiparticle Hamiltonian, 
so that 


de(k,r 


( 6 . 44 ) 


k = — 


8k 

de(k, r) 
dr 

Then, the Boltzmann equation is obtained by equating the total time derivative of 
n(ic,r,t) to a quasiparticle collision integral J(n) 


dn &n de _ dn de _ . . 
dt + dr dk dk 9r 


( 6 . 45 ) 
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Since we will be interested in small deviations from equilibrium, we expand n and e 
around their equilibrium values as follows 

n(k,r,t) = no(A;) + 6n(jc,r,t) 

e(^,r,t) = + (6.46) 

Expanding Eq. (6.45) to first order in Sn, we obtain 

±6nfc?,t)+± ^E/(*.*')^ f »(*',r,*)-/(») (6.47a) 

where throughout this section where no ambiguity arises, spin sums will be understood 
to be included in sums over k. Using 

the linearized Boltzmann equation is written 

~6n+-J~- ^~^nH-5(/i-e fc )^^/(ife I £')^n(]fc',r,«)j = J(n) 

Conservation Laws 

Using the relation 

dn de dn de _ J?_ / de \ _ / de \ 

dr,- dkj dkj drj drj \ dkj ) dk,- \ dr } : ) ’ 

summing (6.45) over momentum and spin, and noting the sum over the collision integral 
vanishes yields 

d d v — ' de v~~* d f de \ 

dt^ n ~ dr, dkj dk,- V dr,- ) (6.50a) 

= -V-J{r,t) 

where the current is defined 

«!>(«, • ( 6 - 50 *) 

% 

Linearization using Eqs. (6.46) and Integration by parts yields 

M = tE - %ir ?£«*■*>*■<*>) • 


(6.476) 


(6.48) 


(6.49) 


(6.50c) 
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in particular, if Sn corresponds to the distribution function for a single quasiparticle of 
momentum k, we recover the result, Eq. (6.22a) for the quasiparticle current including 
the drag term 


J (^ua-.particte = + £ E /ft S (kF ~ k‘) . 


(6.50d) 




The equation of momentum conservation is obtained by multiplying the Boltzmann 
equation (6.45) by A:*-, integrating over momentum and spin using (6.49), and noting 
that the collision integral vanishes by momentum conservation 

Integrating the last term by parts and using the fundamental relation Eq. (6.6) that 
e* = slffcy. we may write 


_ [ d s k d ( de \ f d 3 k de 

J 2*3*% \ dr j ) ~ J (2*)3 n a^ 

- A ( f d * k \ _ f d3k 

9 r< \J ( 2 *) 3 ”V / ( 2 *)3 


8n dE 
dfi dn 


(6.52) 


Hence, the momentum conservation equation may be written 


If 

dtj 


<Pk , d „ 

_ fcin+ _ n i .. = 0 


where the momentum flux tensor is given by 
„ f d 3 k . de c 


\f dPk 

L / w n€ ~ E 


(6.53 a) 


(6.535) 


The law of conservation of energy is derived analogously by multiplying (6.45) by 
e(fc,r), using Eq. (6.49), and noting that the integral of the collision term vanishes by 
energy conservation 

f d 3 k dn f d 3 k f 8 ( de \ 8 ( 8e\] , , 

1 (2*)3 € at + J ( 2 *)3 € [ary V n afcy j " dk s ( n a^jJ “ 0 • (6 - 54 > 

Integrating the last term by parts and using Eq. (6.6) yields 
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where 

/(Sr"!?' (6Mi) 

Linearizing Eq. (6.55b) using Eqs. (6.46) and integrating by parts yields 

SQt = $ £ (*)«°(*)^r - f^° I E /(*. *')«"(*')) • (6 55c) 

Like the current, the energy current has a drag term accounting for the energy flow of 
the particle interacting with a quasiparticle. 

Zero Sound 

The zero sound mode discussed in Section 5.4 in connection with the RPA linear 
response theory was originally discovered by Landau (1957) as a collective oscillation 
of the Fermi liquid. In this section we will show how this mode emerges naturally as 
a solution to the linearized Boltzmann equation. 

Recall that Eq. (6.27) for thermodynamic sound relies on the hypothesis of local 
equilibrium and thus requires that the sound frequency v be small compared to the 
inverse collision time v « By the general phase space argument used in Eq. (5.72) 
for the quasiparticle lifetime, we know that the collision time is of order r ~ (c — e*.) -2 . 
Finally, since the quasi particles excited at temperature T have energies («*-«/>) — kT. 
it follows that ordinary sound propagates for 

v « T 2 (6.56) 

and thus cannot propagate for sufficiently low temperatures. 

At temperatures sufficiently low that ordinary sound ceases to propagate because 
collisions are negligible, we may neglect the collision term J(n) in the Boltzmann 
equation and solve for the relevant collective modes in the collisionless regime. We will 
seek a solution of the form 


Sn(k, r, t) = (6.57a) 

in which case the linearized Boltzmann equation Eq. (6.48) with I(n) = 0 becomes 

(qVk-u)<t>z + qvk${p-ek)^Ylf( k ' k ') < l >k ' =0 (6.576) 

v k' 

where v k = j|r. Since 4k is proportional to 6{n - «*). it is convenient to define 

4n = Htk - A)«F «(£) (6.57c) 

and using the fact that |v« | = vf = for momenta restricted to the Fermi surface, 
we obtain 

(q v k ~ «) u(k) + g ■ Vk~ f(k, k')S(e k , - *)«(*') = 0 . (6.58) 
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Note that physically, u* is the displacement of the Fermi surface at momentum k since, 
by Eqs. (6.57) 

n(fc, r, t) = n 0 (fc) + Sn(k, r, t) 

= n 0 (lfc) + e <(9 ' 5,_wt) 5(e fc - m)ufu(/c) (6.59) 

Since momenta are restricted to the Fermi surface, u(k) only depends on the spin <j 
and the direction of k. which we denote by polar coordinates fl = {6, <j>) with the polar 
axis in the direction of q. As in Eq. (5.121). we also define the ratio of the velocity of 
the mode f to the quasiparticle velocity at the Fermi surface. 

s = — (6.60) 
qvp 

so that Eq. (6,58) becomes 

(s — cos#)u(fl, o) =cos ^53 J p ^ 3 ^ — f(ka,k ,a') 

= cos0 f 7 “ 

(6.61a) 

where, as in Eq. (6.24), F includes the density of states at the Fermi surface 

F(£cr, k a') = m 2 ™ k' a 1 ) 

* , (6.616) 

= + 40 - <r Z L )P L (cos0nn') , 

L 

0ncv denotes the angle between k and k , and we have explicitly displayed the spin 
dependence for future reference. 

Let us first consider the case in which the Fermi surfaces of both spin states 
oscillate in phase, in which case Eq. (6.61a) simplifies to 

(s - cos0)u(fl) = cos# j y, Fi,Pi,(co86no')u[Q') . (6.62a) 

Making the further assumption that the quasiparticle interaction is independent of angle 
simplifies the equation still further 

(a-cosfi)u(n) = cos«F 0 [ — u(fl') . (6.626) 

J 47T 

The solution has the form 

u(0) = ~° sff -- C (6.63a) 

s - cos 8 
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where 

C=F 0 J -U(n') . (6.636) 

Substituting the solution (6.63a) in (6.63b) and allowing for the possibility that s may 
have an infinitesimal positive imaginary part, we obtain the condition 

< 6I *> 


which is identical to Eq. (5.120). As we argued in Chapter 5, in order to obtain a real 
solution to (6.64), corresponding to an undamped mode, we must have s > 1 which 
requires F > 0. As F runs from 0 to oo, s acquires all values greater than 1, with the 
limiting behavior 

a — > l + 2e - ^ 


F-* 0 



(6.65) 


Relation (6.63a) shows that the Fermi surface for the longitudinal zero sound mode is 
deformed into the surface of revolution sketched in Fig. 5.16, with the elongated end 
pointing in the q direction. 

Let us now consider a more general case in which ail multipoles Fi are included, 
but we still assume both spin states oscillate in phase and that u(ft) is independent 
of the azimuthal angle <j>. Then, Eq. (6.62a) becomes 


(s - cos£)u(0) = cos, 6 f — 7: FlPl cos Buq'u{6') . (6.66a) 

1 2 L 

As shown in Problem 6.4, expanding u(0) in Legendre polynomials 

«(5) = ^uz,Px,(costf) (6.666) 

L 


and using the addition theorem in Eq. (6.66a) yields the coupled equation 

«x. V' n Ft' ,u L' 

2L + 1 j? LL ’2L'+l 


(6.66c) 


where 

D W = j i y£^ip L {co*6)P„( coa0)^f^ • (6.66d) 

Using the explicit results of Problem 6.4 

An = Dio = g D 
D lt '=S*D+l 


(6.67a) 
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we find for the case in which only and Fi are non-zero the simultaneous equation 


— «o = DFquq + sDFi — 

~T = sDFouo + (s 2 D + ^ Ftf 

which have a solution when s satisfies 

1 , / a + l \ l + 

2 \s-lj F 0 + s 2 F! + lF 0 Fx ' 


(6.676) 


(6.67c) 


Yet another solution arises if we allow for azimuthal dependence. Let us keep only 
the first two terms in the Legendre expansion 


F = Fq + Fi cos dan 1 


— F 0 + F\ ^cos 0 cos 0' + ^ sin 8 sin 0' (e^+ * * + e'^ 
and assume a circularly polarized solution 


(6.68a) 


u{0,<l,) = w{0)e i + . (6.686) 

Using this form of F and u in Eq. (6.62a) yields the solution 

s - cos 0 v ’ 

where 

W 1*1 

c' = -fj d (cos 0') sin0' tw(S') . (6.696) 

Note that in contrast to the forward peaked zero sound mode in Eq. (6.63a), this 
mode has the largest deformation at 0 ~ ~. Substituting (6.69a) in (6.69b) yields the 
equation for the propagation velocity of the mode 


_L = _1 + 2s 2 - a ( s 3 _ j) ln (ii|) . ( 6 . 70 ) 

In order for this mode to propagate, we must have a > 1 which requires F x > 6, and 
the limiting behavior is given by 


S o 


[K 

V 15 


(a - 1) In 


6 - F 
fIZ 6 + 18 


( 6 . 71 ) 


Zero sound has been observed in liquid 3 He at 0.32 atm wi h a velocity relative to 
thermodynamic sound of e °~ C l | Q 32 atm = 0.035±.003 (Abel. Aiderson and Wheatley. 
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1966), Assuming this ratio of velocities changes slowly with pressure, we will compare 
it with the prediction of Fermi liquid theory at 0.28 atm, where the Landau parameters 
from measurement of the specific heat and thermodynamic sound (Wheatley, 1966) 
are jFo = 10.77 and F x = 6.25. From Eqs. (6.35) and (6.60), the measured value 
of SSL ^ J - corresponds to s = 3.60 ± 0.01. Using only the single multipole Fo in Eq. 
(6.64)* yields a a = 2.05, in poor agreement with experiment. Including both F 0 and 
Ft in Eq. (6.67c) yields a = 3.60, in perhaps fortuitously good agreement considering 
the omission of still higher multipoles. Although Table 6.1 shows that F t increases 
significantly above six at high pressure, the circularly polarized mode has not yet been 
observed. 

Spin Waves 

Having explored in detail zero sound modes in which both spin states oscillate in 
phase, it is straightforward to extend the analysis to spin waves in which the spins 
oscillate out of phase. Spin waves are obtained from solutions of the general equations 
(6.61a) of the form 

tt.fn.o) = u < (fl)2o . (6.72) 

Substituting this ansatz in Eq. (6.61a), using Eq. (6.61b) and performing the spin 
sums yields the equation for u,(fi) 

(a -cos5)u,(a) =cos5 / ^^Z£,Pi(cos^n')«(«') • (6-73) 

This result is of t he same form as Eq. (6.62a) with Fl replaced by Zt, and w(fl) replaced 
by u,(n), so that all the solutions of the previous section apply to spin modes as well. 
In the case of liquid s He, however, the relevant Landau parameters shown in Table 
6.1 are negative so that there are no real solutions to the equations (6.64) or (6.67c), 
Since s is not real, the spin wave modes are damped and do not propagate. A general 
theorem by Mermin (1967) discussed in Problem 6.5 shows that at least one of these 
two possibilities, spin waves or density waves, must always propagate in a Fermi liquid. 

In the case of nuclear systems, in addition to spin degrees of freedom, there is 
also isospin. Thus, the preceding analysis is generalized to include terms of the form 
<7(cos0nn') T • ? arod G'(cos0on') cr • or • r in the quasiparticle interaction and one 
obtains a rich variety of spin, isospin, and spin-isospin modes. Electromagnetic probes 
couple to the proton much more strongly than to the neutrons in nuclei, and thus 
strongly excite isospin modes, of which the giant dipole resonance is an outstanding 
example. At energies of several hundred MeV, (p,n) reactions, in which a proton 
is scattered from a nucleus and transfers one unit of charge to produce an outgoing 
neutron, produce spin-isospin excitations. Of particular interest in dense nuclear and 
neutron star matter is the spin-isospin mode with the quantum numbers of the pion. 
As the density increases, the energy of the mode decreases until at a critical density the 
mode becomes self-sustaining and gives rise to pion condensation (see, for example. 
Midgal, 1978). 

To conclude this section, let us emphasize again that Landau theory describes 
the properties of the lowest excited states of a normal Fermi liquid in terms of two 
functions f(B) and <p($) which parameterize quasiparticle interactions on the Fermi 
surface. The coefficients of the expansion of these functions in Legendre polynomials 
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can be related to simple thermodynamic observables, and Landau theory can be used 
as a phenomenological theory where the coefficients - ■ and Zq,Zi,---, are 

measured by simple experiments. 

In the next section, we show that the quasiparticle interaction is related to the two* 
particle irreducible vertex function taken on the Fermi surface, that is, to the forward 
scattering amplitude of two quasi-particles on the Fermi surface, and we show how it 
can be computed from the microscopic interaction. 

6.3 MICROSCOPIC FOUNDATION 


The microscopic foundation of Fermi liquid theory at zero temperature and the 
definition of the quasiparticle interaction may be seen by studying the exact integral 
equation for the two-body vertex function. The basic idea is simple. We know from the 
study of Green's functions that the poles of G and thus of the vertex function r< 2 i 
describe the excited states of the AF-body and N± 2-body systems. By restricting our 
attention to the relevant poles of the Af-body system and analyzing the structure of 
the exact integral equation for the vertex function in the vicinity of these poles, we will 
obtain an integral equation for the fundamental excitations of precisely the same form 
as Eq. (6,56a) in the last section describing zero sound and collective excitations. From 
this correspondence, we will be able to relate the quasiparticle interaction to the vertex 
function at the Fermi surface in the particle-hole channel, normalized by the residue 
of the quasiparticle pole. In addition, we will also be able to identify the quasiparticle 
forward scattering amplitude, and use the restriction posed by antisymmetry to obtain 
a sum rule on the Landau parameters. Since all the essential ideas are clearly presented 
in the original paper by Landau (1958), we will follow his development and notation. 

RELATION OF THE QUASIPARTICLE INTERACTION AND 
VERTEX FUNCTION 

Using the notation of earlier chapters, we will write the one-particle Green's func- 
tion as 

0(1, 2) = [^(1)^(2)) |*>) (6.74) 

where |^o) is the ground state and 1 and 2 denote space, time, and spin coordinates. 
For notational simplicity, we will suppress spin sums where convenient, and reinstitute 
them at the very end. In a translationaiiy invariant system in the absence of a spin- 
dependent external field, the momentum and frequency transform may be written 

G (P)$<n,<n = J dlG{l,2) (6.75) 


where P denotes (p,w). Using the results of Chapter 6. G(P) may be written 


G(j5) = 


1 

w ~ E (P> W ) 


(6.76) 


Expanding E(p,«) around the Fermi momentum kp and Fermi energy p, using Eq. 
(5.74), and using the fact that the imaginary part of E goes to — tj sgn (w - p) as one 
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approaches the Fermi surface from above or below, where »? is a positive infinitesimal, 
we obtain 


G(P) = 


Jizjg£ 

fat (x_ m) _1 (1 + jgt) {p-k F ) + »fjsgn(w-/i) 


a 

w - n - v F (p - k F ) + itj sgn(w - p) 


(6.77) 


where v F = jjfr, and we use Landau's notation for the residue at the quasiparticle 
pole. a=(l— £)"\ 

As in Section 2.4 for thermal Green’s functions, the real time two-body Green's 
function 

G< 2 >(1,2|3,4) = <*,|r(^(l)^(2)^(3)^(4))|0o) (6.78) 

is related to the vertex function rW(l,2|3,4) by the relation 


<7 <a >(l,2|3,4) = <7(1,3)G(2,4) - G(1,4)G(2,3) 

+ *' J dl'd2'dZ‘dA > G(l, l')G(2, 2')r^ 2 ^ (l', 2'|3', 4')G(3', 3)G(4', 4) 

(6.79a) 


which may be written diagrammatically 



Recall from Section 2.4 that r< 2 > is the sum of all one-particle irreducible amputated 
diagrams with two incoming and two outgoing legs. The factor of i in Eq, (6.79a) for 
real time follows from the diagram rules of Table 3.1. Since the first order contribution 
to t 2 C?( 3 ) is i / GG v GG, in order for to reduce to v in lowest order, it must enter 
Eq. (6.79a) with a factor of i. 

The Fourier transform of Eq. (6.79a) is 


= {2w) 8 G{P l )G(P^)(S(P 1 - P 3 )S(P 2 - ? 4 ) - S(P t - P 4 )S(P 2 - P 9 )) 
+ iGiPjGiPMPsMPjTWiPu P 2 \P 3 , P 4 ) . 

(6.79c] 

From the conservation of energy and momentum at each vertex, we know that both G^> 
and r< 2 > are proportional to (2jr) 4 6 [p x + P a - P 3 - P^J , and with the definition 


r< 2 > (Pi,P 2 \P 9 ,P 4 ) = {2n)*S (?x + P 2 ~ ? 3 ~ P 4 )T(Pu?2\?3>P*) (6.80a) 
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Fig. 6.1 First and second order graphs contributing to F. 

Eq. (6.79a) becomes 

G< 2 > (P lt P 2 \P 3 ,P,) 

= (2 w) a G(P 1 )G(P 2 )(S(P 1 - P 3 )S(P 2 - ?<) - S(P 1 - P<)S(P 2 -P 3 )) 

+ (2* )*S(P 1 + ? 2 ~P 3 ~ P A )iG(P 1 )G{P 2 )G(P 3 )G(P 4 )T(Pi, P 2 \P 3 , P A ) . 

(6.806) 

As is the case for the Green’s function, the vertex part F is antisymmetric with respect 
to the exchange of two particles. By the Lehman representation arguments of Chap- 
ter 5. the vertex function V{Px,P 2 \P 3 ,P^), like G^h has poles that correspond to 
states of systems with different particle number depending on the time ordering of the 
field operators. For example, the time ordering defines the particle-particle 

channel and has holes in the energy variable wi +w 2 corresponding to (JV + 2)- particle 
states. In contrast, the particle-hole channel is defined by the time ordering i>ii> 3 i> 2 il>\ 
and has poles in the energy variable u 3 corresponding to iV-particle states. Just 
as we restricted our attention to the particle-hole channel in Chapter 5 to study N- 
particle excited states in linear response theory, to make contact with Landau’s theory 
of low-lying collective excitations in the iV-particle system, we will examine the low 
lying excitations in the particle-hole channel by studying the poles of T in the variable 
u >3 - wj. Because of the restriction to low excitation energy and long wavelength, we 
need to consider the vertex function for small values of <#3 wj, and |?3 — J?j. Thus, 
we shall consider the vertex function for 


P 3 = ?! + R 
P i = ? 2 ~R 


(6.81a) 


and define 

T [Pt, P 2] K) s T (P 1 P 2 \P 3 P t ) (6.816) 

where R — (k,w) is a small four-vector. This corresponds to nearly forward scattering. 

The first and second-order graphs contributing to T are drawn in Fig. 6.1 in the 
Hugenholtz representation. The first order graph (a) is just the antisymmetrized matrix 
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element v(k) — v(p t — |S 2 + k) and each of the second order graphs (b), (c) and (d) 
involve a loop integral over the four-vector Q with the propagators indicated in Fig. 
6.1. With arbitrary P t and P 2 , graphs (b) and (c) are well-behaved at R = 0. and 
for small R, we may just set R = 0 in the propagator. In diagram (d). however, 
as R 0. the poles in the propagator G{§)G{R + Q } coalesce, and this diagram 
requires special care. 

To calculate I*. we must sum the entire perturbation series. Let us denote by f 
the part of the function T which is not singular at R = 0. and adopt the notation 

f'{Pi,P^) = t(P 1 ,P 2t R = 0) . (6.82) 

By analyzing a general diagram, it is seen that f is the sum of all the graphs of I\ 
which cannot be decomposed into two components connected only by two propagators 
differing in four-momenta by if. Graphs (a), (b) and (c) of Fig. 6.1 are the lowest 
order contributions to f . 

By the construction of f , it follows that the entire series for T is generated by the 
integral equation 


f 1" K P f *I" K *? FjJ-K 



where the double lines represent full one-particle Green's functions. For example, graph 
(d) of Fig. 6.1 is obtained by the second iteration of this integral equation with graph 
(a) for f . Since f is regular at R — 0. we may evaluate it at R = 0 and write the 
integral equation in the form 

r(P u P 2 -,K) = f(?i,P 2 )-iJ ^r(? lt Q)G($)G(Q + R)r(Q,Pr,R) . 

(6.835) 

Using Eq. (6.77) and writing = (g,e), the product of propagators in (6.83b) is 


G(3)G(jf + 0) = 


(e - p - v F {q - fc F ) + in sgn(« - p)) 


(w + e - p - Uf(j/fc + 3| - fcf) + iij sgn(w + e - p)) 


(6.84a) 


When k and w go to zero, the singularities of this product approach e = n and q = kF, 
and we may therefore approximate it by the form 

G(Q)G(R + Q) ~ A(9)6(e - »)S(q - k F ) + (6.845) 

R—o 

where ^($) corresponds to the non-singular principal value contribution. The coef- 
ficient A(6). which depends on the angle 8 between k and q, may be evaluated by 
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integrating G(§)G(K + Q) over 0 leading to 


m = / 


dedq 


(e - m - v F (q - k F ) + *>j sgn(e - ^)) 


(6.84c) 


(e + u> - p - «/*• (|A; + gj - k F ) - ti?8gn(e + w -m}) 


Let us first perform the integral over e. We note that at the poles sgn(e - n) = 
sgn(g- k F ) and sgn(e + w - n) = sgn(|£ + g| - k F ). Thus, if the quantities (p- k F ) 
and \k-¥q\ — k F have the same sign, the two poles of (6.84c) lie in the same half plane 
so that the integration contour may be closed in the other half plane yielding zero. 
Therefore, the only contribution arises when q — k F and |g + k\ — k F have opposite 


We first treat the case that q ■ k = qk cos 6 is positive. Noting that 

|fc + g|=^§ 2 + S + 2fcgcos0J 

~ q + k cos 9 
l*l-o 

we observe that q~ kp and \k + g| - k F have opposite signs if 
q — k F < G < q — k F + kcosS 

so that 

k F — k cos 6 < q < k F . 

Closing the e integral in one half plane and evaluating the residue yields 

k. 


(6.85a) 

(6,856) 

(6.85c) 


A{f) ~ [ d, ^ 

fc — 0 J u ~v F (\k + q\ 


k&~~k c 

2iira 2 k cos 0 


v F (\k + q\-q) 


w — v F k cos 9 

Similarly, for the case cos0 < 0, the conditions for (g - k F ) and \k + g| - k F to have 
opposite signs is 

q + kco$6 - k F < 0 < q - k F (6.87) 

which again yields the result Eq. (6.86). Thus, the product of propagators may finally 
be written 

G{$G(R + 0) = — — 2 ~ - ^ g ( € - M )5(g _ k F ) + *($) (6.88) 

where q denotes a unit vector in the direction of q and the integral equation (6.83b) 
becomes 


T{? u ? 2 ;K) = T{P ll ?,)-i J -j^T {P 1 ,Q)4 > (Q)T(Q,P 2 ;k) 


(6.89a) 
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where 

d*Q = deq 2 dq<m (6.896) 

and dQ is the element of solid angle in the q direction. 

We are now in a position to study the singularity of T at R = 0. In order to take 

this limit, because of the kernel — 3 : * of (6.89a), we must specify how the w -+ 0 
u-vrq-k ' ' 

and k -* 0 limits are taken, since they do not commute. Let us first consider the case 
- — ► 0 and define 

r w (Pi ,P 2 ) = Jim lim T(P U P 2 ; K) . (6.90) 

This limit requires that momentum be strictly conserved while allowing for small energy 
transfer, and we shall see that this limit corresponds to the quasiparticle excitations 
composing a collective excitation. The kernel goes to zero in this limit 


lim 


\k->o u> — vpq ■ k ) 


(6.91) 


so the integral equation becomes 

r<“’(A.A)«f(A.A)-i / 0f(P..3W3)r'(«.A) 

which we rewrite in the obvious symbolic notation 

r* = f - if>r w . 

We may solve for f in terms of T" as follows 

1 


r = r" 


1 - i<f>T u 
i 




Similarly, we may rewrite Eq. (6.89a) in the symbolic form 

q-k 


r = r - *T>r + r 


-r 


w — vpq • k 


(6.92o) 


(6.926) 


(6.93) 


(6.94a) 


and substitution of Eq. (6.93) yields 

(i-ir w 0)r = r w -*r^r + r w — = r ( 6 . 946 ) 

w — t ipq * k 


which in explicit integral form is written 

nKP*K) + . 

(6.94c) 
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A second limit of interest is the case r — > 0, and we define 


r fc (^i,P 2 ) = lim Urn r{Pi,?f,K) . 


(6.95) 


This limit requires that energy be strictly conserved, and thus pertains to the physical 
scattering of two quasiparticles. In this limit, the kernel of (6.89a) approaches a 
constant 

lim ( iim — 

fe-*0 \»->0 w - VF $ . k J V F 

so that 


(6.96) 


(6.97a) 


r fc (^,^ 2 ) = f[Pi,P 9 ) -if 

Using Eq. (6.93) as before, we may eliminate f from this result and obtain the following 
relation between the two limits: 

r fc (A,P 2 ) = r w (^x > ? 2 )-^3 ^ J dnr'(? 1 ,$)T k ($,? 2 ) . (6.974) 


With these results, we are now in a position to study the poles of V{Pi,P 2 \K) 
corresponding to the low lying, long wavelength excited states of the system. Since 
we are interested in the lowest lying excited states of the system, in addition to taking 
the limit as K goes to zero, we shall restrict Pi and P 2 to the Fermi surface and use 
the notation 


Pi = (Mi kppi) 
P 2 = (n, k F p 2 ) 


(6.98) 


where pi and p 3 are unit vectors. From Eq. (6.92), we observe that T w is a regular 
function, and therefore when K goes to zero, it is negligible compared to F which 
becomes infinite. Thus, may be neglected in Eq. (6.94c), and we obtain 


r(P t ,P 2 ;Jt) « [ dQT“(P u Q) k i : m? 2l K) . (6.99a) 

JC-O ( 27 T) a ) J w-vpk-q 

Note that P 2 and R only enter Eq. (6.99) as parameters and by Eq. (6.98), the only 
variable in Pi is the unit vector pi, so we may rewrite Eq. (6.99) as the eigenvalue 
equation 

X(P) =J^f ^ r “(p%a-~^x(7) • (6.994) 

Finally, introducing the function 
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Fig, 6.2 The geometry of the momenta In the vertex function (a) defining 
the quaslpartlcle Interaction Is shown In (b). 


and dividing through by kvF yields 

~ COs6 ) = i J j^a?T u (p,q)u(q) (6.99c) 

which, when the suppressed spin sums are restored, is identical with Eq. (6.61a) for the 
collective oscillations of the system in Fermi liquid theory. In addition to justifying the 
fundamental equation for the zero sound modes, the derivation provides a microscopic 
definition for the quasiparticle interaction 

/(Pj q ) ~ a 2 ?" (Pi <?) . (6.100) 

The geometry of the momenta defining r w (p,g) is sketched in Fig. 6.2. The vectors 
p and f + k are on the Fermi surface in the direction p, q and q + k are on the Fermi 
surface in the direction q. We know further from our restriction to the particle hole 
channel, as reflected in propagator poles on opposite sides of the real axis, that one 
of the momenta in each direction is a particle state and the other is a hole state. 
Thus, the vertex function simply describes the scattering of a particle hole pair at one 
point on the Fermi surface to any other part. The two factors of o, the residue of the 
quasiparticle pole, in Eq. (6.100) represent the amplitude for the intermediate state 
in the integral equation to be in the simple two-quasiparticle state which has a pole, 
rather than in some complicated non-singular background configuration. 

Finally, let us consider the physical scattering amplitude for forward scattering of 
quasiparticles on the Fermi surface. Whereas T u represents virtual excitations with 
small energy transfer, T fe describes the physical forward scattering amplitude (Pi,p 2 -* 
Pj,p 2 ) in which collisions involve changes of momentum with strictly conserved energy. 
Using Eqs. (6.97b) and (6.100) and displaying the spin dependence explicitly we may 
express T* in terms of / as follows 


a 2 r fc (jkr,p'cr') = /(p<7,pV) - \ j ^ / (P 17 . p"o-") “ 2 T* (p"cr" , p V ) 

( 6 . 101 ) 

where all momenta are on the Fermi surface with direction denoted by unit vector p. 
Just as we have parametrized the spin dependence, included the density of states at 
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the Fermi surface, and Legendre expanded the quasiparticle interaction / 

/ (per, p'cr') = F{p,p') + 4cr ■ cr'$(p,p') 

= FePdco* 0) + 4<r • a' Y2 ZtPt{cos 6} 
i i 

where cos 9 = p p', we write the physical scattering amplitude T* as 
m J^* r - a 2 r k {pcr,p'a') = J3(p,p') + 4cr • a'C7{p ! p') 

= B*Pd cos O) + ' a> X3 C(Pt(cos6) . 

t i 

Equation (6.101) then becomes 


B{p,p‘) = F(p,p') - J ^-F(p,p")B(p',p') 

C{p, p') = mt) - j ^(P,P")C{P",P') 


from which we may solve for the Legendre coefficients 

o ^ 


One useful application of these results for the scattering amplitude is to obtain 
the physical constraint on the Landau parameters implied by the Pauli principle. By 
antisymmetry, one can show that the following limit of the scattering amplitude for 
particles with parallel spin must vanish 

lim r fc (?'<r,Pa) =0 (6.104a) 

which, from Eqs. (6.102b) and (6.103b) yields the Landau sum rule* 

0 = X>c + Cx) 


x 


* The limit in Eq. (6.104a) is crucial. In addition to r fc (per,p,a'), T" (per, per') also 
vanishes by antisymmetry, from which one might erroneously conclude an additional 
sum rule Ex, (Ft, + Zi) = 0 which is inconsistent with Eq. (6.104b). Because of the 
singularities in the propagators in (6.83a) one must carefully calculate the limit of 

T{PxP 2 \Px + k, P 2 + &) - V{P 2 P l \P 1 + K,P 2 + R) 

as Px -* P 2 which as shown by Mermin (1967) vanishes when ^ = 0 but not when 

£ = 0. 
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CALCULATION OF THE QUASIPARTICLE INTERACTION 

Having seen that the quasiparticle interaction corresponds to the particle-hole 
vertex function T(?i,p 2 ;lt) in the limit ~ — > ► 0 with \?i\ and \P%\ = kp-. it is 
instructive to see how the same set of diagrams arises from taking the second functional 
derivative of the energy with respect to the occupation numbers. 

To see how the essential features arise, let us consider the following low order 
contributions to the ground state energy 


£=so+,00 2 + 


The first and second order contributions may be written explicitly as 

^ ni + | ^ 2 t v l 1 2 ) n i n 3 


(6.105a) 


(6.1056) 


where we have used the anti symmetrized matrix elements and factors appropriate for 
Hugenholtz diagrams. (1) denotes the momentum and spin variables (fci.ai), and n* 
is the occupation number 0{l fcf - k x ) for a — ±1. We thus obtain 


§2 Jij 

(*r,«T.%,«a)» 




2 i2 kl+kl ' kr+kJ k(ki + q-kf-iq) 


(1 - n 3 )(l - n 4 ) 


(6.106) 


|{l2)u|24)| 2 


'it £r+S, ' Er+£ ‘|(fcf+fcl-fc|-fci) 


n 2 (l - n 4 ) 


which may be represented diagrammatically as 
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Pressure 

| 0 atm 

[ 27 atm 1 

m*/m 

3.01 

2.76 | 

5.63 

5.17 

Fo W?) 

10.07 

9.15 

74.38 

68.22 

Fx (F() 

6.04 

5.27 i 

13.90 

12.50 

Zo (F$) 

-0.67 

-0.70 ! 

-0.74 ! 

-0.76 

Zx (F?) 

-0.67 

-0.55 

-0.53 j 

-0.99 


Table 6.1 Fermi liquid parameters for liquid 3 He. The left column of values 
for each pressure Is taken from Wheatley's compilation (1975). The right 
column In each case Is taken from Greywall (1983) who obtains different values 
of the specific heat and thus m* from using a different temperature scale, and 
the other parameters are scaled accordingly. The estimates of Z\, are obtained 
from the forward scattering sum rule (6.104b) assuming all parameters with 
L > 0 vanish. 

Clearly, for a general diagram, the effect of differentiation with respect to njis to break 
open any propagator which we draw as a particle-hole pair entering from the bottom of 
the diagram and differentiation with respect to breaks a second propagator which 
we draw as a particle-hole pair entering from the top. The usual time-ordered diagram 
rules produce the correct energy denominators, since between the initial and final times 
of the original propagator, there is a single propagator of the same momentum in the 
same direction, and outside this time interval the particle and hole energies cancel. 

To see how the factor o corresponding to the renormalization of the quasiparticle 
pole arises, consider the contribution from the third order diagram in Eq. (6.105a) in 
which differentiation breaks open propagators 2 and 5: 



The result is just the bare interaction (I2|vjl2) multiplied by the lowest order 
contribution to the renormalization of the quasiparticle pole, Eq. (5.66). Since the 
overall sign of the factor multiplying v is negative because of the Fermion loop and the 
matrix element and energy denominator are squared, the renormalization reduces the 
strength as it must physically. By systematically extending this analysis, one can see 
how the full vertex function and renormalization factor (l - ^)~ are generated by 
differentiation of the energy. 

In practical microscopic calculations of the Landau parameters, one typically per- 
forms infinite summations of diagrams. For example, one may use the G-matrix to sum 
all two-body ladder diagrams, and make a self-consistent definition of the single-particle 
energies in terms of this G-matrix. In the low density limit, as shown in Problem 6.6 
it is possible to evaluate the second order contribution in Eq. (6.106) analytically to 
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obtain a closed form expression (Abrikosov and Khalatnikov, 1957) in terms of the 
experimental scattering length. 

This chapter has only presented a few of the basic ideas and elementary results 
of Fermi liquid theory, and there is a substantial literature on additional aspects of 
the theory. A clear introduction to the treatment of transport coefficients is given by 
Baym and Pethick (1976, Chapter 1). Attempts have been made to calculate Landau 
parameters both in liquid helium and in nuclear matter (Feenberg, 1969: DickhofF, 
1983). The theory we have described for normal Fermi systems has also been extended 
to a variety of other systems, including solutions of 3 He in 4 He (Baym and Pethick, 
1976, Chapter 2), superfluids (Leggett. 1966 and 1968), finite Fermi systems (Migdal, 
1962), and relativistic systems (Baym and Chin, 1976). 

PROBLEMS FOR CHAPTER 6 

The first four problems elaborate results discussed in the text: the derivation 
of the specific heat, an alternative evaluation of the effective mass using Galilean 
invariance, the stability criteria for the Landau parameters, and derivation of the 
general formula for the velocity of zero sound. Problems 2 and 3 are particularly 
important and are designated with an *. Problem 5 proves that there must always 
be a zero sound mode, either in the form of a density oscillation or a spin oscilla- 
tion. Problem 6 evaluates the quasiparticle interaction in second order perturbation 
theory and from it recovers the well-known result for the binding energy of a dilute 
Fermi gas. The last problem specializes the general results of Fermi liquid theory 
to one spatial dimension and shows that the sound velocity is uniquely specified by 
the specific heat. 

PROBLEM 6.1 Specific Heat of a Fermi Liquid 

a) Consider the following integral 

1= J g(e)f(e)de 


where /(e) is Fermi function 


/(e) = 


1 

e0(c-f*) + l 


and p(e) — * 0. Show 
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where f(m) is the Riemann ^-function 


fM = £ 

k = 0 


_1_ 
k m ' 


To obtain this result, define (7(e) = g(e)de and integrate by parts 


-/>(-!)*■ 


Then expand (7(e) 
geometric series 


as a Taylor series around fi, expand the Fermi function as a 


1 _ e~* 

e* + 1 1 + e~* 


= £(-i) m+1 *“ 


and integrate term by term. From the result for I, obtain Eq. (6.16), 

b) Use the result in (a) to calculate the specific heat of a non-interacting 
Fermi gas. For a fixed chemical potential, p, calculate the density and internal 
energy at temperature T. 


n = 


u = 




Show that to keep the density constant, the chemical potential at temperature 
T must be 

fl{ T) = tMi -(k B T) 2 ^- + 0(T^) . 

Using this temperature dependence of (i, show 


u(T) = «(T = 0) + (fc fl T) 2 ^ 


from which 

cv = — = j mk F klT . 

c) Now evaluate the integral Eq. (6.15) for a Fefmi liquid two ways. Using 
(6.13b), show as above that to maintain constant density - and 

evaluate 


Cv = ^ f d € ( l ^ {€ -' i)+kF ) 


x 5(e - m) + 


(vk B T) 2 a 2 


5?*(‘-m) I 


(fc B 7r) 2 T2m* 
3 kl 
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to obtain Eq. (6.17). 

An easier way is to note that since |y must integrate to zero, we may shift |— 
by an arbitrary constant so Eq. (6.15) may be rewritten 

ko * ' ' 

Note that the change in chemical potential no longer contributes to leading order 
and Eq. (6.17) is obtained directly. 

PROBLEM 6.2* Galilean Invariance and the Effective Mass 

Obtain the relation between m* and Ft, Eq. (6.25) by using Galilean invariance. 
Consider the energy in a new frame moving at a velocity relative to the original 
frame. 

a) Since the fluid has been given a velocity explain why the energy should 
increase by p^ relative to the original energy. 

b) Now, calculate the energy change using 

SE = <l Sn ( k ) + \ £ /( fc > k')Sn{k)6n(k) 

* W 

and Eq. (6.28), where Sn{k ) is the difference between the occupation numbers of 
the original Fermi sphere and one whose origin is shifted by q. Show that the first 
term yields p^r and the second term yields p^v Equating parts a) and b) 
yields the desired result. Yet another instructive derivation is given by Baym and 
Pethick (1976). 

PROBLEM 6.3* Stability Criteria 

Show that in order for the ground state energy to be a minimum rather than 
simply stationary, the Landau parameter must satisfy the conditions Fl > — (2L+1) 
and Z L > —(2 L + 1). 

First, parameterize a general distortion of the Fermi surface by a polar angle 
and spin-dependent Fermi momentum k F (0,cr), so that the distribution function 
may be written n(k,o) = 8(k F {8,cr) - k). Then, to second order, 

A (E - nn) = y J2 ( £ fc “ An(fc,o) + ^ f{kor,k'(X , )An(kcr)An{k'o') 

fc.v k l„l 

where 

An{k,o) = S(k F - k)Sk F (8,o) - ~ -^S(k F ~ k) (Sk F {d,o)) 2 . 

The first order change in E - fin vanishes by stationary and the second order 
change must be positive for stability. Show that the second order change is 

A W{E - tin) = jN(0)u|i ^ j d(cos6) 

X [(^(fl.ff)) 2 + J f{ 9ff >0' a, ') Sk F( 0 > cr ) Sk F( 0 ' a ') • 
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Expand 6kr(&, a) = E ki,(cr)Pi,(coB 0) and use the addition theorem to obtain 

a<’> - (*) + fa (-n> a (i + jftr) 

+ (fad) -fa (-§))’ ( 1 + 2 ^t)} 

which is positive only if Fl, and Zl are greater than —(2 L + l). 

PROBLEM 6.4 Zero Sound Mode for General f(k,k') 

Legendre expand the zero sound solution U(9) = Ul Pi, {cos 9) and use the 
addition theorem to derive Eq. (6.66c) 

Ul _ v' n 
2L+1 Dw 2 L> + 1 

where 

Dll' =]y • 

Use the properties of Legendre functions to show 

ft 

where the Legendre function of the second kind QlU) may be written 
<&;(«)« ^(») In (l±£)-UWs) 

and 

VP t _i(«) = | Eat= i Pm-i{s)Pl-m L>\ 

v 0 L — 0 

Thus, obtain Eq. (6.67a) for Dll' and Eq. (6.67c) for zero sound assuming 
non-zero Fq and Fi. 

PROBLEM 6.5 Existence of Zero Sound Modes 

The object of this problem is to prove that in the collisionless regime, a Fermi 
liquid must have at least one zero sound mode, either in the form of a density 
oscillation or a spin oscillation. The ingredients for the proof are the following four 
relations, which we rewrite in a compact operator notation: 

The kinetic equation, (6.61a) 

(s - cos 0)tt(fc) ss cos 6 f —F{k ■ &')u(fc') 

J 4x 

or 


(s — cos)u = cos # Fu . 


( 1 ) 
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The relation of the forward scattering amplitude to the quasiparticle interac- 
tion, Eq. (6.103a) 

B{% ■ %') = F{% • ifc') - J F{k ■ k")B(k" ■ k') 

or 

6 = 5- FB . (2) 

The stability condition from Problem 6.3 

/ S{%) [* + F{k ■ fc')] 5(fc') > 0 

or 

1 + F>0 . (3) 

The vanishing of the forward scattering amplitude, Eq. (6.104b) 

5(l) + C7(l) = 0 . (4) 

Note that each relation (1-3) has its counterpart for spin modes with F —* <f> and 

B -* C. 

a) Begin by observing that (4) requires that either 5(1) or C(l) be positive 
(We exclude the case of an accidental degeneracy 5(1) = C( 1) = 0 which could be 
eliminated by a slight change in pressure.) Hence, we need to show that if 5(1) > 0, 
then relations 1-3 imply an undamped zero sound mode. Identical reasoning would 
then require an undamped spin mode if 0(1) > 0. 

b) Define 

v = (1 + F)u 

and show that relations (1) and (2) imply that 


H,v = v 


where 


H, i= - 


- + 5 


Therefore, there will be an undamped zero sound mode if H, has the eigenvalue 1 
for some real s between 1 and oo. 

c) Use relations (2) and (3) to show that the maximum eigenvalue of 5 , and 
thus of Hoo, is less than 1. Therefore, if we can show that at some finite a > 1 the 
maximum eigenvalue of H, is greater than 1, by continuity there must be a value 
of s for which the eigenvalue equals 1 and there exists a zero sound mode. 

d) Note that the following variational expression provides a bound on the 
largest eigenvalue A, 


A, > 


( X ,H X )=\j ^l x (£)pcos* + j ^ £ X *(k)B(k-k') x{ k> ) 


( 5 ) 
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where 

St, '*«=■■ < 6 > 

Since J3(l) > 0, one can find a positive Bo and a do sufficiently small that 
B(x) > Bo > 0 for cos Bo < x < 1. Therefore, use the following trial function 

X(M) = ( 0 < 6 < 8 q 

1 0 otherwise 

with A fixed by the normalization condition (6) to show 


A, > 



s 


A 

sL 




Thus, show that there exists an s such that A, > 1. 

e) In the case of both spin and isospin degrees of freedom, what can you say 
about the existence of zero sound? 

PROBLEM 6.6 Second Order Perturbation Theory for the Dilute Fermi Gas 

The object of this problem is to calculate properties of a dilute Fermi gas 
using the second order expansion Eq. (6.106), As in Problem 3.3 for the dilute 
Bose gas, we will assume that the density is sufficiently low that the range of the 
interaction is short compared with the wavelength. The potential may, therefore, 
be approximated by a 5-function in coordinate space or a constant in momentum 
space 

F(r) = l?5 3 (r) 

and in lowest order, U is related to the s-wave scattering length a by 



m 


Calculate the scattering length to second order in perturbation theory, remembering 
throughout the problem that with zero range forces only opposite spins interact. 
Although your expression is infinite, the infinite terms will cancel out when second 
order observables are expressed in terms of a. 

Evaluate the quasiparticle interaction using Eq. (6.106) and show 



Note that although this expression has a logarithmic singularity at d = it, it is not 
important for integrals of f{d) with regular functions. 
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Thus, obtain the results 


and 


m 8 o /3\ 2/3 , 

(7 1.2-1) 

rr 4 / 3 p2/3 2 Trap 


3X/3 m 2 + m 2 
Finally, use the relation 


15 V 4 


1/3 


ap 1 / 3 (ll-2 1n2) . 


c 2 = £_?E 

m dp 


which follows from Eqs. (6.27) and (6.32) to find the total energy 

E = / [1 + | (f) 1/3 .p‘' s (n - 2 !n 2) 


This may also be obtained by evaluating Eq. (6.105) and agrees with the result of 
Lee and Yang (1957). 

PROBLEM 6.7 Landau Theory in One Spatial Dimension 

Consider a Fermi liquid in one spatial dimension, in which case the Fermi 
surface is comprised of two points, k = ±k F . The quasiparticle interaction in any 
spin channel is characterized by two values, f(k F a, k F cr') and f(k F a, —k F o') and it 
is convenient to establish contact with our previous three-dimensional notation by 
defining 

f(ka, k'a') = f(k, k') + AS ■ S'^>(k, k') 

F { « } = N{ 0)i ( f{k F ,k F ) + f(k F ,-k F )) 

Z { 0 } = N( 0 ) i (4>{k F , k F ) + 4>{k F , - k F )) 

where the one-dimensional density of states is J and a represents some internal 
symmetry such as spin or isospin with degeneracy g. Note that the symmetric and 
antisymmetric combinations Fq and Fi correspond to the first two terms in the 
Legendre expansion (6.10) since P^a j(l) = 1 and P^o j(— 1) = ±1. 
a) Derive the following results for the effective mass 



m 


Fo 


specific heat 


sound velocity 


Cv irkg Tm* 
= ~L ~ ~~ 3 k7~ 

C 2 = mi+M 


mm* 
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and forward scattering sum rule 


+ M =c 

\i + # i + Zi) 


b) Now, consider the special case of no internal symmetry. The only two 
parameters of the theory Fq and F\ then are related by the forward scattering sum 
rules, so that the specific heat is uniquely specified by the sound velocity. Show 


(*)’" 


2(^l) - 1 


where cW and Cy 0 ^ denote the sound velocity and specific heat of the non- 
interacting system. 

c) Express c and Cy in terms of appropriate derivatives of the grand potential 
0. Using the first-order perturbation theory result for fl from Chapter 2, verify that 
in one dimension the result in part (b) is satisfied to first order in the potential. Is 
there an analogous relation between c and Cy in first order for higher dimensions? 
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FURTHER DEVELOPMENT OF FUNCTIONAL INTEGRALS 


Thus far, functional integral methods have been used to derive more efficiently, 
elegantly, or physically, results which could also be obtained using other techniques. 
This chapter and the next address a range of problems for which functional integrals 
provide unique insights and approximations. 

In the first section of this chapter, we will show how to generate a variety of alter- 
native functional integrals for the evolution operator which give rise to different physical 
approximations in the stationary-phase approximation. In Section 2, we show how to 
perform the general saddle point approximation around a static mean field solution and 
derive an expansion in terms of the fundamental vibrational excitations of the system. 
In subsequent sections, we show how time-dependent mean field solutions may be used 
to calculate transition amplitudes between specific states, approximate quantum eigen- 
states of large amplitude collective motion, study barrier penetration and spontaneous 
fission, and evaluate the asymptotic behavior of large orders of perturbation theory. 

7.1 REPRESENTATIONS OF THE EVOLUTION OPERATOR 

Different functional integral representations for the evolution operator produce 
different physical approximations in the stationary phase approximation. For example, 
the Feynman path integral obtained by inserting complete sets of coordinate states 
yields the classical equations of motion whereas the functional integral derived from 
inserting Boson coherent states produce the Hartree equations of motion for the Bose 
condensate wave function. Thus, in this section we will explore the freedom available 
in formulating functional integrals for the evolution operator and how to exploit this 
freedom in making physical approximations. To focus the discussion, we will consider 
Fermion systems. The modifications to treat Bosons are straightforward. 

THE AUXILIARY FIELD 

Consider a system of Fermions with Hamiltonian: 

H = H 0 + V (7.1a) 

where H 0 is a one-body operator 

Ho = J2 T «0 a « a 0 ( 7 - 16 ) 

OL0 

and V is a two-body interaction: 

V = | J2 (<*/9MtO 44 a *«i ■ ( 7 lc ) 

afiiS 

We wish to evaluate a matrix element of the evolution operator between two 
states: 

^ («/,*)-<*/ . (7.2) 


332 



7.1 REPRESENTATIONS OF THE EVOLUTION OPERATOR 


333 


It is useful to rearrange the Hamiltonian as follows: 

H = KafiPaP + ^ VafaSPaiPfiS 
ap aPt& 


where 


Pat = . 

K a S = T a S ~ j Va PP e 


(7.3a) 


(7.36) 

(7.3c) 


and 

VaPtS = • (7.3d) 

The unphysical self-interaction term grouped with the kinetic energy in K arises 
from anticommuting the creation and annihilation operators in the normal-ordered two- 
body interaction, V. and will ultimately cancel out of physical observables. 

We now express the evolution operator containing the two-body Hamiltonian as 
an integral over one-body evolution operators using a transformation introduced by 
Stratonovich (1957) and Hubbard (1958). This transformation is simply an operator 
form of the familiar Gaussian identity. The non-commutitivity of the two terms in H 
is handled in the usual way by dividing the integral ( t / - f.) in N slices of length 
e = - . To order e 2 . we obtain 

e -«H _ e -«(£ aJ) + b «afi-tp a thi) 

e— »0 

To simplify notation, we denote m = (aj), n = (PS), and v a p^s = V mn . Then, using 
the Gaussian integral (1.179). we obtain: 


- (det £ v- n Y/ 2 f 

(7.5a) 

or alternatively, changing the integration variable by defining <r„ - V~£a m , 


e "*■* 




*£ » m v mn » K -u J2 


(7.56) 

It is often convenient to go back and forth between forms (7.5a) and (7.5b), and we 
will do so freely throughout this chapter. 

Since this transformation has to be performed at each time step, we introduce a 
time index k in a, and write 


^ fcsl ap 
fc= 1 


(7.6a) 
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where M is a normalization constant, given by 

i. - TT ( det €V ^m) 1/3 

* L\ n a 0 {x *) 1/2 


(7.66) 


Note that since Eq. (7.4) is valid to order « 2 , we expect Eq. (7.6) to be valid to 
order Ne 2 = e. 

Since we take the limit e — » 0, it is natural to replace the time index A: by a con- 
tinuous variable t, which runs between U and t/. and the sums over time by integrals. 
With obvious notation we write the evolution operator 

e -H(t,~u )=z j J ,*/.*'* '•'<*>••**'*<*> 

aP (7.7 o) 


where there is an implicit summation over repeated indices. The time-ordered expo- 
nential is the continuous generalization of the product over k in (7.6a) and the measure 
is defined by: 


II = lim n (det evafits) 1 ^ 2 J] 

a/9 a0 


do a p{k) 

(2ijr) 1 / 3 ' 


(7.76) 


We will omit the single particle indices a whenever it will cause no ambiguity and 
reinstate them for specific equations. For example, we will use the abbreviated notation 

W(t f ,ti) = j Da e i/./ dt<TO V"(t /) t<) (7.8a) 

with t 

• ( 7 -«) 

Thus, the evolution operator is the functional integral over an auxiliary field a of 
the evolution operator for a one-body time-dependent Hamiltonian h% (t), defined by 


(*) =J2( Ka <> + ( 7 - 8c ) 


and weighted by a Gaussian factor. As we will subsequently verify, the superscript H 
in Eqs. (7.8) indicates that in the stationary phase approximation, the single particle 
Hamiltonian represents evolution in the Hartree mean field. 

From (7.6). we see that the cr a0 (t) are independent integration variables, and thus 
the trajectory cr a0 (t) is not a continuous function. This differs from the case of the 
Feynman path integral, in which the kinetic energy term in the action, / dtq 2 , forces 
all relevant trajectories to be continuous, but non-differentiable. Let us also note that 
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the form (7.7a) of the Hamiltonian implies that a{t) is a classical field conjugate to 
vp, and similarly in Eq. (7.5a), a is a field conjugate to p. 

There is a large amount of arbitrariness in the choice of the rearrangement of the 
Hamiltonian. For example, had we written: 

H = Y, Ka0Pa0 ( 7 - 9 “) 

a0 a0iS 

with 

K aS = T a6 + ±Y, v °<”l> ( 7 - 9fe ) 

we would have obtained an alternative functional integral: 

<(</,<,) (7.10°) 


<(!,,!,) . (7.106) 

where the superscript F denotes evolution in the exchange or Fock term of the mean 
field. Similarly, writing 



H = + \ YL K,0 v <*0-is^'i* 

a0 a0ii 

(7.11a) 

where 

= <4 a], and As-, = a^ag 

(7.116) 

one obtains: 




= / P Ulrx.,) JV* ■*<•'—»’<( V'(«„ t.) 

(7.12a) 

where 





(7.126) 


and the integration is over pairs of complex fields Xa/j(*) and (*)■ In this case, 
as denoted by the superscript P. x^( f ) and X«,s(f) P la y the role of classical pairing 
fields. 

Although each of the functional integrals (7.8), (7.10), and (7.12) represents the 
exact evolution operator and reproduces the correct perturbation expansion for all ob- 
servables, in the stationary phase approximation, they produce the Hartree, Fock, or 
pairing mean field, respectively. As shown in Problem 7.1, there is additional flexibility 
in representing the evolution operator by taking combinations of these rearrangements 
of the Hamiltonian, which may be exploited to obtain Hartree-Fock or Hartree-Fock- 
Bogoliubov mean fields. In physical applications, the choice of the auxiliary field repre- 
sentation should be guided by the physics of the problem. For simplicity, in derivations 
in subsequent sections, we will use the Hartree form, (7.8). 
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In addition to this arbitrariness in breaking up the Hamiltonian, there is fur- 
ther freedom in formulating the auxiliary field functional integral (Kerman. Levit and 
Troudet, 1982). In the limit when e -* 0, Eq. (7.5) may be written 


ri }i: B , B ^.A^ (det{Kran)1/2 j 

X (l ~ « ]C ^Vmnpn ~ j (Y CF m V mn ^ ^ . 


(7.13) 


The term linear in a on the right hand side integrates to zero, since it is odd 
and the quadratic term integrates to the contribution of order e of the left hand side. 
The quadratic term is actually of order e because the dominant values of a with the 
Gaussian weighting factor e*4 ffV< ' are of order e -1 / 3 . The fact that the linear term in 
a integrates to zero allows one to modify its coefficient arbitrarily. Therefore, let us 
consider the equivalent expression 

^ (deUV ™)*/ 3 j 

x{l~ie^a m W mn p n - e j(£<r m V mn ^ J 

where W is arbitrary. Although Eqs. (7.13) and (7,14a) are identical when the integral 
over cr is performed exactly, they differ completely in the stationary phase approxi- 
mation. As shown in Problem 2, the one-body evolution operator for a continuous 
stationary auxiliary field er*') is 

if 9 . = hmn ■.*-</ (7.146) 

so that one may specify the mean field at will by the choice of W. In particular, the 
choice W a pts = yields the Hartree-Fock mean field. Alternatively, one 

may choose W to be a G-matrix. corresponding to the sum of ladder diagrams, or 
some other physically motivated effective interaction. In contrast to (7.14a). where 
a M e -1 / 3 . the stationary solution is independent of t so the quadratic term does 
not contribute to (7.14b) in the continuum limit. Beyond the stationary phase level, 
the theory does not have a well-defined continuum limit and as shown in Problem 7.2, 
one must use discrete time slices with finite e. 

OVERCOMPLETE SETS OF STATES 

An alternative and powerful method for generating functional integrals is to use 
overcomplete sets of states. A set of states is overcomplete if it redundantly generates 
the Hilbert space )(. We shall assume that the set of states is continuous, and denote 
it by (|ys)}. Thus, from its definition, there exists a measure dn(<p) on the set {|^>)} 
such that any state |$) of the Hilbert space can be decomposed as 

M = J dn(<p) (<PW\V>) • 


(7.15) 
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The overcompleteness implies that the decomposition (7.15) is not unique. Examples 
of overcomplete sets of states are the Boson and Fermion coherent states introduced 
in Chapter 1. 

From (7.15). it follows that there exists a decomposition of unity: 

1 = / dn{tp)\tp){<p\ (7.16a) 


and this is the basic formula to construct functional integrals. As in the case of Boson 
or Fermion coherent states, we will assume that the set {|»?)} is parametrized by a 
complex variable p, and the adjoint set {(yp|) by the conjugate variable p*. The 
measure must be a function of p* and p and we shall write* 

1= / dn(p*,p)\p){p\ 

\ . ,, (7.166) 

= / ~^l{p*p)\p)(p\ ■ 

By repeated insertion of Eq. (7.16b) in the Trotter formula 

e -iH(t,~u) = _ ieS )N (7.1.7) 

where e = > the matrix element of the evolution operator between two states \<pi) 

and | <pf) which belong to the overcomplete set is given by: 


(7.18) 

.N - 1 , » . 

II - »^|v»N-i)(piv-i|(l - ieft)\tpN-2) ■ 

■ ■■(pi|(l-t’eif)|p«) . 

If the measure 7 {p*p) decreases fast enough when \p*p\ goes to infinity, it is 
legitimate to reexponentiate each matrix element in (7.18) using: 

{p\l ~ieH\p') ~ ,v ) (7.19a) 

where we use the notation: 


H{p*,<p') = 


(' P\H\P *) 

{<pW) 


(7.196) 


* By making a gauge transformation p * — * t~ ia p * . p e ia p, one sees that the 
measure may depend only on the combination p*p. 
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Using the definition \6<f>k) = |$*) - \<t>k-i) and using continuum notation, we may 
rewrite (7.18) as: 


= «»„/ n‘ e>.m 

Jfesstl 

e£"-i D" i l ~ TvkTvk? ) - itH (*>*.*>*- » )] 
Pl*{<Pl,Pt)(Pt\<p{tf))e is 


/ 


where 


P(i(ph<Pt)= n j-f (iPt Pt ) (<Pt \<Pt) } 

is the functional integral measure, and 


(7.20a) 


(7.206) 


(7.20c) 


is the action. 

Note that as in the coherent state functional integrals discussed in Chapter 2. the 
continuum notation is only a convenient shorthand for the original discrete expressions. 
The trajectories have no reason to be differentiable or even continuous, and thus, the 
time derivative only represents a finite difference, — 5£*±itz£i_ Also, although <p ti 
and <pt f are held fixed, the variables pj. and <pt, are integrated over. 

Let us note that when expanding (7.20a) using the stationary-phase method, we 
shall seek stationary solutions of the action (7.20c), We shall use only solutions which 
are either constant or differentiable with respect to time. In that case. Eq. (7.20c) 
becomes: 

f*r ~ H\p t ) 


> = f ’ dt - 
Ju 


(<Pt\Pt) 


(7.21) 


and the stationary-phase approximation thus reduces to minimizing this action with 
respect to the wave functions |y» t ) and {^ t j. 

To illustrate this method and provide the background for the use of Slater determi- 
nants for the many-Fermion problem, it is useful to examine several simple examples. 
The simplest application of this general formalism is in the case of Boson or Fermion 
coherent states. As shown in Problem 7.3. it is easy to see that Eq. (7.20) reduces to 
the coherent state results obtained in Section 2.2. 

We next write the one-body problem as a functional integral over an overcomplete 
set of wave functions. The set of all square integrable wave-functions is identical to 
the total Hilbert space, and it is thus an overcomplete set. The closure relation in the 
Hilbert space is given by 


j t>WA) 


(7.22a) 
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where the measure P{j>*,i>) is equal to jj flj and M is a normalization 

constant chosen so that 

J Ptf*,*) e - /"!*(*) I* = l . (7.226) 

The closure relation is easily proven by taking a matrix element of Eq. (7.22a) 
betwe en (2) and |y), and noting that with the normalization (7.22b). the contraction 
(y) is equal to S(x - g). 

Therefore, equation (7.20) yields 

W fi = j e is (7.23a) 

**{*,«,)-*•(*) 


where 


p»(r( 2 ,t)M*,t))= n (7.236) 

and S is given by (7.20c). Note that according to (7.21). the stationary is just 
the solution of the usual Schodinger equation. 

We now treat the many-Fermion problem using an overcomplete set of Slater deter- 
minants. The set of all Slater determinants with N particles, denoted by \<pi ...<pn), 
spans the whole Hilbert space of antisymmetrized wave-functions. The closure relation 
is 


j II P(p* a ,<Pa) « \pi---<Pn)(v>i ...p/v| = 1 . (7.24a) 

As in the previous case, this relation is proved by calculating the matrix element 
of (7.24) between the antisymmetrized states (xi . ..x^j and \y\ ...y/v). and showing 
that it is equal to det ((i,|yy)). Since it is often useful to consider Slater determinants 
composed of orthonormal wave functions, one may use the alternative closure relation 

jjr J = l (7.246) 

where J/ is a normalized constant. The details of the derivation of Eqs. (7.24a,b) are 
outlined in Problem 7.4. 

Using (7.24). the functional integral becomes 

Wfi = j Pn{<p*,<p) det {(<Pa,f\<Pp(tf))) e ,s 


(7.25a) 
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where 


M**,«P)= f[ II e -/^-^*>l*P(rt(t) > p«(t))det{p a (t)| W (t)) (7.256) 


0=1 *,<«<«/ a0 

and 5 is given in (7.20c). 

In the case of continuous trajectories, the action (7.21) becomes: 

s= f tf • • • <PN !*& - H\pi ...p N ) 

Jti (<Pi---Pn\<Pi---<Pn) 


(7.25c) 


(7.26) 


It is shown in Problem 7.5 that the stationarity of S with respect to the Slater deter- 
minant \<pi . . . pn) yields the time-dependent Hartree-Fock equations of motion. Con- 
sequently. stationary phase evaluation of (7.25a) leads to the time-dependent Hartree- 
Fock approximation, and provides a simple, straightforward way to consistently include 
direct and exchange terms in a mean field approximation. 


7.2 GROUND STATE PROPERTIES FOR FINITE SYSTEMS 


We will now perform the complete stationary phase expansion around localized 
time-independent solutions. For simplicity, we will use the functional integral (7.7) 
in terms of the auxiliary cr-field, which will yield the Hartree approximation and a 
loop expansion in terms of Hartree phonons. It is possible to do the same calculations 
using functional integrals over Slater determinants, Eq. (7.25), which yield an expansion 
around the Hartree-Fock solution. This is cumbersome, due to the lack of a continuum 
limit, and is discussed in Problem 7.6. We will also defer for the moment the important 
physical question of the validity of the stationary phase expansion and the nature of the 
small parameter in which one is expanding. After seeing the structure of the resulting 
theory, we will return to this question in Section 7.4. 

THE RESOLVENT OPERATOR 

All the information about the eigenvalues of a Hamiltonian H and the matrix 
elements of an operator 0 in eigenstates of H is contained in the resolvent operator: 

G °< £ > = tr Gdh^) (7 ”“ ) 


where rj is positive infinitesimal. Denoting by |$„) the eigenvectors of H with energies 
E n . we see that: 


G 0 (E) = Y, 


mo |*n) 

E — E n + irf 


(7.276) 
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Thus, the eigenstates of H are poles of Go(E), and the matrix elements 
($ n |0|$„) are the corresponding residues. To evaluate the ground state energy of 
a finite Fermion system, we may choose 0 — 1 and calculate 


= -i [°° dTe iET trU($,=£) 
Jo 


(7.28 a) 


where we have used the Fourier transform (3.31b). 

We now express the evolution operator in terms of a functional integral over an 
auxiliary field. For notational simplicity, it is convenient to use the form (7.5a) in which 
v -1 occurs in the Gaussian factor and no v occurs in the one-body operator. Thus, 
we write 


G(E) = -* J°° dT e iBT J y e^-T% Mvv ~ 1<r tr U„($,=f) (7.28 6) 

where 

U<,(S,=£) = T{e^^ dt M ‘>] (7.28c) 

h a {t) = (K+<r(t))p (7.28 d) 

and 

M = J PaJf-* ■^ dtaw ' la . (7.28e) 

It is convenient to evaluate itU a in the basis of eigenfunctions of U„. Let us 
denote this basis by J^jv), keeping in mind that it depends on a. Since U„ is the 
evolution operator of a time-dependent one-body Hamiltonian, its eigenstates are Slater 
determinants, composed of single-particle eigenstates of U„. We will denote by {|<p fc )} 
the set of orthonormal single-particle eigenstates of U„: 

^ = (7.29a) 

and an AT-body eigenstate of U„ is given by: 

l^ t ...k w ) = bfc l ...¥> fcw ) (7.296) 

with eigenvalue at (( <r * r ), | n the iV-particle space, the unit operator 1 and U„ 

may be represented as: 

1= E (7.30a) 

{ki...k K } 


and 


U B 


(7.306) 
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By its definition (7.28) U a is a unitary operator: 

Ul(h=fW4b=?) = l (7-31) 

so its eigenvalues have unit modulus, and the ak(e,T) are real. Using this basis, the 
resolvent in the space of N particles is 






(7.32) 


and the resolvent in the full Fock space is obtained by summing over all N. This is 
the basic formula that we shall use in the following sections. 

STATIC HARTREE APPROXIMATION 

In applying the stationary phase approximation to the (cr) integral in (7.32), one 
should consider general time-dependent stationary solutions cr,(t). In this section, we 
will consider the simplest case of time-independent solutions, denoted o 0 . 

The stationarity condition is 


1 Y' «a fc< (o- 0 ,T) f7 oo> 

w a °-f^i S7 0 • ( ' ] 

For a time-independent «r 0 . Eq. (7.29a) becomes: 

e -iTh„ a | w) = e -<^(-o.r) jvPfe) (7.34a) 

so that is an eigenstate of k aa with eigenvalues 

K 0 \Pk) = Y^ k) ■ {7 ' 346) 

Taking a derivative of this equation with respect to <?o, and projecting on the left 
with we obtain 

+ + (7,34c) 

which, combined with the adjoint of (7.34b). yields 

~ = r{^ fc |^b fc ) . (7.35) 

Using the stationarity equation (7.33) and the definition of h„, Eq. (7.28d) we 
obtain ^ 

<TOafi = (“tM/ 9 *) (llPk^iPk, |*> 

i=l 7 


(7.36a) 



7.2 GROUND STATE PROPERTIES FOR FINITE SYSTEMS 


343 


or in the {?} representation 


<r 0 (r) = f rfr'w(r-r , )53|pfe j (?')| 3 . (7.366) 

J »=i 

This result shows that tr 0 is the Hartree mean field generated by the Slater determinant 
| <p kl . . . <Pk H )- The alternative quantity a = v~ l a introduced in Eq. (7.5b) corresponds 
to the density. Note that for each set of occupied states (fci . . . Jfcjv} appearing in the 
sum (7.32), we obtain a different stationary a. From Eq. (7.34b). we see that the 
single-particle wave functions \ipk) satisfy the self-consistent Hartree equations 

(~2m V ^ “ + Xj/ *'«{r- <p k {r) = e**> fc (r) (7.37a) 


where the quantity 

«*(<7 o, T) 
€fc T 


(7.376) 


is time-independent and plays the role of the single-particle energy. Note the presence 
of the |v(0), which shifts all single-particle energies, but does not modify the wave- 
functions. 

Using these results, the stationary phase approximation to the resolvent. Eq. 
(7.32), is 


G{E) « -* V ^ dT e iET e ’'f e ~»r ( 
it. L i Jo 




{fc....fc w } E ~ (iwLi «fci - § / drdr , a 0 {r)\>- l (r - r')cro(r)) + tr? 


(7.38) 


in this static approximation, the total energy is thus: 
n 1 r 

Eh «*, ~~ dr dr' tr 0 (r)u _1 (r - r')cr 0 (r') • (7.39a) 

i=i 1 J 


Using the single-particle equation (7,12a), with the notation |ifc) = |v9fc).we see that 


N 

e fc HW) + L(*fc.M*k) 


isl 


(7.396) 


so that the total energy is: 


Em = £>|* + \ £ (MiMM*) 


(7.39c) 
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Equation (7.39c) is the familiar Hartree approximation to the total energy, and 
arises from the fact that the factor | / oqv~ 1 <jq, properly corrected the overcounting of 
the potential energy which occurred in the sum e kj . Since one can obtain static self- 
consistent solutions for any set of occupied states {fcj, . . . k h}. we see that G(E) has 
poles at the Hartree ground state and all multiparticle-multihole excitations relative to 
it. Let us note at this stage, that if we had used a functional integral representation on 
the set of Slater determinants, as in Problem 7.5, the stationary-phase approximation 
would have yielded the Hartree-Fock, rather than Hartree approximation. Using the 
Hartree form of the auxiliary field, the exchange term in the energy is one of the 
corrections included in the quadratic fluctuations which we will now evaluate. 

RPA CORRECTIONS 

In order to calculate the corrections to the stationary Hartree contribution, it is 
convenient to evaluate the trace of U„ in a fixed basis of Slater determinants |^{fc}) 
where {k} denotes the set of quantum numbers of the occupied single-particle states. 
Since the basis is fixed and independent of cr, we can no longer use Eq. (7.32). but 
rather must use (7.28b) which becomes 


where 


G(E) = £>{*}(£) 
{*} 


(7,40a) 


G {k) (E) = -t J™ dT e iET I ^ e* f- 


T/ ’ d 
r/» 




. (7.406) 


The expansion must be performed for each set of quantum numbers {fc} and we will 
show how it works around one particular state |${fc}). To optimize the expansion 
for this specific state we define the fixed basis to be Slater determinants composed 
of eigenstates of the Hartree Hamiltonian in which <ro is defined self-consistently for 
the specific occupation numbers {ifc}. Thus, is a self-consistent determinant 

of Hartree eigenfunctions which we shall denote as 1$#). Note that for all the other 
occupation numbers { k '} which we are not trying to calculate, the Slater determinant 
|^{fc'}) is not a self-consistent Hartree wave function and the expansion is not optimal. 

We make the change of variable 


cr(r,t) = cr 0 (r) + fj(r,t) 


(7.41a) 


where cro(r) is the Hartree mean field corresponding to the term {A;} that we are 
expanding. The contribution independent of rj generates Eh. the terms linear in r\ 
vanish, and we obtain 


G {fc} = [°° dTS E ~ B ^ T 
Jo 

+*73 co 

• p n ( r>t ) i / dtr > v ~ 1 i+ E -h f dl - dn ‘ l g _„ o n(i)-n(n) 


P 


(7.416) 
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where the notation 1 stands for (n,*i). The t?-integral is rewritten as: 


, f Pfl{r,t) tdt'drdr‘«(rt)r~ l (rt,r't'WrY)- 

~ J M 6 


where 


T 1 (r,f,rV) = —iS(t - t')w _1 (r - r') - 


and 


v w-f lhj dl ~* 1 


g 2 lxi<Wffiy g |f|f) | 

6a(rt)Sa{r , t') | ff=< , 0 

'K 1 ) •••*?(*) . 


(7.42a) 

(7.42*) 


Scr( 1) . . . Sff(n) \ a=0l 

Using the definition Eq. (7.28c,d) of U„ and the result in Chapter 2 that the derivative 
of the logarithm of the evolution operator generates connected Green's functions, we 
obtain 

S n ln(fr H 1 = S n ln(*» |r e~* dt(K+a ' <t) ^|^ flr ) I 

6a(l)...6<r(n) | ff=< , 0 6<r(l) . . . 6<r(n) \ a= 

= (~i) n (*H\TU ao (i,?)p(l)...p(n)\* u U 
where the Heisenberg representation density operator is defined 
p{r,t) = e itha o pe~ ith< ’° 

-tt) = e %Th °° 

h„ 0 is the Hartree Hamiltonian, and c denotes a connected expectation value. 

We now evaluate the quadratic fluctuations given by 

(detr - l )~ 1/2 


(7.42c) 


(7.43a) 


(7.436) 

(7.43c) 


H 

detr~ 


-x/2 


(7.44) 


Ldet( — } J 

= [det(t( 6 u)r ~ 1 )]~ 1/3 . 

The derivative appearing in T may be evaluated as follows, using Wick's theorem in 
the Slater determinant I^h) 

MDMl') | ffo (^n\T[U n ] |**> 

(VxplUrjmVH) <tt g |r[Cl,Ml')H* g ) 
(*g|T[I^H«H) (»g|r[I^]|*jr) 

= -(»g|T [f (l)^(l)^(l')tfr(l')] I**) (7.45a) 


+ <»g|^ t (l)^(l)|*g)(*H|^ t (l , )^(l')l*H) 

= -<»*|r [^(1)^(1')] !»*><** |r [t6(i)^ t (i')] *g) 
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where $*(1) is a creation operator at (ri, ti) in the Heisenberg representation of the 
Hartree Hamiltonian 

= . (7.456) 

Note that in the limiting case of equal time, t\ =ti~e, Eq. (7.45a) becomes equal to 

-(^|^ t (ri)i?(ri)|«/r}{^|^(r 1 )^( r ')|$ H ) 

= -Hn - ri)<SM^(n)^Vi}l*H> (7.45c) 

+ (®H|^ t (ri)^(ri)|'®«)(^|^ t (ri)^(ri)|« ff ) . 

Denoting by <3(1, 1') the Hartree Green's function 

G( 1, 1') = T<**|r [^(l)^t(l')] |*ir) (7.46a) 

and by Do the Hartree particle-hole propagator: 

t'Z>o(l, 1') = <7(1, 1')<7(1', 1) = Q' (7.466) 

we see that if ii / t\: 

r -1 (l,l') = ~ i6 (h ~ <i)v -1 (ri - r'O +t£> 0 (l,l') 

= — — SvDq] ' 

and the quadratic fluctuations, Eq. (7.44) may be written 

Z = [det (1 - (6o)D 0 )r l/2 . (7.46d) 

Using the identity detA = exp(trln A) we write 

Z = «-i tr ln(l-(««)0o) 

= E”, i tr tt«*x>*)-) (7.47a) 

-.e:^ . 


The n th term in the exponent has the explicit form 
1 f T I 2 

jr( n ) — _ / dtidridr'y . . . dt n dr n dr' n v{ri - r' l )Do{r' l ti,r2t2) 
2n ;_ T/2 

X u(r 3 - rtjDofata, r 3 t 3 ) . . . v(rj, - r n )D 0 (r' n t„, rifi) 


( 7 . 476 ) 


and can be represented by the diagram: 
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This contribution is the n th order ring diagram that enters the RPA approximation. 
Note that the factor ^ is just the symmetry factor of this unlabelled ring diagram as 
discussed in Section 2.3. 

The n = 1 term, which involves equal time propagators, is calculated as follows 
using Eq. (7.45c) 

J drdr'v(r- r')[(« , H|^ t W^(r')|4 f K)(’® r H|^ t (» - ')^( r )I^J7) 

- S(r - )] 

= y* (r) dro(0)|t£t N (r)| 2 

= yXl(V’fc < V , fc i N^fcil< , fc.) -t^JVt>(0) . (7.48) 

».} 

The n = 1 term thus makes two important corrections. It removes the unphysical 
self-energy ~v(0) from the operator K, and it provides the exchange energy, which 
was absent at the Hartree level. 

The sum of all the ring diagrams for n > 2 is the usual expression for the RPA 
energy with direct ring diagrams. 


2?RPA = ^E^tr(A>VT (7-49) 

where V denotes 6{t - t’)v(r - r'). Note that the overall contribution to the energy 
of an n th order ring diagram is (*£?o*T?o) n . in agreement with the factor 

5 ^(-i) n (-l)"* specified in Table 3.1 since the number of loops is n-t — n and the 
symmetry factor is 5 = 2 n. Collecting together Eqs. (7.47), (7.48) and (7.49), we see 
that when quadratic corrections are included, the new poles have energy: 

= + \ X>fcyMfefcy) + 2 ?rpa (7.50a) 

<= 1 i,i 

or in terms of diagrams 

0 ._. 0 . O OZO’-'Q^gD*- • (7 ' 50il 

This result begins to reveal the physical content of the expansion. Physically, we 
expect the fluctuations around the mean field to describe the fundamental collective 
excitations of a system, such as giant dipole, quadrupole, or octupole vibrations in 
a finite nucleus. Furthermore, .from the study of response functions in Chapter 5, we 
know that the RPA phonon is the leading approximation to collective excitations. Thus, 
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it is physically reasonable that the principal effect of the quadratic corrections is to 
include the contribution to the ground state energy of a single loop composed of an RPA 
phonon. In higher order, we shall see that the effects of multiple collective excitations 
are included. Since the expansion is systematic and equivalent to perturbation theory, 
along the way all of the other physics besides collective effects is also built in. We 
have seen two concrete examples in second order: the |v(0) term and the exchange 
term. 

Note that in the present formulation, since the stationary solution is the Hartree 
approximation, even though the direct and exchange terms appear in the energy, the 
propagators are Hartree propagators and RPA phonons have only direct ring diagrams. 
For some systems, this is physically inappropriate. For example, in the case of nuclear 
forces, the exchange term in the potential is much more attractive than the direct 
term and the Hartree approximation with a realistic effective interaction does not even 
produce binding. In this case, it is necessary to use a functional integral representation 
which yields the Hartree-Fock approximation at the stationary phase level and sums 
direct and exchange ring diagrams. One way to do this using a functional integral over 
Slater determinants is discussed in Problem 7.6. 

THE LOOP EXPANSION 

We now evaluate the corrections beyond quadratic order in (7.42) by perturbation 
theory. Using (7.43). V{rj) may be written 

Vfo) = £ J dl...dn(T[^(i)^(l)...^t(„)^(n)]) 0 r,(l)...^(n) (7.51a) 

n= 3 n J 

where ( )„ again denotes the connected expectation value in the Hartree state. Expand- 
ing the expectation value by means of Wick's theorem, we note that the completely 
linked contributions correspond to closed loops in which ^f(m) at one point n* is 
contracted with 0(n 3 ) at one of the (n- 1) remaining points na. ^(na) is contracted 
with ^(ri 3 ) at one of the (n- 2) remaining points n 3 and so on until ^(nn) at the last 
point n n is contracted with ip(ni). These (n - 1)! contractions contribute equally to 
Eq. (7.51). and using the Hartree propagator G(m,n) = -*(T$(m)$ t (n)) as before, 
V(ti) may be rewritten 

^W = E” : / • • • ^nff(l)®(li 2)ff (2)G(2, 3) . . . <7(n — 1, n)»j(n)C7(n, 1) . 

(7.516) 

Diagrammatically, V (rj) may be represented by the vertices 



where a solid line denotes a Hartree propagator and a wavy line denotes an r? variable. 

Finally, to perform the perturbation expansion, we need to compute the i? prop- 
agators, that is. the contraction of two rj variables. Taking the quadratic term of Eq. 
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(7.42a), the contraction is defined 

V{H) ~ fP.e-U^n (7.52) 

= r(i, i') . 

The relation I"" 1 = -*V _1 [1 - V D 0 \. Eq. (7.46c). may be inverted and expanded as 
follows 

T = *(1 - VDor'V 

z=i[V+VD 0 V + VD 0 VD 0 V + ...} (7.53a) 

= ‘"Vrpa • 

We recognize "Vrpa as the propagator of the RPA phonon introduced in Section 5.4 
and its expansion (7.53a) may be represented diagramatically as follows 


H'V'X * ) ( 


* v-0’^ * — • 


The diagram expansion for Z is now straightforward to generate. Expanding e v W 
yields any number of closed Fermion loops of the form (7.51c) with three or more wavy 
lines emanating from each loop. The Gaussian integral / Pi j e~’ /<*i<o«i(i)r ( 12 ) 1 ( 2 ) 
connects these wavy lines with propagators i'Vrfa in all possible ways. By the linked 
cluster theorem, only the completely linked diagrams contribute to the total energy. 
Thus 

E = E^ + ^lim — linked diagrams . (7.54) 

Each Fermion loop has n > 3 wavy lines and contributes a factor 

^G(12)G(23) . . . G ((n - l)n). The total number of wavy lines must be even and 
these lines are joined with propagators i'Vrpa (nm) in all possible ways such that the 
entire diagram is linked. For a diagram with m Fermion loops, there is a factor jjL 
The expansion is organized according to the number of RPA phonons. That is, 
the “loops” of the loop expansion are the wavy phonon propagators, not the closed 
Fermion propagators. For example, at the two phonon level, there are two distinct 


Expansion of the RPA phonon propagator in these graphs yields an infinite sequence 
of diagrams in the bare interaction of the following generic form 



(7.556) 
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Similarly, the three distinct three-phonon graphs are the following 

GMD GED C80 

The final result is an exact rearrangement of perturbation theory in which the basic 
elements are dressed Hartree particles and RPA phonons. Such an effective field theory 
in particle and vibrational degrees of freedom is useful in understanding the low-lying 
states of nuclei, for example, where the fundamental excitations are single particle and 
vibrational modes (Reinhardt, 1978). To understand the loop expansion in detail, it 
is instructive to derive the precise correspondence between the diagrams contributing 
to Eq. (7.54) and the expansion of the ground state energy in Feynman diagrams as 
outlined in Problem 7.7. 

To conclude this section, it is important to note that the stationary phase ex- 
pansion we have presented here for the ground state may also be carried out at finite 
temperature. Problem 7.8 outlines the evaluation of the partition function at finite 
temperature and shows how the ground state properties are obtained in the zero tem- 
perature limit. 

7.3 TRANSITION AMPLITUDES 


In contrast to the treatment of the ground state In the previous section, the 
stationary phase approximation to an arbitrary transition amplitude is in general time- 
dependent. We will now show how a time-dependent mean field approximation is 
obtained for general transition amplitudes and 5-matrix elements. For brevity, we treat 
only the auxiliary field path integral here following closely the work of Levit (1980) and 
present a detailed example using coherent states in Problem 7.9. 

Using the form of the Hubbard Stratonovich transformation in (7,5b), the transi- 
tion matrix element between an initial state j'ff) and final state (W/J may be written 


(«r / |£7(t / ,t j )|«r i > = f Pa J %*”**(* 

= J 


(7.57a) 


where 

&(*/>**)- Te 

and the effective action is defined 


-i /*' M(K +<r(t)»)m 


(7.576) 


5 eff (<7) = ~ dtava-i • (7.57c) 

2 Jtt 

Note that as in Eq. (7.8), we have suppressed the spatial labels and for example 
a(t)vp(t)= f dxdx' a(x,t)v(x - x')p(x',t') . 


(7.57 d) 
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The stationary values of the auxiliary field a c (x,t) are obtained from the condition 
6S e ff(a) = 0, with the result 


This result is a seif-consistent equation for a e . 

The solution a c is a matrix element of p taken between the states IT^ (t, t,)l®») 
and ('&f\U ac {tf,t), where the evolution operator U 0c defining these states evolves 
|^<) and ($/| in the mean field specified by cr c . We thus have a form of mean field 
approximation in which the one-body mean field depends upon the initial and final 
states defining the transition. 

If the initial and final states are momentum eigenstates 

P\%) = Pi\%) P\* J ) = P J \V f ) (7.59a) 


then if er„(a :,t) is a solution. <r c (* - a,t) is also a solution: 


, = (*/ \e~ iPa t ipa U„ c [x)e~ ipa e iiia p{ s, t)e~ ipa e ipa U„ c {x)t~ ipa e ii ' a \%) 

{Vf\e- if,a e it,a U„ c {x)e- it>a t ipa \^i) 

= (*/ \ U : ( g ~ - a » (« ~ a ) )*«) 

(7.596) 

Hence, summation over all stationary solutions yields momentum conservation 


= J da $ a ° vac f\U a<> \yii) ( 7 - 59c ) 

= 6{P f - Pi) e* / {*, )U .. |¥.) . 


Energy conservation follows analogously from time translation invariance. 

Since the self-consistent solution a c {x,t) is not necessarily real, the evolution 
operator U„ 0 need not be unitary. Hence, it is often convenient to make an alternative 
stationary phase approximation by varying only the phase of Eq. (7.57a), that is. 
varying ReS«ff(cr), with the result 




(7.60) 


Now consider the important special case in which the initial and final states are 
Slater determinants, which we write in terms of single-particle wave functions as 


l*<) - K4» and | */> = !{#» • 
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If we define solutions to the time-dependent Schrodinger equation in the 
generated by the real a c of (7.60) 

mean field 

.dMx,t) =z{K+(Tc{t)v)Mxt) 

(7.61a) 

* ~ g t ^ ={K+ <T c (t)v) $k{x, t) 

(7.616) 

with the boundary conditions 


Mx’ti) = $U») M x > t /) = Hi x ) 

(7.61c) 

then 

tw*. *)!*<> = 

(7.62) 

(V / |£7.(t / ,t) as ({^(*,t)}| . 


Hence, the stationarity condition gives <T c (x,t) as a simple determinantal matrix ele- 
ment in the mixed basis {^}{i>} 


«*>(«, *»l {*M)» 


(7.63) 


where the denominator is easily seen to be time-independent. 

It is instructive to see the relation of this general stationary-phase approxima- 
tion result to the time-dependent Hartree approximation (which is the analog of time- 
dependent Hartree Fock with the Hartree form of the auxiliary field). Observe that 
with <r c real, the stationary-phase approximation 




has modulus < 1 and the equality only obtains if the final determinant equals 
\{<j>k{x, tj)}) multiplied by an irrelevant phase factor. If the final determinant is equal 
to that obtained by evolving the initial determinant with cr c (t), then the two sets 
of wave functions { fa } and defined in (7.61) coincide. By (7.63). tr c (a;,£) = 
Sk l^fc(M)| 2 s0 that the determinant evolves with the time-dependent Hartree equa- 
tion. Thus, if we consider the evolution of any determinant in the stationary-phase 
approximation, the most probable final state is found by solving the time-dependent 
Hartree equation. The transition to any other less likely final state may be found by 
the general result (7.63). and it is physically clear that the mean field cr c {x,t) which 
best approximates the transition must depend upon the final state. 

5-MATRIX ELEMENTS 

The basic idea of how this approach can be applied to the calculation of 5-matrix 
elements is illustrated by the calculation of the response of a many-Fermion system to 
an external potential (Alhassid and Koonin, 1981). The 5-matrix may be written as 
the limit of the following evolution operator 


5= lim U o {0,T)U{T,-T)U 0 {-T,O) 


(7.65) 
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where Uq denotes evolution under the many-body Hamiltonian (7.1) and U denotes evo- 
lution under the many-body Hamiltonian plus an external field W = W a p(t)p a p 
where W (t) -» 0 as t -+ ±oo. Each evolution operator may be written in terms of a 
functional Integral over an auxiliary field in the usual way with the result 


(* f \sm~ T iimJ f J 

x (tf, |Cf ff/ (0, T)U a (T, -T)U„ t (— T, 0 ) \%) 

(7.66a) 

where 

U„ tfi (t 1 , t) = T [e -< £ (7.666) 


and 

U„(t',t)*= T[e~*^ dt{K+W+a! ' <o)fi ] . (7.66c) 


One may view (7.66) as an auxiliary field evolution operator of the usual form with a 
time variable which runs from 0 to — T without W . from —T to +T with W, and from 
T to 0 without W. Requiring stationarity of the phase of (7.66a) yields the stationary 
solution, analogous to (7.60), 


<x°(t) = Re 


(^ / |f[^ ? 77 <r oC7 fff ]|^) 

(^ITf^o^o^o]!^) 


(7.67) 


where cr« denotes any one of a/, a, or cr, and T inserts p into the corresponding interval 
(0,T), {T,-T), or (— T,0), respectively at time t. 

Since the physical 5-matrix is independent of T as T -* oo. time reversal invari- 
ant if W(x,f) has time reversal symmetry, and unitary, one may ask which of these 
properties is also retained by the stationary phase approximation. To see that (7.67) is 
independent of T. note for times -t prior to the interaction period, <r?(-i) = cr°(-f) 
is a solution and evolution by U„ t prior to the interaction time is precisely compensated 
by U„. Hence, once — T is earlier than the interaction period, it does not enter the 
stationary approximation to the S-matrix. Similarly, the mean-field solution may be 
verified to be time reversal invariant if W has time reversal symmetry. However, be- 
cause the mean field solution satisfies a different non-linear self-consistent equation for 
every final state ( 1 sP/|, the approximation for each final state is obtained by a different 
evolution operator U„»V„oU a a and the result in general is not unitary. 

Formulation of a complete scattering theory involves additional technical compli- 
cations which do not arise in considering the response to an external potential. One 
must define asymptotic channel states for the target, projectile and all the reaction 
products, and project then onto states of specified center of mass momentum. These 
and other aspects of scattering theory are addressed by Reinhardt (1982). 


7.4 COLLECTIVE EXCITATIONS AND TUNNELING 


We now consider general eigenstates of a many-body system in which applica- 
tion of the stationary-phase approximation to the resolvent operator leads to time- 
dependent periodic mean field equations. In Section 7.2, we have already seen the 
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special case of static Hartree solutions which are trivially periodic and describe the 
ground state and multiple particle-hole excitations relative to it. Having introduced 
the idea of self-consistent mean field equations specifying time-dependent solutions 
for specific transition matrix elements in the preceding section, we will now develop 
the periodic mean field equations describing quantum eigenstates of large amplitude 
collective motion and spontaneous decay of a metastable state following the approach 
of Levit, Negele and Paltie! (1980a, b). To illustrate the basic ideas, it is useful to begin 
with the simple problem of quantum mechanics in a one-dimensional potential. 

EXAMPLE WITH ONE DEGREE OF FREEDOM 

We wilt calculate the eigenstate in a general potential V(q) using the resolvent 
operator introduced in Eq. (7.28). The resolvent operator may be written as a Feynman 
path integral as follows 

G{E) = -i J°° dT e iBT J dq{q\e- iHT \q) 

roo r e (7.68a) 

= -» ^ dT' iET J dq %(t)] e <S W*>l 

where 

%<*)] = [ dt [f *(t) 2 - V (,(t))] (7.686) 

is the classical action and the trajectory satisfies the boundary conditions 

?(0) = q{T) = q . (7.68c) 

The exact eigenstates are specified by the poles of G{E) when the three integrals over 
T, q. and q(t) are performed exactly. Here, we consider the approximation obtained by 
evaluating each of these three integrals in the stationary-phase approximation. 

Application of the stationary-phase approximation to the functional integral over 
q(t) yields 

( 9 |e is W‘)l \q) m A (7.69a) 

where q e (T ) is the solution to the classical Euler-lagrange equation 

rn^q c (t)~-VV(q c (t)) (7.696) 

subject to the boundary condition (7.68c). The factor A denotes the result of inte- 
grating the quadratic fluctuations around g c (t) and its explicit form is not required for 
the present argument. 

To apply the stationary-phase approximation to the integral over q, note that S(q c ] 
depends upon q through the end points of qr c (t) • Since the derivative of the action with 
respect to the end point yields the momentum, stationarity of S[q c ] requires 


dS[q c ] asr[fei as[<?cl 

3q dq(T) dq( 0) 


= p{T) = p(0) . 


(7.70) 
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V(q) 


E 

E» 

q, q 2 q 

Fig. 7.1 Sketch of potential V(g) with a single minimum and the peri- 
odic trajectory at energy E between classical turning points qi and qi which 
contributes In the stationary-phase approximation. 

Thus, both q and q are equal at the end points and since the classical equation of motion 
is second order, the trajectory is periodic. Hence, the resolvent may be rewritten in 
the form ^ 

<7(1?) « -t n dT A‘ «<«■+»(*■> s -i f°° dT A ' e iW W (7.71) 
Jo Jo 

where S(T) denotes the classical action for a periodic trajectory of period T and an 
additional quadratic fluctuation factor has been included in A'. The quantity W(T) = 
ET+ S(T) appearing in this and subsequent results is called the reduced action. 

The derivative of the classical action S(T ) with respect to the final time T yields 
the negative of the classical energy. Thus, application of the stationary phase approx- 
imation to the remaining integral over T leads to the condition 

E = -?^p- = E c (T) (7.72) 

where E C (T) is the energy of a classical periodic orbit of period T. The final stationary 
phase result obtained by summing over all periods T m which yield classical periodic 
solutions with energy E is 

G(E) « -* Y, A L S w < r "> (7.73) 

where A' m denotes the factor obtained by integrating the quadratic fluctuations around 
the stationary point T m . 

The structure of the final result, Eq. (7.73), is particularly simple for the case 
of a potential V(q) with a single minimum as sketched in Fig. 7.1. The classical 
periodic trajectory may be visualized in terms of the motion of a particle on a curve 
V(q) in a uniform gravitational field. When it is released from position qi it executes 
periodic classical motion between the turning points qi and qi as shown. Using energy 
conservation to express in terms of E-V(q), the fundamental period for a trajectory 
with energy E is 

T{E) ~ 2 lAw=kd dq ■ 



(7.74) 
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<?( % % % <1 9l 92 


Fig. 7.2 Sketches of a double well potential (a), and the Inverted potential 
obtained by continuation to Imaginary time (b). The trajectories contributing 
In the stationary-phase approximation In the classically allowed and forbidden 
regions are shown In (a) and (b), respectively. 


Any integer multiple of T{E) also satisfies the stationarity condition, so that T m = 
mT(E). It is convenient to write the reduced action in (7.73) in the following form 

W(T m ) = ET m + f m (pq-H) = mW[T{E)} , (7.75 a) 

Jo 

where 

,T(B) r 

W[T(E)\ = j o pqdt = J> pdq 

= 2 P* {tmlE-ViqW^dq . (7.756) 

J qi 

If we temporarily ignore the dependence of the quadratic fluctuation factors A' m on the 
multiple m. Eq. (7.73) yields the following series 

G(^) = -tA'X;(e i ^ fr(£)l ) m 

_ A # e .TV[r(s)i ( 7-76a ) 

~ l _ e iW[T(B)] ’ 

which has poles for all energies satisfying the quantization condition 


n2w = W[T{E)\ = 



(7.766) 


As shown by Gutzwiller (1978), the factors A' turn out to contribute the same 
magnitude for each m and a phase of § for each classical turning point, so their 
inclusion simply changes the minus sign in the demoninator of Eq (7.76a) to a plus 
and thereby yields the correct Bohr-Sommerfeld quantization rule 

(2n+l)w = W(T{E)) = j pdq . (7.76c) 

The lowest state in the well thus acquires its proper zero-point energy in this approxi- 
mation. 
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An important new feature arises in the analogous treatment of the double-well 
potential sketched in Fig. 7.2. General application of the saddle-point approximation 
to the time integral in Eq. (7.71) requires summation over isolated stationary points 
in the complex T plane. Whereas trajectories in classically allowed regions yield real 
stationary points T m as discussed above, we will see that classically forbidden regions 
introduce complex stationary points. To be specific, we will treat an energy E below 
the barrier height E\ and consider the three regions I. II. and III indicated in Fig. 7.2a. 

The analysis of periodic trajectories in the classically allowed regions I and III is 
the same as for the single well considered above. We will denote the fundamental 
periods given by Eq. (7.74) with the appropriate end points by T\ and Tm and the 
corresponding reduced actions given by Eq. (7.75) by W\ and Wm. 

In the classically forbidden region II, the existence of a classical periodic solution 
with purely imaginary period may be understood by continuation of the classical equa- 
tion of motion to imaginary time. Replacing (t'f) by r, Eq, (7.69b) may be rewritten 

m~ qe =-~V[-V(q c )} . (7.77) 

Since continuation of this second-order equation introduces an overall minus sign, 
a picturesque way to visualize the stationary solutions is to consider the classical 
solutions in the inverted potential sketched in Fig. 7.2b. Calculation of the stationary 
solution in region II corresponding to one classical oscillation from q 2 to g 3 and back 
and repetition of the steps performed above for real solutions give rise to the period 

Tu = u L [*|v(,T-a|] * (7 ' 78a) 

and a contribution to the resolvent of e~ Wtl . where 

Wn = 2 r {2m[V(q) - E)} 1/2 dq . (7.786) 

A general periodic trajectory in the double well of Fig. 7.2a is thus composed of 
any number of closed orbits in each of the three regions connected in any order, so 
that the stationary phase approximation to the resolvent is 

G(E) = A' k(m e «w.(B)- w«(B)+imwr m (a) (779) 

htm 

The technical question of phases in the quadratic correction factor A' ktm is addressed 
by Bender et al. (1978), with the result that A ktm is a constant times (-l) fc+ * +m . 
Calculating the sum over all trajectories beginning in any of the three regions and 
containing all combination of cycles in each region yields 


g(e) a jr 

ns*X 



t 

m=0 



t=o 
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m=s X L nsssO IssQ 

+ E \-' iWm E [-« Wn E(- e ‘ Wm ) < 

n=l L m=0 L Z=0 

—2e i ^ Wl+Wm ^ - e iWl - e~ Wn - e iWnt 
= (1 + e’ w >)(l + e iw ™) + e _VVl > 


(7.80) 


To understand the physical content of this result for general double well, it is 
instructive to examine two specific special cases. We first consider the symmetric 
double well, for which VPh = Wm. and will recover the familiar WKB expression for 
the splitting of nearly degenerate even- and odd-parity states. In lowest approximation, 
if the central barrier were very high, the problem would reduce to a degenerate pair of 
single-well problems, yielding degenerate solutions satisfying Eq. (7.76c): 

Wi(E^) = (2n+l)»r , (7.81) 

where E^ denotes the zeroth approximation to the n* h eigenstate. This result follows 
immediately from Eq. (7,80). since in the case of a high barrier, Wu is very large, 
rendering e~ Wn exponentially small, and the demoninator reduces to double poles at 
energy Ei°K In next approximation, we may write E„ = + AE n and expand the 

condition for a pole in Eq. (7.80) 

+ _ -. e -w,i(Bl+AE n ) 1 (7 82 ) 

to first order in E n . Using Eq. (7.81). noting from Eqs. (7.74) and (7.75) that 


dW(E) 2w 

dE u 


(7.83) 


and observing that e~ Wn ( B *>&E n is second-order small, we obtain 

[^|-A , (7.84) 

which yields the familiar WKB result for the energy splitting 

E n HE° n ±~ e - w « E *V* . (7.85) 

2rr 

Thus, in this application, the physics of tunneling in the classically forbidden region, 
has been described by the periodic imaginary time solutions corresponding to classical 
motion in the inverted well, 

A second example is the decay of a metastable state. In this case, the right well is 
distorted to extend to the edge of an arbitrarily large normalization box as sketched in 
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Fig. 7.3 Sketches of a potential for a metastable state (a) and the corre- 
sponding Inverted potential (b). 

Fig. 7.3a. Instead of calculating the resolvent, it is convenient to evaluate the smoothed 
level density (Balian and Bloch, 1974) 

p n {E) = hmtr(H-E-ii )- 1 = ilmG(£ + t'y) (7.86) 

where the finite width 7 is smaller than any physical width in the problem but larger 
than the level spacing in the normalization box. In this case, we obtain periodic 
stationary solutions in region I as before, and in lowest approximation these yield 
the result Eq. (7.76c) for the energies of the quasistable states. Also, as in the case of 
the symmetric potential, periodic imaginary-time trajectories are obtained in region li, 
corresponding to solution of the classical equations of motion in the inverted potential 
sketched in Fig, 7.3b. The role of periodic solutions in region Hi is quite different in 
the present problem. Since 

ImVF ra = Im J* dq (2 m{E + 17 - V( 5 )]* ^ (^|) 1/3 7 L (7.87) 

and 7 is finite, e~ iWm does not contribute in the limit as the length of the normalization 
box, L, goes to infinity. 

Thus, the smoothed density of states has poles at complex energies E® + A E& 
satisfying 

1 + = e -W„(£»+A£,) > ( 7 gga ) 

and expansion to first order in AE n as before yields 

A£ n = -^2- , (7.885) 

where 

r n = . (7.88c) 

Near E n , the level density is therefore proportional to 

(7.88d) 


(£-£? n ) 2 +[^. 
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so that r„ Is the inverse lifetime of the metastable state. To within the factor 2, which 
is presumably corrected by a careful evaluation of all corrections to the stationary phase 
approximation. Eq. (7.88c) is recognized as the familiar WKB formula for tunneling 
decay of a metastable state. 

These simple examples from one-dimensional quantum mechanics illustrate the 
essential features which arise in the many-body problem. Quantized eigenstates in a 
classically allowed region are given by periodic solutions to the real-time stationary- 
phase equations subject to a Bohr-Sommerfeld quantization condition. Tunneling in 
classically forbidden regions is described by periodic solutions in imaginary time which 
may be thought of as classical solutions in an inverted potential. Such imaginary time 
solutions for many degrees of freedom were first introduced by Langer (1969) in the 
treatment of bubble formation and have been used extensively in field theory (see for 
example Polyakov. 1977 and Coleman, 1977) where solutions connecting degenerate 
vacua are called "instantons" and the solution describing the decay of a metastable 
state is called a “bounce" . 

EIGENSTATES OF LARGE AMPLITUDE COLLECTIVE MOTION 

To generalize the calculation of eigenstates in a one-dimensional potential to the 
case of the many-Fermion problem, we will use the form of the resolvent and notation 
given in Eqs. (7.28) and (7.32): 

7 r i j 

G{E) = -i / dT * iET / ~ T/i x 

*73 

-i / (7.89a) 

x |Te |* fcl ...O 

T/i 

-* £ 

{ki-M 

where 

Mt) = (ZT + <r(*))J (7.896) 

and |®fc,...fc w ) is the Slater determinant of eigenstates {|^*)} of U 0 satisfying 

Te -‘^ dt ^ W |^) = . (7.89c) 

Equation (7.89c) is equivalent to the boundary-value problem 

i~£fl>k{r,t) = [K + <r(r,t))y>fc(r,f) (7.90a) 

with the boundary conditions 



dTe iET I Pa e ~ r » 


(7.90c) 
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Defining new single-particle functions with a phase factor removed 

Mr,t)=e^ a ^Mr,t) (7.91a) 

we obtain an equivalent boundary value problem 

|»jL _ K -a(r,t)| 4>k(r,t) = - — ^fc(r.f) (7.916) 

with the periodic boundary condition 

+' (’■■I) =* ('■-!) • ( 7 - 9i£ ) 


The stationary solution for the auxiliary field o-o(»>t) is obtained by requiring that the 
exponent in the resolvent. Eq. (7.89a) be stationary with respect to variation of a(x, t) 


dtcrv 1 a— ~'a ki ((r,T) 


(7.92) 


In order to evaluate the functional derivative in a form sufficiently general to 

apply to both real and imaginary time, we introduce a biorthogonal basis {4> k $k} where 
the 4>k are solutions to (7.91b) and the are determined by the adjoint operator 


[t~ if-cr(r,t)j <l> k {r,t) = ~Y^ fc (r,f) (7.93a) 

with the normalization convention 

r T/2 f — 

/ dt dr 4> k {r,t)t k (r, t) = T . (7.936) 

J-T/2 J 

Note that from Eqs. (7.91b) and (7.93a) that = a k and / drlj> k {r,t)4> k (r,t) is time 
independent and thus equal to^nity. Taking the derivative of Eq. (7.91b) with respect 
to cr(r',t) and projecting onto <f> k , we obtain 


! [(4-K- ^. 1 )) Mr,*)] 
= /**?(., [-f-M*,*)] 

which yields the desired functional derivative 

£j^-Er.(r',<w,o • 


(7.94a) 


(7.946) 
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Hence, from Eq. (7.92), we obtain 

r N - 

I dr'v(r-r')^,<l>k{r f >t)<l>k(r , ,t) ■ (7.95a) 

J «= 1 

This result for the stationary solution cr°(r,t) is the many-Fermion counterpart of the 
periodic classical solution obtained in thestationary phase approximation to the one- 
dimensional path integral. Since <f> and 4> are periodic, a 0 is periodic. The form of 
solution t/> = e~ iat l T 4> with <j> periodic then follows from Floquet's theorem. As in 
the analogous case of Bloch's theorem for crystals, in which periodic functions are 
multiplied by exponentials containing a quasimomentum, the quantity a/T has the 
physical interpretation of a quasienergy. 

For real time, t, it follows from (7.91b), (7.93a) and (7.95a) that <f> k {r,t) = <£k(r,f) 
and a*, = a*. Hence, a Q (r,t) has the familiar form of the Hartree mean field 


r N 

<r°{r,t)= / dr'v{r-r')Y^ l < i > k( r '> t ) < l , k( r '> t ) 

J fci 

and the {^*(r, £)} satisfy the self-consistent coupled equation 

("‘I? " 2^ V * “ | W ( 0 ) + / 




(7.95b) 


(7.96) 


with the boundary conditions that 4> vanish on the spatial boundaries and be periodic 
in time with period T. One particular solution to these equations is. of course, the 
static Hartree solution discussed in Section 7.2, 

We now consider the approximate eigenstates given by the poles of the resolvent 
when it is evaluated in the stationary phase approximation. Using the stationary 
solution oo(f) in Eq. (7.89a), and ignoring quadratic corrections for simplicity, we may 
write 


G(E)~ [ dT e i{BT+slao ’ T]) 

= £ r dT<? w w 
J ° 


(7.97a) 


where 


5[ao, 



dt^tfv-Wit) ~'}T<Xk(a 0 ,T) . 

k 


(7.976) 


For each set of occupation numbers {fcj . . . k n } the integral over period T has the 
same structure as Eq, (7.71) for the one-dimensional example, and we obtain poles by 
applying the stationary-phase approximation to the T integral as before. Stationarity 
with respect to T yields 

35[o,ri 

dT 


E = — 


(7.98) 
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The derivative of a k {a°,T) with respect to T is conveniently evaluated by rescaling 
the time variable according to t = tjT and writing the eigenvalue equations as 

- T(K + er(r,f?))j ^*(r,rj) = -afc(cr,T’)^fc(r,»j) . (7.99) 

Then, taking the derivative of both sides with respect to T, and projecting with ^(r,tj) 
as before yields 


—p- = J drdri<f>l(r,Ti)(K + a(r,n))<j>k(r,ri) . (7.100) 


The term £ [| Tf^dti ^foK^Ol)] just subtracts off the overcounting of the 
potential energy as in Eq. (7.39c) for the static case, so that after rescaling back from 
ri to t. stationarity with respect to T yields the condition 


E = 



(7.101a) 


where M{4> kf <f> k ) is the Hartree Hamiltonian density 


X{4> k <t>k) = J dt J dr 4>l(r,t)x 

-r /2 (7.1016) 

Using the equations of motion for <f> k and tj>%, it is easy to show that the Hartree 
energy. Eh = N(<l> k ,<l>k) is conserved (see Problem 7.5). Equation (7.101a) setting E 
equal to the Hartree energy of the periodic mean field solution in the many-Eermion 
case is analogous to Eq. (7.72) for the Feynman path integral requiring that E equal 
the energy of the classical periodic solution. 

Finally, using the expression for E in Eq. (7.101) we find that 


W(T)5£ET + S\<j 0 ,T} 

-i £* * / (,102) 

since ET cancels all the terms in S(T) except those involving the time derivatives 
of single particle wave functions. From this point on, derivation of the quantization 
condition follows precisely as in the one-dimensional example, Eqs. (7.73) - (7.76). 
Denoting T(E) as the fundamental period which gives rise to periodic time-dependent 
Hartree solutions with energy E, stationary points in Eq. (7.97) are obtained for all 
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integral multiples, mT{E), with reduced action W\mT(E)) — miV|T(£)|. The same 
geometric series, Eq. (7.76a), arises, yielding the quantization condition 


ri2»r = FK[T(25)] 

/*(*)/» r _ a 

** / dt M r > t ) ■ 

JT{B)/ 2 J k dt 


(7.103) 


The similarity of the quantization conditions in the example with one degree of freedom, 
Eq. (7.76b) and the many-Fermion problem, Eq. (7.103) is particularly clear when one 
observes, as shown in Problem 7.5. that the time-dependent Hartree Fock equations 
are of Hamiltonian form with rr* = i4>% playing the role of the momentum conjugate 
to so that / dti r k j>k is a natural generalization of § dtpq. 

At the SPA level, quantum states of large-amplitude collective motion are fully 
specified by the self-consistent equations for periodic time-dependent Hartree solu- 
tions, Eqs. (7.96). and the quantization condition. Eq. (7.103). In general, Eqs. (7.96) 
specify time-dependent oscillations having amplitudes which depend continuously upon 
T. and the quantization condition singles out a discrete set of amplitudes and energies 
corresponding to quantum eigenstates. The theory represents the simplest available 
approximation that has all the physical elements of a fundamental theory of quantum 
collective motion. All the degrees of freedom of the one-body density are accessible, 
and the dynamical equations and quantization condition arise with no further prescrip- 
tions concerning collective variables, inertial parameters, or quantization procedure. 
Furthermore, corrections to the SPA may in principle be systematically evaluated. 

Two special limits of these time-dependent equations should be noted. Time- 
independent solutions to Eqs. (7.96) correspond to n = 0 in Eq. (7.103), so the static 
Hartree states discussed previously are automatically included. As shown in Prob- 
lem 7.10, for infinitesimal periodic fluctuations about the static Hartree solutions, the 
time-dependent quantized theory reduces to the familiar random-phase approximation 
(RPA). 

BARRIER PENETRATION AND SPONTANEOUS FISSION 

In the case of a single particle in a potential, the stationary-phase solution in a 
classically forbidden region was given by the classical equation of motion in imaginary 
time and corresponded to classical motion in the inverted well. This section presents 
the analogous theory for the many-Fermion problem and applies it to the example of 
spontaneous fission. 

First, consider the stationary solution for the auxiliary field in the case of purely 
imaginary time, which we write in terms of a real variable r = it. Equations (7.91b) 
and (7.93a) for the biorthogonal basis yield 

(~s ■ K - ° ('• d) ('• 9 ■ ('■ 9 <71Ma) 

[(s - K - ° ('• ?)) ( r - 9] - [“t ? » H) 


(7.10#) 
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from which it follows that ^,(r,f)* = <f>k{r,~j)- Denoting the imaginary time 
solution ^fc(r,r) = <f>k (r,j) and using Eq. (7.95a) for a 0 we may write the self- 
consistent periodic equations in imaginary time as follows 


(£ - ~ r (0) + / iT '” (r ^ r,) £ fc(r '' 

-r)i k <{y, r)Jh{r,r) 

II 

*a|£» 

^> r 

(7.105a) 

where ^ fc (r, r) satisfy the periodic condition 


E-s |e» 

1 

^ ^ 
11 

Cip 

(7.1056) 

and the orthonormality relation 


J dr 4>]{ r i ~r)h (r, r) = 6 ]k 

(7.105c) 


Several observations should be made concerning these equations. First, although this 
self-consistent eigenvalue problem is not Hermitian, it has a set of real solutions with 
real eigenvalues, and general solutions differ from these real solutions by the trivial 
phase factors e i ( 2 ’ r »/ T ) r and eigenvalue shifts i{2irn/T) where n is any integer. The 
real solutions will yield the "bounce" solution governing spontaneous fission. Second, 
note that if 4>(r,r) is real, the combination ^fc(r, -~r)& e ( r > r ) entering <7o(r,f) may be 
written in terms of the original function <j>k {r,t = £) as 4> k {r,t*)*<f>k(r,t), so that it 
indeed represents analytic continuation of the real time expression (7.95b) to complex 
time. In addition, observe that although } k {r,r) and ^k(r, -r) grow and decay ex- 
ponentially in time, the combination <£fc(r, -r)$fc(r,r) remains normalized so that oo 
retains the physical interpretation of a mean field. Finally, note that the static Hartree 
solutions are valid r-independent solutions of these equations and in fact, the bounce 
solution will approach the static solution asymptotically at large time. 

To establish contact with the example of a single particle in an inverted potential, 
we must express the action for both a single particle and for many Fermions in analo- 
gous Hamiltonian form. First, consider the Lagrangian for a particle in one dimension 
with a position-dependent mass: 

t = \ m(q)f-V(q) . (7.106) 

Note that although our previous one-dimensional example had a constant mass term, 
the more general form in (7.106) is useful in identifying the structure of the many-body 
problem. In the usual way, the momentum is p = = rn(q)q and the Hamiltonian is 

H = pq - £ = 2 m(q )P 2 + Vfa)* Thus, the action S = f dt£ may be written in the 
Hamiltonian form 


(7.107) 
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The action = f dt{if> i ■ • • V’wN'h “#1^1 • •• Vw). which under variation 

yields the time-dependent Hartree-Fock equation, is derived in Eq. (7.21) and discussed 
in Problem 7.5. The analogous action which yields the time-dependent Hartree equation 
in real time is 

= j dt J dr^^(r,t)x (7.108) 

X (* Jj + 2m V2 ~ / <ir, ^ r ~ r ') Mr,*) • 

To obtain a form analogous to Eq. (7.107), we must perform a canonical transformation 
from the variables itfr J and to new canonical variables and momenta which are time- 
even and time-odd. respectively. Let us choose the time origin at a classical turning 
point and define 

*(r, 0 » \fpk M‘ ixi(M) (7.109a) 

where p k , analogous to a coordinate, is real and time-even 

Pk{r t t) - p k {r, - 1 ) = jr(r, t 2 ) (7.1096) 

and Xk. corresponding to a momentum, is real and time-odd 

Xk(r,t) = -Xk{r,-t) = tf(r,t 2 ) . (7.109c) 

Transforming the Hartree action (7.108) to these new variables yields 

Sh{x,p) = J drdtJ2 (xkPk ~ Xk^^^Xk ~V[p)) (7.110a) 

where 

V( P ) = M(SpVp) 

- /*£vKm (-s;V> + / vOT (7 - u “ 1 

is the Hartree energy, Eq. (7.101b), for the time-even single-particle wave function 
{y/pk}- The action Sn{x> p). Eq. (7.110a), is precisely of the form of S(p,q) in Eq. 
(7.107), where y/pk corresponds to the coordinate q, Xk replaces the momentum p, 
is the coordinate-dependent mass 2m 1 ^ ) , and the Hartree energy M(y/p, y/p) = 
V{p) plays the role of the potential. 

The potential V{p) provides a useful way to visualize the time-dependent Hartree 
problem. Think of the Hartree energy surface in the multidimensional space of all 
determinants composed of time-even wave functions. This surface has local minima 
at all the stable Hartree solutions, and in general, for an energy above that of a local 
minimum, the configuration will evolve in some classically allowed domain around the 
minimum. A convenient way to characterize the gross features of this surface is to 
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Fig. 7.4 Sketch of the constrained Hartree energy E(Q} as a function of 
quadrupole moment Q for a fissile nucleus. At any value of Q, E(Q } Is defined 
as a minimum of the Hartree energy, Eq. (7.101b), In the space of time-even 
determinants having quadrupole moment Q. 


evaluate the constrained energy of deformation surface defined by minimizing V{p) with 
respect to ail determinants satisfying one or more constraints. A familiar example to 
which we will return in discussing nuclear fission is the constrained energy curve as a 
function of deformation sketched in Fig. 7.4. The ground state of a deformed, fissile 
,4-particle nucleus has a ground state quadrupole moment Q y. If an external field 
is applied to increase the quadrupole moment, the energy increases since the cost 
in surface energy is greater than the savings in Coulomb energy. For any Q > Qi. 
there exists some minimum value obtained by searching over all determinants of time- 
even wave functions having total quadrupole moment Q, and solid curve E(Q) is the 
envelope of all such minima. Beyond the saddle point Q 2 , which is a stationary point of 
the action, further increase in the deformation can decrease the Coulomb energy more 
than it increases the surface energy. Eventually, at very large Q, the original nucleus 
breaks into two separated fragments with A/2 particles, with an energy lower than 
the original energy E a . The regions I, II and Ilf of this figure correspond to those in 
Fig. 7.3b. Introducing more constraints would generalize Fig. 7.4 to a multidimensional 
surface in which one could visualize the projected motion. 

Consider now the changes which occur when Eqs. (7.100- 7.101) are continued 
to imaginary time. We define 

Pk{r,r) = p k (r,t = t) = ?(r,-r 2 ) = p fc (r,-r) (7.111a) 

and 

Xfc(r,r) = — t’x (r,t = t) = -r /(r,-r 2 ) = -x(r,-r) (7.1116) 

in terms of which 

j> k (r,T) = \/pfc(r,r)e"^ ,l(r '* ) . (7.111c) 
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Writing the action for the imaginary-time Hartree equations 
Sh (^(r.— r)^(r.r)) = J dr J dr ]Tl/>(r,-r)x 

fair k \ ( 7 - 112 ) 

X y"ar + 2 m V2_ i * , v(r-r')]^^( r/ ,-r)^ fc , (r / ,T) j 

and transforming to the new variables p and x as before yields 

Sh (x,fl = J dtdr [~Xkh + - V(p)) (7.113a) 

where 

V(p) = X ■ (7.113 b) 

Since the overall sign of S does not afFect the Euler-Lagrange equation, we note that 
the only difference between the real-time equations of motion for {xfciPfc} from Eq. 
(7.110) and the imaginary-time equation of motion for {jot,/?*} from (7.113) is that 
V (p) and 'V(p) enter with opposite signs. Thus, the multidimensional energy surface 
V(p) and the constrained projection E(Q) sketched in Fig. 7.2 are simply inverted 
as in the one-dimensional example, and even in the many-Fermion problem, we may 
continue to think of the imaginary-time solutions as periodic trajectories in an inverted 
potential. 

One last observation facilitated by the transformation to the {p,x} representation 
is the meaning of the quasiperiodic boundary condition (r, 

Eq. (7.90b), and the corresponding condition in imaginary time. Using the sym- 
metry properties, Eq. (7,109), this condition implies 2xh ( r , y) = —a* so that 
V Xfc (r,±|f) = 0. Hence, the kinetic term in the Hamiltonian, ^ (Vx*) 2 . vanishes 
and — is a classical turning point. 

With this understanding of the structure of the real and imaginary time periodic 
solutions, the stationary-phase approximation to the spontaneous fission of a nucleus 
is nearly analogous to the treatment of the lifetime of a metastable state in the one- 
dimensional potential, Fig. 7. Id. Recall that in calculating the smoothed level density, 
Eq. (7.86), trajectories in region III did not contribute, and summation of periodic 
trajectories in regions I and II yielded the WKB result, Eq. (7.88c), in which the 
penetrability was given by the reduced action of the trajectory in region II having an 
energy equal to that of an eigenstate in region 1. Thus, in principle, we should sum all 
trajectories in regions I and II of the multidimensional analog of Fig. 7.4. 

The essential elements in describing fission are the so-called “bounce" solutions, 
the periodic self-consistent solutions to the imaginary-time equations Eq. (7.105a). 
Like the real-time solutions discussed in the preceding section, the periodic solutions 
in region II of the inverted well of Fig. 7.4 depend continuously on the period T. As 
T increases, the amplitude grows and the energy decreases until as T -» oo, the en- 
ergy approaches the static Hartree energy Eh and the solution at the classical turning 
point approaches the static Hartree solution, in contrast to the simple one-dimensional 
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(a) tbi 



Fig. 7.5 Bounce solution for a fissioning one-dlmenslonal nuclear model. 

Part (a) shows density profiles at evenly spaced time Intervals from r = — ? 
to 0. Part (b) shows the four distinct spatial wave functions at time r = — ^ 
and at r — 0. 

example, in general there are several distinct, well-separated bounce solutions corre- 
sponding to symmetric fission, asymmetric fission, and more complicated many-body 
breakup. Each such solution evolves from the Hartree ground state through a saddle 
point to some distinct configuration at the boundary of the classically allowed regime, 
and all solutions involving any combination of these trajectories should be summed 
in the stationary-phase approximation. To help visualize the bounce, the solution for 
symmetric fission of a model nuclear system in one spatial dimension is shown in Fig. 
7.5. The sequence of density profiles p(a;,r) = > - r )$fc(*> r ) shows how the 

system evolves from the Hartree solution for the original nucleus at time r = — j to 
two nearly separated symmetric fragments at r = 0. Note that although the contin- 
uous variable r has nothing to do with the physical time (it is just a formal variable 
in the path integral to deal with the non-commutivity of T and V ) the sequence of 
densities through which the system evolves corresponds to the most probable fission 
path for a given channel and is physically significant. 

Let us now sum all the trajectories at the Hartree energy. Eh. for which all the 
bounce solutions in region II join into the static Hartree solution in region I. Denoting 
the reduced action in region I, Eq. (7.102), by Wj and defining the imaginary-time 
counterpart in a specific decay channel a by 

W tt= J r) j^g(r,T) (7,114) 

we obtain the following contribution of all stationary solutions to the resolvent 

c(s„ +<•,! = f; [«<"’■ f; [E^ri 

»=0 a J . 

fc= 1 l a n=0 


(7.115) 
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1 -e-« r I -£.«-" r 5 1 ' 

If analogous solutions In regions I and II could be joined infinitesimally above Ehf , 
then by the arguments leading to Eq, (7.88c), one could obtain the total width as a 
sum of partial decay widths 

r = E I ' ( “ ) (7.116a) 

where 

rW - 2 [fin ■ (7.1161) 

Since the joining problem has been solved only at the Hartree Fock energy, the present 
treatment yields only the penetrability ey Hr< *\ and the premultiplying factor must be 
derived by other means. A derivation of the premultiplying factor using the dilute 
instanton gas approximation is outlined in Problem 7.11. 

It is instructive to note how the essential physical aspects of the fission problem 
enter the stationary-phase approximation to the lifetime. Both the gross competition 
between volume, surface, and Coulomb energies and quantitatively significant single- 
particle shell effects are included through the evolution of a determinantal Hartree-Fock 
wave function. The bounce solution determines both the relevant collective degrees of 
freedom for the most probable fission path and the corresponding conjugate momenta. 
Finally, the competition between alternative decay channels, such as symmetric or 
asymmetric fission, is manifested in the distinct solutions governing each partial width. 
Clearly, this functional integral approach to tunneling problems is quite general and 
has been applied to a variety of physical problems, ranging from bubble formation in 
a phase transition (Langer 1977) to the structure and decay of the vacuum (Polyakov 
1977, Coleman 1977). 

CONCEPTUAL QUESTIONS 

Whereas the applications of functional integrals in this chapter are physically and 
intuitively appealing, they are subject to limitations which require comment. 

The most salient problem is the absence, except in specifically constructed mod- 
els, of an explicit small parameter in which to generate an asymptotic expansion. Recall 
that the Feynman path integral has an explicit factor of ^ multiplying the action and 
thus generates an asymptotic expansion in powers of h. Unfortunately, the Hartree or 
Hartree-Fock action obtained using an auxiliary field, coherent states, or an overcom- 
plete set of Slater determinants contains h in the kinetic energy as well as an overall 
multiplicative factor. Hence, to take advantage of the physics of the mean field, one 
must relinquish a strict semiclassical expansion in powers of h. 

A second alternative is to generate a 1/JV expansion. One may imagine a class 
of theories which differ from one another by their interaction strength and the number 
N of internal degrees of freedom. In certain special cases, requiring that the class of 
theories has a sensible limit for large N specifies the N dependence of the interaction 
strength and allows one to rescale the integration variables such that an explicit factor 
of N will multiply the action. The resulting formal expansion in powers of 1/JV may 
then be useful if the physical Hamiltonian embodies a sufficiently large number of 
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internal degrees of freedom. A detailed example is discussed in Problem 7.12. In 
the case of nuclear physics, where there are four spin-isospin degrees of freedom, one 
might naively invoke a l/N expansion with N - 4. Unfortunately, the spin and isospin 
dependence of the forces is so large that the argument is inapplicable. For example, the 
leading contribution to the potential energy, the direct Hartree potential, is considerably 
weaker than the Fock exchange term, which formally should be a factor of l/N smaller. 
Similarly, in SU(N) non-Abelian gauge field theories, where N is the number of colors, 
there is a significant question as to the relevance of the large N limit to the physical 
case N = 3. 

The lack of an explicit expansion parameter does not necessarily preclude ap- 
plication of the stationary-phase approximation. Indeed, the functional integrals we 
evaluate may well possess saddle points with very large second derivatives in the direc- 
tions of steepest descent, giving rise to useful and accurate low-order approximations. 
For example, in the case of very collective states, it is physically plausible that many 
particles participate in motion characterized by the appropriate collective variable, and 
that the action for this variable is thus multiplied by a suitably large constant reflecting 
this collectivity. However, in this case, there is as yet no quantitative measure of the 
accuracy of the expansion. 

A second aspect associated with the lack of expansion parameter is the freedom 
to write a variety of different exact expressions, each of which yields a different iowest- 
order approximation. In the absence of a formal expansion parameter, one must be 
guided by the physics of the problem, and for example choose a formulation which 
includes the physically relevant combinations of direct, exchange, and pairing mean 
field contributions. Similarly, when the presence of strong short-range correlations 
requires that mean-field theory be formulated in terms of some effective interaction 
such as a G-matrix, it is essential to reformulate the functional integral in terms of the 
effective interaction instead of the bare interaction. Since the choice of the functional 
integral representation determines the starting point for a systematic expansion, it is 
analogous to the choice of the decomposition of H into a non-interacting Hamiltonian 
H 0 defining the unperturbed basis and the residual interaction V in which one expands 
perturbatively. 

A final question concerns the correct counting of quantum states when one consid- 
ers expansions around all stationary solutions. The problem is illustrated by considering 
the RPA limit. Some RPA states correspond to nearly pure single particle-hole excita- 
tions which are also generated by a static Hartree-Fock solution with an appropriate set 
of occupation numbers. Thus, in this case, the same physical state is approximated 
both by a static self-consistent solution and a time-dependent periodic solution. In 
general, there thus exists the problem of overcounting the physical quantum states of 
a system by considering all stationary-phase solutions. Since substantial mathematical 
difficulties arise in attempting to add the contributions of distinct stationary solutions, 
one must again be guided by physical considerations in selecting the form of stationary 
solutions with which to approximate a particular physical state. 

7.5 LARGE ORDERS OF PERTURBATION THEORY 

The final application of functional integral methods we shall present is their use 
as a tool to study the behavior of large orders of perturbation theory. The motivation 
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for studying the behavior of large orders is the conviction that deeper understanding of 
the nature of the asymptotic behavior will lead to the development of new methods to 
extract physics from the divergent series. We will briefly discuss two such possibilities. 
Borel summation and Pad£ approximants. 

Historically, Bender and Wu (1969, 1971, 1972) first calculated the asymptotic 
expansion of the energy of the anharmonic harmonic oscillator as a function of the 
coupling constant using the WKB method, which has no natural extension to prob- 
lems with large numbers of degrees of freedom. Subsequently, Lipatov (1976, 1977) 
developed a functional integral method which is directly applicable to many-body the- 
ory and field theory and which has been applied to several examples by Brezin e< of. 
(1977). We will illustrate the basic ideas on the simple integral introduced in Sec- 
tion 2.1 where we first discussed asymptotic expansions. Then, we will discuss Borel 
summation and finally use these methods to evaluate the asymptotic behavior of the 
anharmonic oscillator. Because the developments in this section are particularly formal, 
we present only the essential ideas in the text and relegate many of the mathematical 
details to the problems. 

STUDY OF A SIMPLE INTEGRAL 

Consider again the integral of Section 2.1, Eq. (2.24) 

Z{g) = dze-4-f* 4 (7.117) 

which corresponds to the classical partition function of a particle in a quartic potential. 
Physically, we have already seen that Z(g) has an essential singularity at g = 0. 
Mathematically, Z(g) is analytic in the complex g plane with a cut along the negative 
real axis. The asymptotic expansion of Z[g) in powers of g obtained in Eq. (2.26) is 


where 


Z(g) = £ Z k g k 
*=o 



m 

k\{2k)\ ' 


(7.118c) 


(7.1186) 


Using Stirling's formula kl ~ y/2nk h + i e~ k , it is useful to write the asymptotic be- 
havior of Zk in the following equivalent form for future reference 


Z k 


(- 1 )* (*\ k 

y/ki \ e J 

(-l) fc 4* k\ 
frV"2 k 


(7.118c) 

(7.118d) 


As noted in Chapter 2, the physical origin of the divergence of this alternating series 
is the fact that the number of contractions or diagrams at each order grows like A;!. 

In preparation for the treatment of functional integrals, we now show how to 
obtain this asymptotic behavior of Zk by applying the stationary-phase approximation 



7.5 LARGE ORDERS OF PERTURBATION THEORY 


373 


to the integral for 1(g). Expanding the exponential e'**' in Eq. (7117) and rescaling 
the integration variable x = y/ky yields 


Z k =- 


-*r x *k 


k\4 k «/_«, y/2w 

c J dye~ kAM 


(7.119a) 


where 

A( y) = ^-21ny 2 . (7.1196) 

Hence, as k — * oo, the asymptotic expression for Z k is obtained by the stationary-phase 
approximation. The stationarity condition 


3A 4 

dy y y 

(7.120a) 

y. = ±2 

(7.1206) 

H 

+ 

II 

(7.120c) 


has two stable saddle points 
with curvature 

a 2 A \ 

dy 2 | t 

Adding the stationary contribution and quadratic fluctuations of these two saddle points 
yields 


Z k ~ 2 ^ e2fc, " fc ^ e " M2 ' 2!n4) i=\/l 
Jfe-froo k\4 k y2w V k 


(~~l) r h In 4Jfe—fc 


(7.121) 


in agreement with Eq. (7.118c). Higher order terms in powers of £ are evaluated in 
Problem 7.13. 


BOREL SUMMATION 


As in the preceding example of a simple integral, one frequently encounters diver- 
gent series of the form 

Z(x) = J2 Z k* k (7.122) 

fc =0 

which diverge because some combinatorial factor makes Z k grow like A:!. Hence, it is 
useful to consider the Borel transform in which the fc th term in the original series is 
divided by A;! 

Z k 
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If B(x) converges for all values of x, one may then extract a finite result from the 
divergent series (7,122) by the inverse Borel transform 

Z B {x)*= f dte~*B(xt) . (7.124) 

Jo 

Obviously, if the original series converges. Zb yields the correct result since 

Z B (x) = f; l° - J~ -- ± .Z k x k = Z(x) . (7.125) 

k=o 

A simple example of how Borel summation works for a divergent series is provided by 
the power series for for which Z k = (-l) fc . Then 

= = ( 7 - i26 «) 

fc =0 

and 

Z B (x)= [ dte~*B(x,t) = f dfe-‘(i+*) = _1_ (7.1265) 

Jo Jo 1 + * 

which is the correct result. Further mathematical aspects of Borel summation are 
given by Hardy (1948). Physically, the obvious question is whether the finite result 
extracted from the divergent perturbation series by Borel summation is the correct 
physical solution, and one must argue on physical grounds that pathological terms 
such as e~m with vanishing derivatives are excluded. 

Let us now use Borel summation to sum the leading contributions of high orders 
of perturbation theory. Denoting the asymptotic coefficient in Eq. (7.118d) by Z k . we 
wish to sum the divergent series 




■ f •(-»)*/«,. . 

... ws* 


Hence, we consider the Borel transform 




rr\/2 


In (1 + 4p) 


for which the inverse transform is 




(7.127) 


(7.128a) 

(7.1285) 


(7.129) 
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Fig. 7.6 Asymptotic expansion of Z(g) for g = 0.1 and 0.02. The dashed 
lines Indicate the maonltude of the residual error R n — | Z(g) — J2k=i %k9 k \ 
which was plotted In Fig. 2.2 and the solid lines denote the residual Rn = 
| Z(g) - Z( n )(g ) | using the Borel sum In Eq. (7.81). 


One practical way to use this result is to approximate Z(g) by evaluating a finite number 
of orders of the asymptotic expansion exactly and then use Z(g) to approximate the 
sum of all the remaining orders. Thus, we may define the approximant 


s {n) (s)=i>?*+ f; 

km 1 fe=rt+l 

-&)** + &(*) . 

km i 


(7.130) 


As seen in Fig. 7.6, the approximant Z^(g) yields several orders of magnitude im- 
provement relative to the first n terms of the asymptotic expansion. 

Note that the series (7.128a) has a singularity at g = — j and thus has a finite 
radius of convergence about the origin. Hence, the Borel transform, which involves 
an integral on the interval [0, +oo[, required the analytic continuation in Eq. (7.128b). 
For cases in which the analytic continuation cannot be done by inspection, one may 
alternatively use a conformal transformation. In the present example, Eq. (7.128b) 
shows there is a cut along ] — oo, —1/4], Hence, we may use the transformation 


1 = 


9- 


(l + 4 g )^-l 
(l + 4 g ) X/2 +l 


(7.131a) 


(7.1316) 
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Fig. 7.7 Sketch of the mapping of the cut g plane Into the unit circle using 
the transformation. Eg. (7.131). 


to map the cut plane into the interior of the unit circle as shown in Fig. 7.7. The Borel 
transform 

B (ofr)) = Y ( 47 )* 

(7m) 

-I>V‘ 


is thus analytic in the unit circle of 7. By performing the inverse transformation, we 
obtain 

,7i33) 

where, by construction, the integrand has now been continued to the entire cut plane. 
The general procedure for Borel summation of a divergent series thus consists of three 
steps: evaluation of the Borel transform of the series, analytic continuation to the 
interval [0, oo[, and inverse transformation. 

THE ANHARMONIC OSCILLATOR 

Now consider the quantum anharmonic oscillator with the Hamiltonian 

H{g) = ^ + ~ + f * 4 (7.134) 

and the expansion of the ground state energy in powers of g 


E 0 (g) = Yl Ek 9 k ■ 


We will evaluate the ground state energy by calculating the normalized partition func- 
tion 

tre -P(fna)) 

= tre~^W°)) (7.136a) 

and taking the zero temperature limit of the free energy 


Eo(g) — Eo(0) — lim ~ In Z(g) . 


(7.1366) 
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The Feynman path integral for Z{g ) is 

Z(g)= J P {*(*)] (7.137) 

*(f )=*(-§) 


where the measure is normalized such that Z( 0) = 1. Expanding the exponential in 
powers of g and rescaling the integration variable x s/ kx yields the expansion for 

the partition function 

Z(g) = jrZ k g k (7.138o) 

k=0 


where 


Z k = 


(-l) fc 


A:! 4* 


/ 




->r-i 

-(f)— (-f) 


(7.1386) 


and the measure is normalized such that the integral of the quadratic term in the 
exponent is 1. 

Saddle-Point Contribution 


As in the example of the one-dimensional integral, the stationary-phase approxi- 
mation yields the asymptotic expansion of Z k for large k. The stationarity condition 
for the exponent is 


~x, + x-, - 


4as® 


(7.139 a) 


with the periodic boundary conditions 


x(f) = *(-§) ; s(f) = x(-f) . (7.1396) 


Recall from Eq. (7.70) that variation of the end point yields periodicity of the momen- 
tum and thus x. This equation may be simplified by the change of variable: 



(7.140a) 

(7.1406) 

(7.141a) 
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Fig. 7.8 Sketch of the effective potential for which stationary solutions for 
the action correspond to classical periodic trajectories. The bounce trajectory 
Is Indicated by the dotted line. 


with 

9(f) = 9 (-f) ; 9(f) = 9 (-f) • (7.1416) 

As in Section 7.4. it is useful to visualize the periodic stationary solutions by 
regarding the stationarity equation as the classical equation of motion of a particle in 
an effective potential. Hence, we write 


9 = 9 - 9 3 
= -V(V eff (g)) 


(7.142a) 


where 

V eff ( 9 ) = ~\q 2 + \q* . (7.1426) 

The effective potential is sketched in Fig. 7.8. Note that its relation to the physical 
potential in the path integral in Eq. (7.137) is slightly different from the simple inversion 
encountered in Fig. 7.2. In the present case, the quadratic term has the usual sign 
change associated with a Euclidean path integral. The quartic term, however, comes 
from the logarithm in (7.138b) and is positive irrespective of the sign of g. Hence, 
whereas the physical potential has a single minimum, the effective potential is a double 
well. Using the fact that the energy is a constant of the motion (as may be verified by 
calculating dE/dt and using Eq. (7.141a)) 


E=\q 2 -\q* + \q* (7-143) 

the period of a periodic solution may be written as in Eq. (7.74) 


1 

2 


r «+(£) 


-L 


«-<*> ^yJiE+q 2 - 


(7.144) 


where q±(E) are the classical turning points at energy E. 

We now seek the stationary solutions which provide the dominant asymptotic 
contributions to Zk as — » oo. As shown in Problem 7.14. the trivial constant solution 
q = ±1 is unstable and thus does not correspond to a minimum of the action. The 
relevant solution for our present purposes is the bounce solution already considered in 
Fig. 7.3 for the decay of a metastable state. As shown in Problem 7.15. in the low 
temperature limit, f) — * oo. the periodic trajectory in Eq. (7.144) approaches the zero 
energy solution exponentially 

E ~ e 

0-+OO 




(7.145) 
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The zero-energy bounce solution has the analytic form 

= (7 ' 146) 

where to is an arbitrary parameter specifying the time at which the trajectory reaches 
the classical turning point A. This degeneracy of the bounce with respect to translation 
in time will produce a zero mode in the quadratic fluctuation matrix which we will 
subsequently treat using the techniques of Chapter 4. 

Note that in addition to a single bounce, there are additional stationary solutions 
corresponding to n well-separated bounces in which the trajectory runs from 0 to A and 
0 to B n times. Since the action S n of an n-bounce trajectory is n times the action of 
a single bounce Si, the contributions to Z k of n-bounce trajectories are subdominant 
for large k 

Z k ~ An e~ knSn ^ A t «r fcSi (7.147) 

so we only need to consider the single bounce trajectory, Eq. (7.146). Note, however, 
that when the dilute instanton gas approximation is made in Problem 7.11 to calculate 
the splitting in a double well or lifetime of a metastable state, the coefficients have n- 
dependence A n ~ ^ and the complete series will be summed to obtain an exponential. 

The action for the single bounce (7.146) can be calculated using Eq. (7.138b), the 
change of variables (7.140), and the identities 


/: 

/_: 


— —5— =* * 
cosh 3 1 

1 _ 4 

cosh 4 1 3 


with the result that the stationary contribution to Z k is 


Z k 


. -»<-«*( i)‘ 


k k e~ k 


(7.148) 


(7.149) 


As in the case of the simple illustrative integral, the asymptotic behavior is given by an 
alternating series with coefficients which grow as &!. and is therefore Borei summable. 

Fluctuation Contributions 

In order to evaluate the quadratic fluctuations, we write x(l) — x s (t) + r;(t), 
expand the action in (7.138b) to second order around the stationary bounce trajectory 


*s(<) 



1 

cosh t 


(7.150) 


and evaluate the fluctuation integral 

F=jp („(')) e ~ § ^ dtdt ' 


(7.151a) 
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where 

- (-gr + 1 • - zsd s <‘ - + ab? • (7m *> 

As previously noted, because of the degeneracy with respect to translation of the 
bounce in time, A has a zero eigenvalue associated with the mode 


dxs{t-to) 

dto 


IH sinh t 
V 2 cosh 2 1 


(7.152) 


which may easily be verified by evaluating / dt' A(t-t') dX g^ . Hence, we project out 
the zero mode using Eq. (4,130)and obtain 


y/2i y/SSXZ J-.0/2 (7.153) 

= P 

i/detAx 

where Ax denotes the determinant of A in the subspace orthogonal to its zero eigen- 
function. There are various techniques for evaluating determinants, one of which is 
explained in detail in Problem 7.16. The result of combining the stationary contribution 
of Eq. (7.149) with the quadratic fluctuations is 


=<-W5(!)‘ • 


(7.154) 


Finally, the expansion for the ground state energy is obtained by expanding the loga- 
rithm in Eq. (7.136b) as follows 

E 0 {g) - E 0 ( 0 ) = - lim ln|l + ^ Z k f 
< *~*°° V k=i 

H’-: 

sf ]E k g k (7.155 a) 


where the coefficient of p* is given by 
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Since Zk grows as k\, the dominant term in Ek is Zk and thus, using Eq. (7.154), the 
asymptotic behavior of Ek is given by 


Ek » (-l) fe+l 



(7.156) 


This result is identical to the WKB result of Bender and Wu. Further details of the 
instanton or bounce calculations for this and related problems are given by Zinn-Justin 
(1984). 

Resummation of the Series 


We conclude this section by briefly considering the alternatives available to ap- 
proximate the energy when one knows exactly a finite number of coefficients E n of 
the perturbation expansion. We have already considered two options. One is to cal- 
culate the finite sum YHc=i E n g n as in the case of the illustrative one-dimensional 
integral and terminate this sum when the contributions begin to increase. The other 
is to approximate all coefficients beyond k — N by the leading contribution given in 
Eq. (7.154) and use Borei summation to sum these contributions to all orders as in 


Fig. 7.6. 

Another alternative is to use Padd approximants to represent Eo[g). The [iV, Af] 
Padd approximant to a function }{x) = X)“ =t0 o n a;’ 1 is defined by the ratio of polyno- 
mials 

SM (7i "> 


where pl N - M ) and Q\ n < m \ are polynomials of degrees N and M, respectively, such 
that the first M + N coefficients in the expansion of (*) and f(x) in powers of 
x agree; that is, 

N+M 

. (7.158) 

»=K0 


For example, the [1, 1] Padd approximant to e* is given by 


(*‘) 1M = 


1 +| 

1-1 ‘ 


(7.159) 


A general discussion of Padd approximants is given by Baker (1965). 

To illustrate the effectiveness of Padd approximants in extracting the energy from 
a finite number of terms of a divergent perturbation series, consider the energy of the 
anharmonic oscillator for g — 2. Using the exact coefficients given by Bender and Wu 
(1969), the first few terms in the expansion of the energy, Eq. (7.155a), are given by 


E a (g) = 0.5 + 0.1875 g - 0.164025 g 2 + 0.325195313 g z + ■ • • (7.160) 


and the energy for g = 2 is Eq(2) = 0.696175 - For g as large as 2, the magnitude 
of the correction at each order increases, so the optimal asymptotic approximation is 
obtained at first order. The relative error at each order is shown in the first column of 
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N 


EW’ N \{g) 


1 

0.26 

8.6 X 10~ 2 

4.9 x 10- 2 

2 

0.69 

3.2 X 10~ 2 

4.9 x 10~ 3 

3 

3.1 

1.3 x 10" 2 


4 

18.6 

6.1 x 10- 3 

3.1 X 10“ 4 

6 


1.6 X 10~ 3 

1.7 x 10~ 6 


Table 7.1 Relative error In three approximations to the ground state energy 
or the anharmonlc oscillator with g = 2. The first column shows the sum of 
the first N orders of the perturbation series, the second presents the [JV, N\ 
Pad<5 approxlmant, and the third shows the Pad 4 approxlmant of the Borel 
transform defined In Eq. (T.16lb). In each case, the magnitude of the relative 
error | | S tabulated. 


Table 7.1. from which we observe that the minimum error is 26% and conclude that 
simple summation of the asymptotic s eries is not quantitatively useful. In contrast, 
Loeffel et al. (1969) have proved that the [N,N] diagonal Padd approximants converge 
to the ground state energy and have shown that even low values of N give accurate 
approximations. The relative errors for their results with g = 2 are shown in the second 
column of Table 7.1. An even better resummation is obtained by evaluating the Borel 
transform 

= . ( 7 - 161a ) 

approximating it by the [iV, JV] Padd approximant. and then performing the 

inverse Borel transform 


E$’ Nl (g)^ [°° dU-'B^igt) . (7.1616) 

Jo 

The results obtained by Graffi et al. (1970) are shown in the third column of Table 
7.1. Note that E%'^ requires only four coefficients of the original perturbation series 
and yields a relative error less than one half percent and that the error may be reduced 
to the order of 10~ 6 . Although realistic systems have yet to be analyzed to the same 
extent as the anharmonic oscillator, these resummation techniques may be of more 
general utility in extracting the physical content of divergent perturbation expansions. 

PROBLEMS FOR CHAPTER 7 

The first two problems show how the freedom in introducing an auxiliary field 
may be exploited to obtain a physically relevant mean field approximation. Prob- 
lems 3 and 4 derive properties of overcomplete sets of states cited in the text. Prob- 
lem 5 elucidates the structure of the time-dependent Hartree Fock approximation 
as a classical field theory. Since time dependent mean field theory is the physical 
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foundation underlying the stationary-phase expansions in this chapter, this prob- 
lem is particularly important and is therefore accentuated with an *. Corrections 
to the stationary solution at zero temperature are treated in Problems 6 and 7 and 
Problem 8 outlines the stationary-phase approximation to the partition function at 
finite temperature. As an alternative to the treatment of transition amplitudes in 
Section 7.3 using an auxiliary field, Problem 9 shows how to use coherent states. 
The next two problems apply the general theory of collective excitations and tun- 
neling in Section 7.4 to analytically solvable cases: the RPA and tunneling in a 
quartic potential. The jj expansion is discussed in Problem 12 and is of sufficient 
importance to merit an *. The next three problems treat aspects of the asymptotic 
behavior of large orders of perturbation theory which were not derived in Section 
7.5. Finally, Problem 16 shows how to evaluate determinants in one dimension 
analytically. This problem is essential for calculating fluctuations such as in Eq. 
(7.154) and in Problem 11 and therefore is also emphasized with an *. 

PROBLEM 7.1 Auxiliary Field Representations. This problem explores the free- 
dom to take combinations of the decomposition of the Hamiltonian (7.2), (7.9), and 
(7.11) to obtain physical combinations of the Hartree, Fock and pairing fields in the 
stationary phase approximation. 

a) Following the arguments in the text for the Hartree case, show that sta- 
tionarity of 

dUr a rf-v a7 v)<r 7 s 

leads to a mean field which contains the Fock exchange term and no direct term. 
Write the result in coordinate representation for a spin-dependent potential 

VaflyS ~ r 7)^®a»j^ff(i» 1 ^( , ’a r p) 

where o a denotes the spin component for state a. Similarly, vary an analogous 
expression to show that (7.12) yields a pairing mean field. 

b) Try to obtain the Hartree-Fock mean field by replacing v a p^s in (7.2) by 

the antisymmetrised combination v a p 1 i = | Show that whereas 

this gives an exact representation of the evolution operator, the mean field is one 
half the normal Hartree-Fock mean field. 

c) Suppose we decompose the two body interaction into the sum of direct and 
exchange terms 

0 a 0® + fl* (1) 

and requite that the Hartree potential generated by 6® vanish and the exchange 
potential generated by v D vanish 

£<*'*!«* |*fc") = 0 . (2) 

k k 

Show that the mean field is the Hartree-Fock potential, the stationary phase energy 
(7.39) is the Hartree-Fock energy, the self-energy term in K vanishes, and the n = 1 
RPA correction, Eq. (7.48), vanishes. 
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A simple way to implement Eqs. (1) and (2) for spin saturated systems, that 
is, systems in which corresponding single particle states are occupied with spin up 
and spin down Fermions, is to use spin algebra. For a central potential v(rj — r 2 ) 
show that the following decomposition has the desired properties 

v D =s i(2 - Ps)v(n - r 2 ) = (l ~ i oi • a?)v{ri - r 2 ) 

v E = i(2 P s - lMn - r 2 ) = v{n - r 2 ) 

where Ps is the spin exchange operator and a denotes a Pauli matrix. When the 
potential is written in this form, it is clear that the auxiliary field may be expressed 
in terms of four independent spatial functions 

3 

<r(ri,ffi;r 2 er 2 ) = cr 0 (rir 2 ) + 52 (n 2 |d (,) |cri)o'«( r i»»' 2 ) • 

%-x 

Show that the equations for the spatial components Oj are identical so there are 
only two independent functions which generate the direct and exchange components 
of the mean field. 

Since this introduction of spin dependence may appear artificial, it is instructive 
to consider the relation between an auxiliary field functional integral for nucleons 
interacting via a static two-body potential and a field theory of mesons coupled 
to nucleons. Note that the integral / dr e -'° v i>+ %<’'><’ looks like a path integral 
for a scalar field coupled to the Fermion field p = ^xj> with the free scalar field 
action aver. Thus, it is natural to associate various components of the a field with 
various meson fields. Since the a ■ V coupling of pions to nucleons generates a a i '-cr 2 
contribution to the nuclear potential, the pion field is naturally associated with the 
exchange potential v s . Similarly, the direct potential v D is associated with scalar 
meson exchange. 

d) Finally, show that the functional integral 

W = J Do a0 dx* n eVx a p 

x {ip\T e - ’/ 

produces the Hartree-Fock-Bogoliubov mean field for a spin-saturated system in- 
teracting with a central potential in the stationary phase approximation, where 

V D = (1 — d^Mn-r 2 ) 

V B = + dfd|)v(ri - r 2 ) 

-n) ■ 

PROBLEM 7.2 Alternative Auxiliary Field. This problem examines the alter- 
native auxiliary field formulation obtained by writing the evolution operator as a 
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product of terms of the form (7.14a): 




<n 


1 - « E (** + E - j (e 


(i) 


where m s (07) and we have included the one-body operator K. 

a) Write the stationary-phase equations for a matrix element {^i\e~ HT \^) 
with finite e. Take the limit e — » 0 carefully and show that the stationary solution 
cr^,(t) satisfies 


(*| 3 ! * [K +’ wv \i>) 


Calculate the ground state energy in the stationary-phase approximation as in 
Section 7.2 and obtain the Hartree-Fock approximation for the choice W a fi^g = 

VaftSj* 

b) Calculate the quadratic corrections to the static solution for finite e. Show 
that the limit of this expression as e — ♦ 0 gives direct and exchange ring diagrams. 
Remember the overcounting problems associated with antisymmetrised matrix el- 
ements in ring diagrams discussed in connection with (2,124) and note how the 
present formalism deals with it. 


PROBLEM 7.3 Overcomplete Sets of Coherent States. In the case of Boson 
or Fermion coherent states, show how Eq. (7.20e) reduces to the functional integral 
representation of Chapter 2. 


PROBLEM 7.4 Closure Relations for Slater Determinants. 

a) Derive Eq. (7.24a) by taking its matrix element between' (*1 ... sjv| and 
(ill • • • Vn), and using Wick’ s theor em in the form 

Pi {x)pj{y) = SiiH* - v) ■ 


b) Prove Eq. (7.24b) as follows. Write the 5-functions as 

f ((*|*/> - 5,i) = J JAijjM*”- 1 ■«•*•(.)♦,<.)) 

and show that the matrix element of the left-hand side between (xi...*jv| and 
till • • . Wv) is equal to 


j/ J E ep€p ' E[ A iQi II S ( Xpi ~ yP’Qi) 


where P, P', Q are permutations of N elements. Show that this expression is pro- 
portional to detfi(ijXy) and write an expression for the proportionality constant. 
An alternative derivation is given by Blaizot and Orland (1981). 
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PROBLEM 7.5* Variational Derivation of the Time-Dependent Hartree-Fock 
Equations. Consider the action 

S[r,*] = f *(*!•••**> 

where \<f>i . ■ ■ 4 n) is a Slater determinant of orthonormal wave functions, 

a) Show that the action may be rewritten 

s = j *[£ / (M)* “MM) -tf(m *(*))] 


where the Hartree-Fock Hamiltonian density is 

* ot ) \m 

=E/ dx K{*,t) 2^r v3 ^«(*. t ) 


By variation with respect to 41 and 4a, obtain the Euler-Lagrange equations 

, 8K = jW_ Ml dM 

dt 841 * dt d<j> a 

Note that these equations are of Hamiltonian form with 4a and %4l playing the 
role of conjugate coordinates and momenta. Write out jjfr explicitly to obtain the 
time-dependent Hartree-Fock equation of motion for 4a{%> t) 

b) Show that the overlap matrix of the single-particle wave functions is a 
constant of the motion 

J t j dx4l(x,t)4 fi (x,t) = 0 . 


Show that the time dependence of any operator 0 having no intrinsic time 
dependence may be written 



4n\0\4l-'-4N ) = J t * r 


6(0) 6JH 


64„(r) 64* a (r) 


6(0) 6U ' 

Hl( r) 64 a (r). ’ 


Hence, conclude that the time-dependent Hartree-Fock energy (if) = M is con- 
served. Also, show that any one-body operator which commutes with H is con- 
served 

c) In applying the stationary-phase approximation to the functional integral 
(7.25a) with the orthonormal measure (7.25b), we may enforce the orthonormality 
constraint by introducing Lagrange multipliers and varying the modified action 
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Write the resulting equations of motion and the initial conditions satisfied by <j> 
and <f>*. Now consider the special case in which {$<*«} are a set of orthonormal 
wave functions and {4>a/} are the wave functions obtained by evolving by 

the time-dependent Hartree-Fock equations of (a) for time T. Show what if we set 
Aij(t) = 0, then 

|(^(0l^(0> = o 

and the wave functions remain orthonormal in time. Thus, conclude that for these 
boundary conditions, the stationary phase approximation yields the time-dependent 
Hartree-Fock equations. 

d) Write the resolvent (7.28a) using the functional integral in (b) and look 
for time-independent orthonormal stationary solutions. Show that these solutions 
satisfy the static Hartree-Fock equations and yield poles in the resolvent at the 
Hartree-Fock energies. 

PROBLEM 7.6 Quadratic Corrections for Slater Determinant Path Integrals. 

In Problem 7.5, it was shown that calculating the resolvent using the Slater deter- 
minant path integral (7.25a) yields the Hartree Fock energy in the stationary-phase 
approximation. Now, calculate the quadratic fluctuations around the stationary 
solution and obtain the direct and exchange ring diagrams with Hartree-Fock prop- 
agators. Note that it is simplest to work with orthonormal determinantal wave 
functions. 

PROBLEM 7.7 The Loop Expansion and Feynman Diagrams. To understand 
the loop expansion in detail, it is useful to show explicitly how the diagrams con- 
tributing to Eq. (7.54) reproduce all the signs and factors occurring in the standard 
Feynman diagram expansion for the ground state energy. 

a) First, enumerate the linked Feynman diagrams contributing to the ground 
state energy through third order. The sero temperature diagram rules are summa- 
rised in Table 3.1 and the diagrams and symmetry factors are given in Figures 2.4 
and 2.5. 

b) Collect the diagrams from E ^ of the loop expansion, Fig. 7.1, and expand 
out the RPA propagators in (7.55a) and (7.56) to identify all the terms through third 
order. Carefully evaluate the factors associated with each term and show that the 
results in (a) are exactly reproduced. 

PROBLEM 7.8 Stationary Phase Approximation at Finite Temperature. Con- 
sider a grand canonical ensemble of Fermions, with chemical potential n, at tem- 
perature T. The grand partition function of the system is given by: 

Z= J P(<p*(r,t),>p(r,t)) e -L 

tp{r,0) = ~f>(r,Q) 

a) Using an auxiliary field to eliminate the quartic term, show that: 

7 _ f EEOjjl A f* Mdrdr'U(r*)v- 1 {r-r , mr , ,t)+}nd*t(&-&V*-r+U{r,t)) 

JM 
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where the determinant is evaluated on a set of antiperiodic functions, of antiperiod 
f), and 

j V = J pu(r,t)e^ fo drdrd *' tr ( r > t )* - *( r ~r')l7(r',t) _ 

b) We will perform a stationary phase expansion, considering only time- 
independent solutions U. Show that for a time-independent U Q , the action is given 
by 

So = 2 / ^ rl ^o( r )» -1 (r- r')U 0 (r') + ]Pln 
where e a are the eigenvalues of the equation: 

(L_jLv 3 + {/ 0 (r)^ <p a {r) = e a p a (r) 
and the <p a are normalised to one. 

c) Show that the stationarity condition on So reduces to the finite tempera- 
ture Hartree equations: 

( - ^ V2 + ^f / dr> v ( r ~ r ') l' e ’“'( r ')| 2 /«'j <Pa[r) = e a <p a {r) 


where f a is the occupation number of state a: 

e ~P{e a ~n) 

f* ~ 1 + ‘ 

Note the additional self-consistency requirements which occur at finite temperature. 

d) Assuming that the system is translationally invariant, we make the ansatz 
that plane waves are Hartree solutions. Verify this assumption, by showing that 


h 2 ? 2 

e £ = TZ k +pV ° 


is a solution, where Vo = f d 3 rv(r), and p is the average density of particles. 
Calculate the stationary action So. 

e) We want to evaluate the RPA corrections to the Hartree approximation. 
Show that the contribution of the quadratic fluctuations is given by 

e -£ln det(«(r-r')«(t-<’)- / df «i(r-f)Go(«,r't')Go(r't',rt)) 


where Go is the Hartree propagator, given by 

(” - ^ V 2 — M + pVo) GoMrV) = S(r - r')6(t - f) 
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with antiperiodic boundary conditions. 

f) In order to evaluate the quadratic fluctuations, one has to diagonalize the 
operator: 

A(rt|rV) = S(r - r')6(t - t') - J df ■ v(r - r')G 0 ( f - r'|t - t')G 0 (t' - f|t' - t) . 

Show that A is periodic in time, with period p, and that it can be expanded in a 
Fourier series as: 


. . r . r d 3 k ' f(k)-f(k-k) 

A(k,u n ) = 1 + v(k) / j—tt • L 

K x ' J (2tt) 3 tw„-A kfc. 

with u>„ — Zj 1 and Aj,k< = eg - e%_g. Symbolically, this equation may be written 
A = 1 - pV FG 


F(k,k)^f(k)-f(k-k) 
PG(% t k ;w„) = -- “t — 

' tWn-A **■ 

A = ((£G) _1 -V.f)/?G 

. (a . ( a \ 


Using the factorization: 
show that 


the operator A being defined with periodic boundary conditions, 
g) We now evaluate the determinant 

by diagonalizing the operators in the numerator and demoninator. Let (£„} be the 
eigenfunctions of the operator A+V F with eigenvalue E u - Write down explicitly the 
eigenvalue equation for [£„). These are the temperature dependent RPA equations. 
Show that e' 2 ™^) is an eigenvector of the operator ^ — (A + VF), with the 
proper boundary condition, and with eigenvalue E v + . Show that: 


n,n:r_, 


n (M -)nr. 0 

* («* - + 2 - t ) 
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Using Euler’s formula: 



show that 


n„sinh(gf*) 

IW) sinh f (e fc - e k .) 


h) Give a physical interpretation of this expression in terms of harmonic os- 
cillators. Show that these expressions reduce to the usual RPA in the limit when 
goes to infinity. 


PROBLEM 7.9 Transition Amplitude for the Forced Harmonic Oscillator. An 

alternative to the treatment of transition amplitudes in Section 7.3 is to use coherent 
states. The basic idea is illustrated by the case of the forced harmonic oscillator 
described by the Hamiltonian 


H = w o*a - 'f(t)o t - nr* (t)a . 


Using the coherent states of Chapter 1 and coherent state path integral of Chapter 
2, show that the transition matrix element between an initial harmonic oscillator 
eigenstate |«j) and final state |n/) may be written 






j dfjdt, J 


d<j> i d<f>j 1 e »i/ In +n< In J - 4>* 4>i + S ( <l > J 4>i ) 

2rri y/rifiii 


where 




Now, evaluate the integrals over <j>* and <i> in the stationary-phase approximation. 
For t between t< and t/, derive the equations of motion 


»*(*) = jp = "*(*) “ 1f(*) 
and 

riff 


and analytic solutions 


Mt) = fa + ie-** f j"*' «,$)*? 

hi 

**(t) = 4>} + tV“‘ jf ' e- fa *V (t')dt' . 
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Hence, show 


4>J = ( 1 ) 

and 

ft = + i e *«‘*r* (2) 


where 

Show that stationarity of the action with respect to <f>/ and 4>* yield the condition 



tty = ( 3 ) 

ni = $*<f>i . (4) 


The four conditions (1-4) fully specify the stationary solutions. Note that because 
we have applied the stationary-phase approximation, 4>* need not be the complex 
conjugate of <l>. Show that for (,/ni- | r |) 2 < nj < (y/ni + |r|) 2 , there are two 
conjugate stationary solutions which interfere whereas outside that domain there 
are only exponentially decaying solutions. 

The structure of this harmonic oscillator example is representative of the gen- 
eral structure of the analogous coherent state path integral for the many-body 
problem. Time dependent mean field equations of the form i4>k{t) = fjt evolve the 
{<£*} from ti to i/, as in (1), the quantisation condition for the final state relates 
{4>k{tf}} to {<££(*/)} as in (3), the time-dependent mean field equations — 
evolve the from t/ to t,- as in (2) and finally the quantisation on the initial 
state closes the loop by relating {$*(*«)} to {$t(t»)} as in (4). 

PROBLEM 7.10 RPA Limit for Quantized Eigenstates. Show that the small- 
amplitude limit of this theory for eigenstates of collective motion reproduces the 
Random Phase Approximation of Section 5.4 as follows. 

Write a solution to the self-consistent periodic mean field equations (7.96) which 
differs infinitesimally from the static Hartree wave function as follows. 


MM) = e- <4K ‘ 


j>K(x) + E CmK't’Mjz) +'V',QmK'I>m( 2) 

m M 


( 1 ) 


where €k and 0/c(z) denote Hartree eigenvalues and eigenfunctions, upper case and 
lower case state labels denote occupied and unoccupied states, respectively, and the 
expansion coefficients C m x are assumed small. Show that orthornomality of the 
(^ic(M)} requires 


+ . ( 2 ) 


Write C m fc in the conventional form 


C mK =X mK e~ iut + Y£ k e iut 
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and show that linearization of the equation of motion yields the RPA matrix equa- 

u- ;•)(?)-■(-') 

where 

AmM,nN = («m - t M )6 mn 6 MN + { mN\V\Mn ) 

B mM , nN = {rnn\V\MN) . 

Denoting the RPA eigenvalues and eigenvectors by w v and {X^ ,Y^), show that 
the period w u T = 2it and that ajc = ejcT. 

Show that the quantization condition (7.103) yields the RPA normalization 
condition 

E (|4b } | 2 - K^f) = - 

and that the corresponding energy of the state is 

E$ A =E a +mw u . 

Note that since both the quantization integral and energy involve terms of 0 {C 2 } 
one must use the condition (2) in Eq. (1) and consistently carry all terms through 
0 {&). 

PROBLEM 7.11 Dilute Instanton Gas Approximation. This problem develops 
an alternative to the treatment of tunneling in Section 7.4. 

a) Consider a symmetric double well 7 (a:) of the form shown in Fig. 7.2 and 
let the positions of the minima be denoted ±ac o. The Feynman path integral for the 
propagator is expanded in the stationary-phase approximation as 

<*/!«' [det (-S? + V"{x))]~ 112 (l + 0 Q)) 


where z(r) denotes a stationary solution. As in Section 7.5, in addition to the exact 
single-instanton solution for large approximate stationary solutions are obtained 
by joining together sequences of N instantons and antiinst antons and assuming that 
they are well-separated (i.e. dilute). Show that the one-instanton contribution is 


where 




(soy* 

' det(-^+o; 2 ) 

\2irti) 

det' Ygr + V'Y) 


w a _ y"(±x 0 ), So is the action for the instanton, and det' is the determinant after 
projection of the zero-energy translational mode. 
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Sum over all numbers of instantons to obtain 

<±x 0 |«-* rH M = \e TK *~ iS0 ± e - r ^"* S °] . 

By comparing with the exact result 

(±®o|e~* TH |xo) = ^{±x 0 |n)(n|xo}e~* B " T 


show that the two lowest eigenvalues in the dilute instanton gas approximation are 

E±= \hu>±hKe~ s «l h . 

2 

Compare this result with Eq. (7.85), Note that the treatment of the zero-point 
energy is different in the two expressions. The classical action So is defined for a 
trajectory from the bottom of one well to the bottom of the other well, whereas 
~Wz(E%} is the action for a trajectory joining the classical turning points at finite 
energy. Also note the difference in premultiplying factors. 

b) Now, consider the specific case of a particle of mass m in the potential 

V (x) = (x 2 — l) 2 . Show that the exact instanton solutions are given by x(t) = 
tanh 7t where 7 = and that So = |\/2 m and K = One method 

for evaluating the ratio of determinants in if is presented in Problem 7.16. 

c) Now use the same method to treat the case of fission using an auxiliary 
field path integral. Show that the contribution of a single bounce to the evolution 
operator is 

- '-“ T K I 


where 



det ( 


det' ! 

(sgs* 1 ) 


det' denotes the determinant omitting the zero eigenvalue, an and ag denote the 
static Hartree and time dependent bounce solutions, respectively, a is a factor ob- 
tained from projecting out the zero mode, the factor 1/2 arises from integrating over 
only one-half of the Gaussian peak in applying the steepest descent approximation 
to the variable corresponding to the negative eigenvalue of 6 , and K is pure 

imaginary due to the single negative eigenvalue. Finally, sum over all numbers of 
instantons to obtain 




PROBLEM 7.12* 1/N Expansion for the One-Dimensional 6-Function Prob- 

lem. To explore the nature of the expansion parameter when the stationary-phase 
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approximation is applied to a functional integral over an auxiliary field, it is in- 
structive to reexamine the l/N expansion discussed in Problem 3.5. 

a) Consider the trace of the evolution operator 

t rc -wr _ J e f didx ^'« Es «„(*.«) 

( 1 ) 

where a denotes one of the (2S + 1) spin projections and, for the moment, 
denotes a complex field for a Boson coherent state. Show that by introducing 
an auxiliary field, performing the Gaussian integral over and rescaling the 

coupling constant and auxiliary field according to g 1 — gN and cr'(x,t) = a(x,t)/N 
that 

tr«-*‘^ = J P{a )P(C£ a ) 

x e i f dtd *I2 l , <S(«»*)[ < A + }iSr+P-9 | r(».*)]t«(*,«) (2) 

— j P(<r')e W [ In '(*.«))*] 

Note that since N appears as an explicit multiplicative factor in the exponent, 
the stationary-phase approximation yields an expansion in l/N. 

b) Use the relation jj~: det A = AJ- 1 det A to show that stationarity of the 
exponent in (2) yields 

<r'(x,t) = ~t 

= iG(zt, xt + ) = p(x) . 


r.a ^ 1 d? ^ 


(») 


Identify the stationary contribution and leading jf corrections with diagrams in 
(7.50b). Note that classification of diagrams according to N C ~ J , where C is the 
number of closed particle propagators and I is the number of interactions, follows 
immediately from the fact that the coupling constant scales as N~ 1 and the Green’s 
functions scales as N. 

c ) Repeat the preceding analysis for Fermions, in which case {£„£«} are 
Grassmann variables. Note that minus signs arise both from the Gaussian inte- 
gral and from the definition of the Green’s functions. 

d) Finally, consider the case of a general finite-range potential. Formally 
define v' a ^ 6 = v a p n gN and repeat the analysis in Eqs. (2) and (3). Whereas the 
argument was exact for the 5-function because it had no length scale, to make the 
l/N expansion for a finite-range interaction one must consider a hypothetical class 
of theories in which the interaction strength varies with N and have a physical 
reason to believe that the limit as N — * oo is meaningful. 


PROBLEM 7.13 Corrections to the Leading Behavior of High Orders of Per- 
turbation Theory. Consider the integral 


Z k 


(-!)* ■ 2fctofc f°° dx -k(4- 21nx») 

fc!4* V2T 
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which appears in Eq. (7.119a) for the expansion of the simple illnstrative integral. 
Expand the exponent around the saddle point x, = 2 and show that 


Z k 


■%/ft k 


of all connected graphs) 


where the connected graphs have n- point vertices for all n > 3 with value 
connected by propagators with value |. Thus, evaluate the corrections to Zk of 
order j- and p-. 

PROBLEM 7.14 Consider the functional integral (7.138b) for the coefficient Zk 
in the expansion of the partition function for the anharmonic oscillator. Show that 
x, — ±2/y/fi is a stationary solution. By expanding around either solution, show 
that these solutions are not minima of the action and are thus unstable. 

PROBLEM 7.15 Use Eq. (7.144) to show that the energy of the bounce solution 
for the anharmonic oscillator approaches sero as e~& when ft —* oo. First, evaluate 
the turning points q±{E) as E — » 0 . Then, rescale the integration variable in 
Eq. (7.114) according to q = \J—2E x and take the limit E —* 0 - to show that 

2^- 111 7^- 

PROBLEM 7.16* Evaluation of Determinants. The determinants arising from 
fluctuations around a stationary solution in one dimension may be evaluated ana- 
lytically. The method presented in this problem follows that of Coleman (1977). 

The Fredholm determinant of an operator A(t, t') is the product of the eigenval- 
ues of A normalised so as to render it finite. We will evaluate det A by considering 
the quantity 

_ det(i4 — A) 

~ det(A 0 - A) v ’ 

where Ao is a reference operator. 

a) First, consider the case of a first-order differential operator 


Aq = — + ho(t) 


with periodic or antiperiodic boundary conditions. Let %l> n (t) and A n be the eigen- 
functions and eigenvalues of A 


(| + M0)^W = A n ^(t) 

*■(!) -**■(-?) 


with boundary condition 
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and denote the corresponding eigenfunctions for A 0 by and a!°\ As usual, f 
is +1 for the periodic case and —1 for antiperiodic boundary conditions. 

i) Show that D( A) is a meromorphic function with simple zeros at A = A„ and 
simple poles at A = aL°^ and that D(A) — *■ 1 except along the positive real 

|A|—*oo 

axis, 

ii) Now consider the ratio 



where rf>x (t) is the solution of the equation 

(£ + Mo) ^W = A^(tj 

with the boundary condition 

and is the corresponding solution for A®. Note that (t) is an eigen- 
function with eigenvalue A when (f ) = f. Thus, show that A (A) is a mero- 

morphic function with the same poles and zeros as D(A) and that A(A) — * 1 

except along the positive real axis. Thus, conclude that is an analytic 
function that goes to 1 as A — ♦ oo in any direction except along the positive 
real axis and therefore is equal to 1 so that 


det +h(t)) 

(f 


d«t(£ + M0) ‘ 

"*«» (t 

VA=0 \2 

)-« 


iii) Observe that the first order equation for V’x(t) may be integrated directly to 
- f*. dr(fc(r)-A) 

obtain (t) = e » so that 


det (& + fc(t)) e~ f -i dThlT) -s 

det (^ + ho(t)) -f$ drho(r) 

e "t -f 


Also, calculate the ratio of determinants by explicitly evaluating the products 
of eigenvalues. Show that the eigenvalues may be written 


A„ = 



dr h(r) 
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where the integer and half-integer values correspond to f = 1 and — 1, respec- 
tively. Evaluate the products using the Euler formulas 

rah ”S( 1 + p^v) ■ 

The fact that the result obtained in this way differs from Eq. (2) by a mul- 
tiplicative constant demonstrates the need to define the regularization of the 
Fredholm determinant carefully. One option is to replace the differential equa- 
tion by a difference equation with N mesh points and take the limit as N —* oo. 
b) Now, treat the case of a second order differential operator with zero bound- 
ary conditions at ± '| . 

A.-gs + WM . 

The eigenfunctions of A satisfy 

(-£f + vv w) = 

with boundary conditions 



and we define the function ip\ (i) satisfying 
with boundary conditions 



With analogous definitions for .4^°), we now compare D( A) defined in Eq. (1) with 
the ratio 



By arguments analogous to those in parts i) and ii) of a), show that D( A) = A(A) 
and thus 

det (~W + ^^=0 (f ) 

d«t(-^ + WoW) = 4%(i) ' 
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c) Next, treat the case in which the second-order operator A has an eigen- 
function ij) o with zero eigenvalue 




and in which Ao has no such zero eigenvalue. The quantity of interest is 


where A± is the projection of the operator A in the subspace orthogonal to the zero 
eigenmode. 

i) Show that 

del (A 0 - A) 

Ml) 

ii) To evaluate the limit in which A goes to zero, we expand { t ) in powers of A 

as follows: 

lMt) = ^o(t) + A«5(t) • 


where <p(t) satisfies the equation: 


+ w(t)\<p(t) = Mt) 


with boundary conditions 


d) Finally, consider the case in which fi —* +oo. In this case, the eigenstates 
of A are defined as solutions of the equation: 
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with modified boundary conditions 

*.(*) 


|t|- 




for bound states and 

*«(*) 

' ' i-*+oo 

for outgoing wave scattering states. The quantity w is defined by 


w = lim W (t) . 

I 


Consider the wavefunction $*(r) defined by 

(-J£ + *{*)) Mt) = Hx[t) 


with boundary conditions 




where we use the convention that y/—l = t, 

i) Show that 

(«) 

where we also assume that TVo(t) goes to w when |t| goes to infinity. Note 
that ipW now appears in the numerator and in the denominator since the 
boundary conditions were fixed at t = +oo. 

ii) Show that in the case of a sero eigenvalue, the result for becomes 


D — ■ 


det Ao 

where <p(t) satisfies the equation: 


p(-oo) 


(-£i + ^w) = 


with boundary condition 
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STOCHASTIC METHODS 


Functional integrals reduce the quantum many-body problem to quadrature. All 
that remains to calculate the observable properties of physical systems is evaluation of a 
very complicated multidimensional integral. In situations in which analytical methods 
such as the stationary-phase approximation or perturbation theory are uncontrolled 
or impractical. Monte Carlo evaluation of path integrals is a powerful and appealing 
alternative. It provides precise calculations of physical observables which are exact 
within controllable systematic and stochastic sampling errors. This chapter describes 
the range of techniques available for the stochastic evaluation of path integrals and 
how this flexibility may be effectively exploited to incorporate one's understanding of 
the underlying physics in the method. 

8.1 MONTE CARLO EVALUATION OF INTEGRALS 

We will eventually need to evaluate path integrals of the form 
/n, v dFj T) e~ s ^O{r) where r/ T * denotes the coordinate r of the i th particle on the 
r th time slice or integrals over fields of the form II ijkrda^l e -s ^0(<r) where 4il < s 
a field defined on a space-time lattice. It is easy to see that conventional quadrature 
methods appropriate for integrals in few dimensions are completely useless for such 
problems. 

First, consider the number of points at which the integrand must be sampled on 
a single time slice for a system like the nucleus 208 Pb (or equivalently, a drop of liquid 
Helium containing several hundred particles). Since the rms radius is 7 fm and the 
two-body potential varies significantly on the scale of 0.2 fm, one requires at least 100 
mesh points in each cartesian direction for each coordinate, so that the integrand must 
be evaluated at (100) 3x2 ° 8 = 10 1248 points. Even at the fastest computer speeds of 
the order of 10 T evaluations per second or 10 14 evaluations per year, this corresponds 
to 10 1234 years in a universe whose age is only 2 x 10 10 years. Similarly, simply 
tabulating the integrand at 1000 values per page in a 1000 page book weighing lKg 
would require a mass of io 1242 Kg whereas the mass of our galaxy is only of the order 
4 x 10 41 Kg. Clearly, even ignoring the need to treat multiple time slices, the situation 
would be hopeless if physics required sampling of the integrand in this degree of detail. 
(Note that this same counting indicates that solution of the many-body Schrodinger 
equation as a finite difference equation requires diagonalization of a 10 1248 x 10 1248 
matrix. 

The essence of the problem is the unfavorable way in which the accuracy of con- 
ventional quadrature formulae depends on the number of points at which the integrand 
is sampled in high dimensions. Consider, for example, Simpson's rule in one dimen- 
sion. Since the integrand is locally approximated quadratically and odd terms vanish, 
the leading error in a single interval {-h, h } is f* h dx x 4 = 0(h 5 ). If the total interval 
is divided into N mesh points, h ~ jf and the total error is of order Nh a ~ Sim- 
ilarly, in two dimensions, the error in a single square cell is f* h dx f* h dyx 4 = 0(h e ) 
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and in d-dimensions, the error per cell is 0(h i+d ). If the integrand in d-dimensions is 
sampled at N points, then h ~ and the total error is of order Nh 4+d = 0 (jfTjj) ■ 
Thus, as the dimension d becomes large the error falls off increasingly slowly with N. 
Indeed, it is the fact that N must vary as (const) d to keep the error fixed which led 
to the impractical estimate for 208 Pb with d = 3 x 208. 

The basic idea of the Monte Carlo method is to sample the integral statistically, 
so that independent of the dimension of the integral, the sampling errors decrease as 
--)L, where N is the number of points at which the integrand is sampled. Note that 
there is no reason in principle why the evaluation of physical observables should require 
the incredible level of detail cited in the quadrature example for 208 Pb. For example, 
in evaluating the potential energy, one only needs to know the two-body correlation 
function accurately within the range of the two-body potential. The detailed behavior of 
distant particles is totally irrelevant and even if calculated to high precision, identically 
cancels out of the numerator and denominator in calculating {$\v\$) f {%li\ t/>). Hence, 
the fact that we will use values of N immensely smaller than the value (const)* 1 required 
to fully specify the many-particie wave function poses no problem in principle. 

CENTRAL LIMIT THEOREM 

The Monte Carlo method for evaluating an integral is based on the familiar central 
limit theorem. Consider an integral of the following general form 

/ = f d d x f{3) P(x) (8.1) 

where 2 is a vector in d-dimensions and P{x) is a probability distribution satisfying 
the condition 

P( 2) > 0 

/Ap ( i) = i . (<u > 

Note that there is infinite freedom, which we will subsequently exploit, to decompose 
the integrand of any multidimensional integral in the form of Eq. (8.1). 

We will now try to approximate I by forming the average of N independent samples 
of the probability distribution f’Ji) 


( 8 - 3 ) 

*««*(»} 

where throughout this chapter, the notation 2jeP(2) indicates that the variable x< is 
sampled according to the function P( x). In order to use such an average as a controlled 
approximation for I, we need to know the probability distribution for the variable X, 
and especially how this distribution behaves for large N. To simplify notation, it is 
convenient to define the mean value of a function g(x ) with respect to the distribution 
P(x) as follows 

{g) F = J d d x ff (2) P(x) . 


(8.4) 



402 


STOCHASTIC METHODS 


By definition, {f)p = J. 

The probability for obtaining a particular value X when each 2 is distributed 
according to P(x ) may be written as follows: 

P(X)~J n P( S.) S (i fj m,) - X s ) . (8.5) 

Using the integral representation for the 5-function, the probability distribution for X 
may be written 


where 


P{X) = jf[d d x i P(x i ) 

= — f e iNXX + N ln (/ ** V «~ (X/(S) P(D)) 

J 

= ~ [dX e NF ^X) 

2irJ 


F(X,X)=iXX + g{X) (8.66) 

j(A) = ln (J d d y e -V(9)p( ^ . (8.6c) 

For a specified value of X, we will perform the X integral using the stationary phase 
approximation and denote the stationary value of A for a given X as A(X). The 
stationarity condition §x Ia( 2 C) — 0 yields 


X = ig'(X(X)) = 


f d d y /(g) e-dW/fflpfl) 

j d d y e -iX(X)m P [ y) 


(8.7) 


which implicitly defines A(X). Including the quadratic correction = 

g"(A(X)), the probability distribution for large N is 

• < 88 ’ 


To display the X-dependence of the exponent explicitly, we first find the extrema 


0 = 


df(A(X),X) dF , dF dX - 

dx ax + ax dx 1 ' 


(8.9) 


where we have used the stationarity condition ^ = 0. Note that there is only one 
solution A(X) = 0 for which by Eq. (8.7) X = ( f)p . Expanding to second order 
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around this point 


d 2 F(\{X),X) 

dX 


.,<U(X)| 


g»(\ = 0) 

-1 

‘ (P)r - { }? P 


( 8 . 10 ) 


where we have differentiated Eq. (8.7) with respect to X to evaluate P{X) thus 
has a single maximum at X - (f)p and is monotone decreasing away from this point 
with curvature specified by the variance {/ 2 )p - {f)p- In the limit as N -* oo. 
higher terms in the expansion of the exponent contribute negligibly to the tails of the 
distribution. In the sense of distributions, P(X) thus approaches a normal distribution 


P W e 


■■ 

i (</*>/» 


( 8 . 11 ) 


Equation (8.11) is the desired result which provides the foundation for the Monte Carlo 
method. No matter what the distribution P{x). the function f{x), or the dimension d, 
for large N the average Eq. (8.3) becomes normally distributed about I with standard 
deviation a = ^ . Thus, a general integral may be approximated 

I d* x mp(x) = i £ m) ± ^=[</ 2 )p - ( m ir 2 (8-i2) 


and the variance may be evaluated by the usual unbiased estimate* 

</> - </>* » [£ £ - (s £«*))’] • 


(8.13) 


Note that the factor jfzj to remove the bias is irrelevant for large N so that one 
effectively uses Eq. (8.12) to evaluate both {f 2 )p and {/)|>. 

IMPORTANCE SAMPLING 

Although in principle. Eq. (8.12) is applicable to any multi-dimensional integral 
which could arise in many-particle systems, its practical utility is governed by the signal 
to noise ratio. The ratio of the variance to the mean must be sufficiently small that the 
fractional error may be controlled with a feasible sample size. For some problems in 

* The origin of the factor is dear f rom the extreme case of two random variables 
x and y having mean zero and standard deviation a. The naive estimate of the variance 
|(x 2 + y 2 ) - = x + - §xy has mean value |ct 2 instead of a 2 . 
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which the integrand has nearly cancelling positive and negative contributions which are 
separately very large in magnitude, the Monte Carlo method becomes very difficult to 
apply. Such difficulties will be encountered subsequently for Fermions in more than one 
dimension. For problems with dominantly positive integrands, however, the freedom 
to decompose the integrand into factors f(x ) and P(x ) may be effectively exploited to 
reduce the variance. Selection of P(a:) to reduce the variance is known as importance 
sampling. 

The basic idea is most simply demonstrated for a one-dimensional integral with 
a non-negative integrand. Integrals with both positive and negative contributions can 
be treated in the same way as the difference of two non-negative integrals as long as 
one integral clearly dominates, and the generalization to higher dimension is obvious. 

Consider the integral 

(8w) 

which has been written in the form of Eq. (8.1) for an arbitrary probability distribution 
P{x). By Eq. (8.12), it may be approximated 



* 5 


, 1/2 


The question, then, is what we can do to reduce the variance 


-<(HV 


(8.15) 


(8.16) 


Obviously, the best choice is to use P(x) = for which case the variance is 
zero and each term in the average is simply I. This optimal choice is only of 
academic interest, since if we knew I and were able to sample /( x), we wouldn't be 
in the business of calculating the integral in the first place. However, it suggests the 
extremely useful and practical strategy of choosing P(x) to be a simple function which 
is easy to sample and which is as similar as possible to f(x). 

The quantitative utility of such a choice is illustrated by a simple numerical ex- 


ample. Consider the function sketched in Fig. 8.1 


«■>-£ T 

(8.17) 

for which 


f 1 e — 2 

1 = f{x)dx = = 0.418 . 

Jo e — 1 

(8.18) 
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linear Importance sampling function (Clashed line.) 


(solid curve) and a 


If F(a) is taken to be a uniform distribution on the interval (0, 1). then the variance 
aj . =1 = / (/(*) - l) 2 dx leads to the statistical error 

o.4i8 -g/(*)±5$r • (8J9) 

•7*j* 


Thus, the sample size must be of the order N ~ 4.7 x 10 s to obtain 1% accuracy. Now, 
suppose we use a simple linear probability distribution JP(sc) = 2x, which we will show 
in the next section is easy to sample. As seen in Fig. 8.1. although a linear distribution 
does not reproduce f(x) in detail, it does effectively concentrate the points in the 
region of the most “important" contributions, thus fulfilling the intent of importance 
sampling. With this choice, the variance crp- 2x = ~ l) 2ada: leads to a 

sampling error 


N 

0.418= Y, 


*m I 


f(xj) ± 0,0523 
2 Xi y/N 


( 8 . 20 ) 


which requires only of the order N ~ 155 samples to obtain the same 1% accuracy, in 
this one-dimensional example, introduction of even the simplest importance sampling 
reduced the sample size for a given accuracy by a factor of In higher dimensions, 
where a progressively smaller fraction of the phase space contributes significantly, the 
advantages grow dramatically. For instance, if the previous example is generalized to 
a d-dimensional separable problem 


tael 


is Si 


(8.21) 
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then the variance is 



\ \ v ' Ip/ 

= (4 + / 2 ) d -/ 2 - 1 



( 8 . 22 ) 


so that the ratio of the variance for the d-dimensional problem with importance sam- 
pling cr 2 (d)p = 2 x to that without importance sampling er 2 (d)p = i is 


_ (~jgP^ + l) d - 1 

ff2{d)p=1 (%- + i) d -i d ~*' 


(8.23) 


Even for a modest dimension d = 50. the reduction of the variance and the necessary 
sample size by 8 orders of magnitude becomes quite impressive. 


8.2 SAMPLING TECHNIQUES 


Application of the Monte Carlo Method requires the generation of statistically 
independent variables {*} distributed according to a specified probability distribution 
P(k). Because of the diversity of distributions which may arise in many-body problems, 
it is useful to survey a variety of sampling techniques. 

SAMPLING SIMPLE FUNCTIONS 

The fundamental building block for all sampling methods is a random number 
generator for variables uniformly distributed on the interval (0, 1). Computers can. 
at best, generate a sequence of pseudorandom numbers which are determined by a 
sufficiently complicated rule that they appear to be random for all practical purposes. 

One common algorithm implemented on most computers is the linear congruential 
method which generates a sequence of pseudorandom numbers according to the rule 

Xi+i = (axi + e) mo d m • (8.24) 

When a and c are appropriately chosen, this generates a non-recurring sequence of 
length m where m is the largest integer the computer can represent (t.e., m = 2 31 - 1 
for a 32-bit word). Although this algorithm may be adequate for many purposes if 
optimal values of a and c are used, it is important to realize that sequential values of 
Xi have definite correlations. To see these correlations geometrically, let k sequential 
points define a point in a fc-dimensional space: that is. = {x\, 12 »•••!**}> ^2 = 
{*fc + i, *fc+ 2 i---* 2 *} and so on. It may be shown that these points lie on a sequence 
of at most m l ! k k — 1 dimensional planes(Press ei. a/.. 1985). In three dimensions, 
at best, there are 2 31 / 3 = 1290 planes for a 32-bit word and only 2 16 / 3 = 32 planes 
for a 16-bit word. In practice, algorithms provided with commercial machines are often 
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Fig. 8.2 Correlation between the triplets of points r n = 

{* 3 m * 311 + 2 } oenerated by a pseudorandom number generator. The 

value of the third coordinate Is represented by the Intensity of the point. 

less than optimal. Figure 8.2 shows the 15 planes generated by the random number 
generator on the IMB PC* and one notorious random number generator on an earlier 
main-frame computer produced only 11 planes. It should be obvious that sampling the 
integrand of a three-dimensional integral which is highly peaked between these planes 
would give totally erroneous results. One effective cure for such correlations is to store 
pseudorandom numbers in a look-up table and a particularly efficient procedure is given 
by Knuth(1981). For the subsequent discussion, it will be assumed that a satisfactory 
random number generator is available to provide uniformly distributed random numbers. 

Given a uniform distribution of random numbers, it is easy to sample any distri- 
bution specified by an integrable function by simple change of variables. If we define 

y(x) - j dx' P{x') (8.25) 

then j* = P{x) and we may write 

J dxP(x) f[x) = J dy f(x(y)) . (8.26) 

Thus, when the variable y is sampled uniformly, the inverse function x(y) is distributed 
according to the desired probability distribution P(x). For instance, the example used 


* This figure is generated by repeating the following BASIC instructions under DOS 
2.0: X=320*RND: Y=200*RND: C=4*RND: PSET(X.Y),C. 
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to illustrate importance sampling required 

[ f{x)2xdx - [ f{x)d{ x 2 ) = f f(y 1/2 )dy 
Jo Jo Jo 

so that sampling values of y uniformly distributed on (0, 1) yields values of x — y */ 2 
distributed with P(x ) = 2x on (0, X) 

Gaussian distributed random numbers are required for many applications and thus 
provide a practical example. ’ Since the integral of a Gaussian is an error function, 
straightforward transformation of variables leads to the inconvenient prescription of 
calculating x — erf~ 1 (y) with y uniformly distributed. It is more convenient to use the 
Box-Muller method and calculate a pair of Gaussian distributed variables * and y using 
polar coordinates $ and p, Since / dxdy e -i £- V/( X| y ) = f ded(e~ e r)f(p,6), if 9 
is uniform on (0, 2ir) and w is uniform on (0, 1). then p - >J-2 In w has distribution 
e~T and x — pcosS and y = psintf are Gaussian distributed. Another common 
alternative used for Gaussians is to invoke the central limit theorem and use the sum 
of 12 random variables distributed uniformly on the interval (0, 1). Since each variable 

has mean (*) = | and variance a 2 = / Q x (*~ ~) 2 d* = the sum s = £ x, -6 has 

t=i 

mean 0, variance 1, and is approximately Gaussian. 

A final elementary method for sampling simple functions is von Neumann rejection 
illustrated in Fig. 8.3. Let F(x) be a positive function everywhere greater than or equal 
to a probability distribution P(x ) to be sampled. If points are generated uniformly in 
the plane below F(s) and only those which are also below P(x) are accepted, then the 
accepted points will be distributed according to P(x). Operationally, a random variable 
%i is selected with probability proportional to F{x) (t.e., P(x ) = F(x)/ / Q x F(x)} and 
a random number £ uniformly distributed on the interval (0, 1) is generated. The value 
xi is accepted if P(z,)/jF(z,) > £; otherwise it is rejected. Clearly, this procedure is 
only efficient if one can find a function F(s) which can be efficiently sampled and is 
close enough to P(x ) that a large fraction of the points are accepted. 

MARKOV PROCESSES 

A Markov chain of variables {x^, x W, x( 3 ),..} is generated by a rule which 
specifies the probability distribution for the ( n + l) th element x(” +1 ) solely on the 
basis of the n th element We will use the notation that P(x —* y) denotes 

the probability to reach y starting from x. In this section, we will be interested in 
the probability distribution of elements of a Markov chain and. in particular, will seek 
algorithms such that the distribution of the x’s converges to a specified distribution 
e - s (*) (The notation e" 5 ** 1 is used to emphasize our eventual interest in sampling 
the action and the distribution is assumed to be normalized.) Although in general 

may be a vector with an arbitrary number of components, vector notation will be 
suppressed whenever possible. 

For a Markov process to sample e -s ^, it is sufficient to require that the rule 
P(x -+ y) have eventual access to every configuration in the system and satisfy the 
microreversibility condition 

e- s ^P{x^y)^e~ s Mp(y-*x) . 


(8.27) 
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Fig. 8.3 Geometrical Illustration of von Neumann rejection. Points are 
rejected In the shaded area and accepted In the unshaded area. 

The proof proceeds in two steps. The first step is to show that e~ s ^ is an 
equilibrium solution: that is, if x is distributed according to at one step of a 

Markov process then the distribution for the next step P(y) - / dx e~ s WP(x y) is 
e -s{y) ' jhis property follows immediately from microreversibility and the normalization 
condition f dx P(y —* x) = 1: 

P(y) = j dx e ~ s Mp(x - y) 

= e~ siv) J dx P(y-*x) (8.28) 

= e - s W . 

The second step is to show that the distribution converges to A use- 

ful measure of the deviation between two distributions Fa(x) and Pb(x) is given 
by / dx\P A (x) - Pb(x ) |. If the distribution at one step of the Markov process is 
M(x). its deviation from equilibrium is D 0 w = / dx\M(x) — e -s ( x )| and the dis- 
tribution at the next step P(y) = f dx M(x) P{ x — * y) has deviation jD new = 
/ dy\ / dx M(x) P(x — * y) - e — s f*r) |, it follows that the deviation is non increasing: 

D ae „ = /*[/ dx M{x ) P(x - y) - 

= J dy |y dx (M{x) - e~ S(x) )P(x -* y)| (8.29) 

< J dyj dx |m(x) - e ~ s ^| P(x - y) 

= Jdx\M{x)-c-^\ = D M . 

Since the strict equality only occurs in equilibrium (M(x) = 6~ s ( x )) or if some con- 
figurations are not accessible to P[x ~* y) (which is excluded by hypothesis), the 
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deviation decreases with each Markov step and the distribution approaches the desired 
equilibrium solution e~ s (*). 

In the case of N degrees of freedom, for which each element of the Markov chain 
is a vector 2 ^ = {2^, 2^, ...2^}. one has the choice of using a microreversible 
algorithm to evolve the entire vector or evolving each of the N variables separately. In 
the latter case, which is usually the most practical, if variable x{ is being updated, all 
other variables x } -, j are held fixed and the microreversibility condition is 

-► Xi) . (8.30) 

The degree of freedom to be updated, *<. may be selected sequentially or randomly 
and in either case the generalizations of the equilibrium and convergence proofs. Eq. 
(8.28) and (8.29) are straightforward. 

There are several alternative microreversible algorithms F ( x -+ y) for generating 
Markov chains. One of the simplest is the so-called heat bath method P{x — ► y) = 
e~ s {«) for which the result is independent of the previous variable. For a single variable, 
the method is of no practical significance since it assumes we can already sample 5(y). 
However, for a system with many degrees of freedom and nearly local action, such as 
spins on lattice with nearest-neighbor interactions, it may well be possible to sample 
values of y distributed according to e -s ( x » •••*•-»>»<**<+»•••*»') with all z's fixed. If 
we regard 5(2) as ftH( 2). this corresponds to fixing all the neighbors of y,- at the 
specified values x } and letting y< come to thermal equilibrium with a "heat bath" at 
inverse temperature /?. By the general proof, sequentially solving the one-body problem 
for a single variable y< in a heat bath with its neighbors fixed generates the equilibrium 
solution for the full many-body problem. 

The method of Metropolis, Rosenbluth, Rosenbluth. Teller, and Teller (1953), 
commonly called the Metropolis method, is similar in spirit to von Neumann rejection, 
and like the latter, applies to an arbitrary distribution. We will first state the rule for 
P(2 — * y) and then demonstrate that is is microreversible. A more general algorithm is 
discussed in Problem 8.1. Given 2, a tentative value x T is generated by some convenient 
symmetrical probability distribution jF(2 —* $ T ) = F( x T — ► 2). This tentative value is 
accepted, that is, y is set equal to x T with probability mb | l e -s( S r )/ e -s( 2 )j 0th _ 
erwise, it is rejected, that is, jj is set equal to 2. In other words, if the change reduces 
the action, it is always accepted; if it increases the action, it is accepted with probability 
e —AS one simple implementation of this, rule is to reject z 7 if e~ s ( 3 *) /e~ s W < £ 
for £ uniformly distributed on (0, 1). The most common implementation is sequential 
updating of the variables {sc,-} by defining xf — z« + £ Ax with £ uniformly distributed 
on the interval (-|, |). The characteristic size of the step, Ax, is chosen as a com- 
promise between two inefficient extremes. If Ax is very small, AS is small, the move is 
almost always accepted, but x takes a very long time to explore the full space. If AS is 
very large, it is very likely that the step will move out of the vicinity of the minimum of 
the action and thus be rejected. A reasonable compromise between ineffectively small 
steps that never explore the space and moves that are never accepted is to select Ax 
such that roughly half the moves are accepted. 

Microreversibility of the algorithm is readily verified. First, consider the case 
e _s (S) > e -s W for which the move x —* $ \s always accepted and the move y — ♦ 



8.2 SAMPLING TECHNIQUES 411 


$ is accepted with probability <r s ( 3 )/e~ s O), Since F is symmetric, the ratio of 
probabilities satisfies detailed balance as follows: 

P(x -+ y) _ F (2 -> y) 1 e" 5(s) 


P(y-+x) F{y-^x) e -s<*> /«-««> «-»(*) 


(8.31) 


Verification for the case e~ s ^ < is analogous. 

it is useful to compare the heat bath algorithm with M iterations of the Metropolis 
method for updating one variable Xi of a many-body problem with all other variables 
zy, j % fixed. For a single step of the Metropolis algorithm. M — 1. a new variable 
y cannot differ from by more than Ax. In the limit. M — ► oo, the distribution of 
y approaches *<+!.••*») an d the limit of a large number of Metropolis 

updates of a single site becomes equivalent to a single application of the heat bath 
algorithm. Hence, if the effort required for one heat bath update is less than for several 
Metropolis steps, the heat bath is preferable. 

A final microreversible alternative is integration of the Langevin equation. Consider 
the variables in the action to be a function of a formal continuous variable r, not to be 
confused with physical time or inverse temperature, and let them' satisfy the following 
partial differential equation 


dxi 

dr 



+ &M 


(8.32) 


where T is an arbitrary scale parameter and &(r) denotes a set of Gaussian distributed 
random variables which are independent at each i and r and have variance 


^W^')) = 2r%fi(r-r') . (8.33) 

In practice, the continuum Langevin equation is replaced by a discrete finite difference 
equation Xi(r n+ x ) = Xi(r n ) + At [-r ^f - y + &(r„)], so that the variable = 

*i(nO corresponds to the n* h element in a Markov chain and the probability distribution 
for &(r„) corresponding to Eq. (8.33) is 

'{*(*)>-IlV§- . (8.34) 


The rule for the Markov chain is that the probability to go from x to y is equal to 
the probability for the noise £,• to equal ,u if L + T§^. In the limit At 0, it is 
straightforward to see that the evolution is microreversible: 


P{2^y) _ !!<*(& 351 *Ar t + rffi) 
P{y x) Ar-o n, />(& = ^ + rf£) 

-ifE 

e * 
e -S(S) 


(8.35) 


Ar—*0 
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An obvious advantage of this method is its simplicity and generality, A potential 
disadvantage is the fact that any finite difference approximation to Eq. (8.32) wil! 
lead to errors of some order in Ar in the distribution of S. In special cases, such as 
field theory and critical phenomena, these errors may correspond to renormalization 
of bare coupling constants and introduction of irrelevant variables and thus be of no 
consequence(see, for example, Batrouni ei. o/.,1985). 

NEUMANN-ULAM MATRIX INVERSION 


A special problem frequently arising in stochastic solutions of many-body problems 
is sampling of the inverse of a matrix. For example, the Green's Function Monte Carlo 
method for determining the ground state wave functions requires repeated sampling of 
P(r) = (r|i|r'). Similarly, when Grassmann variables have been integrated out of a 
many-Fermion problem, evaluation of the change of the resulting effective action when 
Boson or auxiliary field variables are updated requires calculation of jj~: In Det M — 
MjP . Hence, it is useful to define a random walk which will evaluate the inverse of a 
matrix. 

As a prelude to matrix inversion, consider evaluation of the N* h power of a matrix, 
T N , as arises in repeated application of the transfer matrix or calculation of . 

Let Tij be decomposed into the product of a transition probability and a residual weight 
as follows: 

Tij = Pij Wij (8.36a) 


with 

Pij> 0. (8.366) 

3 

Define an iV-step random walk on the domain of integers labelling the basis * — ♦ i 2 — ► 
*3 — ► . . . — ► iff such that the probability of going from state k —> i is P k i and for each 
walk define the score 




i N -i 

iff ^ j . 


(8.37) 


Since the probability of the score is Pa,Pi 3 i, • ■■Pt N - l i N - it follows that the mean 
value of the score is the desired matrix element of (T N )ij 


(%) = (T N h- ■ 


(8.38) 


The Neumann-Ulam method of evaluating the inverse of a matrix is a simple 
variant of this procedure (Forsythe and Leibler, 1950). Let the matrix M be scaled and 
shifted if necessary such that M = 1 — T with the magnitudes of all the eigenvalues 

of T < 1. The inverse is then given by the von Neumann series M -1 = 

n=0 

sum the series, Tik is decomposed slightly differently: 


Tn = PijWij 


(8.39) 
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with transition probabilities fVy between states i and j defined such that 

1 Pii> 0 (8.396) 

and with a probability for stopping at site % defined by 

Pi = i-J2 p ij • ( 8 - 39e ) 

i 

A random walk of indefinite length is now defined such that the probability of going 
from state k — > l is Pkt and the probability of terminating the walk at point k is P*. 
For a walk of k steps beginning at i, the score is defined 

S _ f i,... W (k _ t ikl ±- t k =3 ( 8 . 40 ) 

1 0 *fc / 3 • 

The probability of attaining this score is Fi t -,P,-,i, . ••Pi k „ l i k Pi k so that the mean 
value of alt scores of length k is (T *)<y and the mean value of all scores of all lengths 
is 

<%> = £(?*), -y = (M-%- . (8.41) 

k= 0 

Variations of this basic method are discussed by Kuti and Polonyi (1982) and in Prob- 
lem 8.2. 

MICROCANONICAL METHODS 

The microcanonical Monte Carlo method and the method of molecular dynamics 
utilize the ideas of classical statistical mechanics in the canonical ensemble to sample 
an arbitrary distribution. 

One can understand the microcanonical Monte Carlo method (Creutz.1983) for 
sampling an arbitrary distribution e~ fiS ( 3 h by regarding S{x) as the energy of a clas- 
sical system for the configuration * = {*,}. Imagine that this system is in equilibrium 
with a thermal reservoir and consider the microcanonical partition function for the 
combination of the system plus reservoir 

s = E E 6 [$(0 *» + E * - £] ( 8 - 42 ) 

{*,} Bn 

where Er is the energy of the reservoir. E is the fixed total energy of the system plus 
reservoir, and the zero of the energy scale has been defined such that Er > 0. Since the 
only role of the reservoir is to accept or provide energy to conserve the total energy E, it 
is very easy to sample Z. As in the case of the Metropolis algorithm, let all components 
of x be held fixed except x,-. and define the trial moves xf — x ,• + £ where f is uniformly 
distributed on (-£*, and E% = Er + S(x x ...x } -...xn) - S(xi ...xJ...xn). 
This trial move is accepted if > 0. since it corresponds to an accessible state 
of the system plus reservoir, and is rejected if < 0, since the move would not 
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correspond to an accessible state. By the usual arguments of statistical mechanics, 
if the average value of Er is much larger than the average value of the energy of the 
system, the accepted moves sample e~ 0S W for the system and the distribution of 
energy in the reservoir is P[Er) <x e~ 0BR . Since E rather than p is specified in the 
algorithm, p must be evaluated explicitly. For a continuous spectrum, this is most 
easily accomplished by calculating P = otherwise, the exponential e ~ 0B * may 
be evaluated. 

Molecular dynamics uses similar ideas from statistical mechanics to sample an 
arbitrary distribution, but differs conceptually by invoking ergodicity rather than a ran- 
dom number generator to sample representative accessible states (Callaway and Rah- 
mann, 1982). To understand the use of molecular dynamics to sample the distribution 
e ~ 0 S( a), ■,). j s use fu| t 0 think of S(2) as the classical potential energy for canonical 
coordinates {*<}, to introduce a canonically conjugate momenta {PJ and to define a 
classical Hamiltonian H — hY,iPi+S(x). Then, the mean value in the canonical en- 
semble of an observable 0{2} depending only on the coordinates {z,} yields precisely 
the desired average of 0{2} with respect to the distribution of e~ fiS W 


_ fdpdxe~ ff (tZ< p ? +s w)0(x) 

fdx «-*«<■) 0(s) 
fdx 

= <0) e -,s • 


(8.43) 


Next, one uses the fact that for an extensive system in the thermodynamics limit, the 
mean values of an observable in the canonical and microcanonical ensemble become 
equal. That is, the integral / dpdx may be carried out on the hypersurface of states 
with constant energy E = H{p,x). Finally, one considers the classical Hamiltonian 
equations of motion for x and p in a formal time variable r (not to be confused with 
physical time) and invokes ergodicity to let a representative sample of variables p and 
q with constant energy be generated by the classical trajectories p(r), q(r). Thus, this 
full chain of reasoning yields 


(O) c -0& — {{5)eanonical 

» (0 )microeanonica] 


- T B« 0(x{r))dr 

where the trajectory x(r) is determined by integrating the equation of motion 

_ d_ dS(x) 

dr 2 %x dfP‘ dxi 


(8.44) 


(8.45) 


with an initial condition corresponding to energy E. The name molecular dynamics 
is motivated by the direct analogy of this procedure to the method which has been 
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extensively used to sample the classical partition function for molecular system by 
evolving classical equations of motion. In practice, as in the case of the Langevin 
equation, a discrete finite difference approximation to the differential equation, Eq. 
(8.45), is evolved yielding a discrete set of coordinates 2* n) = 2(r„). The similarity 
between the molecular dynamics and Langevin methods and advantages of combining 
them are discussed in Problem 8.3. 

A simple variant of this method (Polonyi and Wyld, 1983) is especially useful 
for sampling an effective action of the form det Af(2) in whicha Fermion 

determinant arises from integrating out Grassmann variables / ef£*d£ and 

the remaining functional integral is over Boson coordinates or an auxiliary field denoted 
by x. In addition to the formal momenta pi conjugate to a t - introduced above, additional 
canonical variables P< and X,* are introduced to define the Hamiltonian 

H = \Y, MW* Pi + £« £ X? + \ X>. ? + 5 ( 2 ) • ( 8 - 46 ) 

i) i i 


The corresponding Lagrangian yields the classical equation of motion in the formal 
variable r 



1 dX m I dM 2 {x) 1 dX n 

dr 2 dxi + 2 dr dxi mn dr 


(8.47a) 

(8.476) 


Following the previous reasoning, the average values of an observable 0(2) may be 
sampled using the solution to Eq. (8.47), 2(r). 


_ fdpdMpdX Q(g) 

JdpdxdPdK e-WP.*.*,*) 

^ f J Q ‘ 


(8.48) 


Using the equipartition theorem, the temperature 0 may be calculated conveniently by 
evaluating the kinetic energy 


lim — 
T- oo T 



N* 

20 


(8.49) 


where N% is the number of degrees of freedom associated with the coordinate 2. Note 
that this treatment may be generalized straightforwardly to the case of a complex 
matrix M with real determinant by using P/(Mf(2)M(2)}7. l Py + ' n t * ie 

Hamiltonian and that in the case of lattice gauge theory, local gauge symmetry of the 
variable 2 reduces the number of degrees of freedom N 3 to be used in evaluating 0. 
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8.3 EVALUATION OF ONE-PARTICLE PATH INTEGRAL 


The stochastic techniques described above may be applied to many-body problems 
in a variety of ways. The principal intellectual challenge is to exploit the freedom and to 
utilize physical insight to incorporate as much of the essential physics of the problem 
as possible into the stochastic algorithm. 

There are three main categories of choices to be made: the observables to evaluate, 
whether to sample the complete action or solve an initial value problem, and the form 
of functional integral to calculate. The first two sets of choices may be illustrated most 
simply by the Feynman path integral for a single degree of freedom discussed in this 
section. In addition, even this simple example illustrates two of the primary limitations 
of stochastic methods: the need to calculate a dominantly positive integral and the 
need to independently sample the entire range of configurations 

OBSERVABLES 

In order to sample dominantly positive functions, we must evaluate Euclidean 
rather than real time path integrals. One obvious quantity to sample is the trace of 
the evolution operator |n) which provides all thermodynamic information 

at inverse temperature 0. The ground state expectation value of an operator 0 may 
be calculated by taking the limit in which j is small compared to the excitation energy 
of the first excited stated: 


... 

W ’~ 

(0|<,|0> ' 

The imaginary-time response function: 


Tr{TO (r)0 (0)e~ fo drH } 
Tr{e-^} 

Y, m , n *- E " ($ - T) - E ' T \(rn\0\n)\ 2 

El{°|0|n)| 2 e- (£ »-^ 


(8.49) 


(8.50) 


may be used to extract energies and transition matrix elements for low lying excited 
states. However, it is not practical in general to analytically continue the decaying 
exponentials in imaginary time into oscillatory functions in real time to extract much 
useful information about the physical real time response function. 

Instead of calculating the trace, it is often preferable to evaluate a specific matrix 
element of e~& H which is optimal for calculation of a specific observable. Given an 
approximate wave function <j> a . the ground state energy may be written 


E = lim 
0—<x> 


(8.51) 
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Clearly, the more physics that is incorporated in 4> a , the less work e~ eH must do to 
filter out excited state components. Note that the ability to calculate the ground state 
energy may be used to evaluate the scattering phase shifts for a finite-range potential 
by placing an infinite wall at an arbitrary position x w in the exterior region. Since E 
specifies the phase shift 5, E[x m ) determines S(k). Similarly, the expectation value of 
a general operator 0 may be evaluated using <f> a either exactly 


(0) = lim 






(8.52a) 


or perturbatively assuming |^o) ~ |$a) is small 


( 0)«2 




{<f>M 


(8.526) 


Finally, the splitting A.E between the lowest two nearly degenerate states in a double 
well separated by a high barrier may be determined by evaluating the ratio 


(<f>L\e~ 0H \4>R) 


(8.53) 


where <j>i, and <pR are wave functions localized in left and right wells, respectively. 
For the simple case of a symmetric well with the definition a — ((l|<^z,)/(0|<fo,}) 3 = 
(( i |< 6 k )/ W *)) 3 


^(Bi-s 0 )»i l + ae _ W B \ 2 / 


(8.54) 


from which A E may be extracted easily. 

SAMPLING THE ACTION 

One straightforward way to evaluate the observables is to sample 
Psm = £**...*„ e~ S(xi -* w) as a probability distribution to be used 

to calculate the appropriate mean value of operators. For the trace of a local operator 

0(z), Eq. (8.49), 5(2) = ]T) g {x n - x ft _i) 2 + cV(s n ) with ® 0 = so that all 

time slices are equivalent by cyclic symmetry and 0 may be averaged over the entire 
interval 

mr-jg E ■ (8.55) 

S< m )cPr(«) 

Fora matrix element of the form Eq. (8.52a), 5(2) contains lnd>o(*iv) + ln^a(*i) and 
the operator must be evaluated only at the midpoint, 

Because this approach requires sampling the global trajectory at all times and we 
must consider the limit e-*0, it is useful to insure that the leading error in the path 
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integral is of order e 2 rather than 0 (e) or even 0 (\/e)- We have already seen in Problem 
2.4 that for finite potentials the symmetric decomposition e~ tH = e~i v e~ tT e~% v is 
accurate to 0(e 2 ). By regrouping terms in products of e~ tH and a local operator 
0(x), it follows that Eq. (8.55) is also accurate to 0(e 2 ), In the case of a hard wall 
boundary condition, simply putting an infinite potential into the action introduces an 
error of O(sfe) as shown in Problem 8.4. Hence, to implement a hard wall boundary 
condition at position x = a. the path integral should be written using states which are 
manifestly odd about x = a, with the result 

[{x n \ - (2a - x„|] e-^xn-x) = . 

V 2we (8.56) 

x(l . 

This antisymmetrization just subtracts off the Green’s function corresponding to the 
first image across the boundary and one can explicitly verify for the first odd state of 
the harmonic oscillator that the leading error is 0(c 2 ) when the first image is included 
(Problem 8.4). 

Non-local operators, such as the kinetic energy operator are less convenient 
to evaluate than local operators. As shown in Problem 8.5. two straightfor- 
ward ways to evaluate the kinetic energy are to evaluate (x„ + i|p 2 e- eH |x n ) or 
(x n +i\e~ tH p\x„)(x„\pe~ fH \x n -x) with the results 

(r) = * n - l)2 > (8 ’ 57a) 
and 

(T) = (— 2^2 (*« - Zn-l)(z»-l - Xn-z)) • (8.575) 

The factor in the action makes the naive second difference diverge in 

the limit e — ► 0, ® i + 0(1), reflecting the fact that the dominant 

trajectories in the path integral are non-differentiable. Both the remaining finite term 
in Eq. (8.57a) and the split-difference in (8.57b) are subject to large variance, so it is 
preferable to use the virial theorem to replace ( T ) by a local expressing. If |^ a ) is an 
eigenstate of H defined on the domain [a, 5] then for any x<> 


p(x-x 0 )]\i> a ) = (V»«|2T — (x-s 0 )V'(x)|^ a > 


(8,58) 


As long as il>' a vanishes on at least one endpoint, xo may be selected to cancel the 
boundary term at the other endpoint and ( T ) = |((x- x 0 )V'(x)). 

As mentioned previously, one standard way of sampling the action 
P»(xi,x 2 ...x^) is to sequentially make a tentative change in each of the x<’s in 
turn by setting xj = x,- + £A and to accept or reject the change using the Metropo- 
lis algorithm. However, other alternatives are possible and sometimes desirable. For 
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example, one may Introduce a correlated additive trial change for the entire trajectory 
F{x-+x T ) = \Y[{S(xT -Zi-tf + Six? ~x i + fi)) . (8.59) 


That is, one adds to or subtracts from each coordinate a (physically motivated) global 
change /,- defined on each of the time slices. Another alternative is a multiplicative 
move of the form 


n*(*f m 


which can scale the overall trajectory to a larger or smaller spatial extent. Note that 
any sequence of reversible moves may be offered in any order to facilitate equilibrium 
and complete sampling of the entire space. 

INITIAL VALUE RANDOM WALK 

Instead of sampling the global action, it is often preferable to calculate matrix 
elements of the form appearing in the observables (8.51) - (8.53) by 

solving an initial-value problem. Starting with an initial ensemble of points distributed 
according to (which must be positive), the ensemble is evolved by successive 
applications of e~ tH to obtain an ensemble distributed according to %l>(x) = e~ 0H ^&(z) 
which is then used to calculate the overlap {^ 0 | ^). This alternative is particularly useful 
for evaluating ground state properties since instead of having to retain an entire time 
history over many time slices, an ensemble of configurations is simply refined by e~ cli 
the required number of times. The method has the additional advantage that it can 
conveniently incorporate physical understanding of the nature of the solution. 

The simplest method for evaluation of a matrix element of the Euclidean evolution 
operator as an initial value problem for an ensemble of coordinates is analogous to Eqs. 
(8.36- 8.37) for evaluation of T N . Let us decompose the infinitesimal evolution operator 
into the product of a Gaussian probability and a residual weight as follows: 


(z„|e B) |xn-i) = P{x„,x n - 1 )W{x n .i) 

(8.61a) 

where 


P{*n, x„-i) « 

(8,616) 

so that 



(8.61c) 

so that 


\<f>b) = J dx n ...dxi<f> a {x n )P(x n ,X n -l) 

(8.62) 


x W(x n - 1 ).„.P{x 3 ,x 2 )W(x 2 )P{x 2 ,x 1 )W(x 1 )<l> b (xi) ■ 
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Fig. 8.4 Initial-value random walk for the around state wave function if>{x) In 
the potential V ( x ). In this example, an Initial ensemble of five points Is sampled 
from 4> a {x) which Is more delocalized than ip(x). At each r step, the points 
undergo both diffusion and replication, with points being removed outside the 
classical turning points and created In the classically allowed region. By the 
final time, the combination of diffusion and replication yields the distribution 
representative of if>(x) as shown. 

This product of probabilities and weights is evaluated as follows. First, xi is randomly 
selected according to the distribution function <f>b{x i), which may be chosen to be 
positive, and the temporary value of the score is defined to be W{x\). Given x\,x 2 is 
chosen to be Gaussian distributed about xi according to the probability P(x 2 ,®i) and 
the score is multiplied by W(x 2 ). This procedure is repeated for all n and finally x n is 
chosen to be Gaussian distributed about x n _i and the score is multiplied by <f> a (x „). 
For an ensemble of such calculations, each score <t> a {x n ) Ilfei 1 ^(*») ,s obtained with 
probability rife/ P{*i+ii x i) t l , b[xi) so that the average value of the score for a large 
ensemble of random samples approaches {<t> a \e~ e ^ H ~ E ^\4>b)- 

The statistical accuracy of this basic method may be improved greatly by replicat- 
ing points at each step with probability proportional to W(x n ) instead of accumulating 
the weight W{x n ) in the score. The calculation may then be viewed as a diffusion 
process with a source-sink term W(x) and diffusion term P(x m ,x m -i}- as sketched 
in Fig. 8.4 An initial ensemble of points {z*} distributed according to <f>b{x) is first 
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diffused by the Gaussian P(a 2 ,*i)- In regions where V(a:) > E, W(x') < 1 and the 
point x' is deleted from the ensemble with probability 1-W(a:‘). When W(x*) > 1 the 
point x * is always replicated [WP' (sc*)] times (where [VP] denotes the greatest integer in 
W) and with probability W(*‘) — [W'(a;‘)] it is replicated one additional time. In each 
successive step, points diffuse according to and are replicated according 

to VP(s4»). Thus, elements of the ensemble are created in regions of attractive V - E 
and deleted in regions of repulsive V — E such that the final ensemble of points {x„} 
is distributed according to n”“\ P(x m+ i,x m )W(x m )<l>{xi) and {<f> a is 
given by the average value of <j> a {x) evaluated with the ensemble {x n }. Whereas the 
first method retains ensembles having products of weights n"=i W[xi) which may 
vary over many orders of magnitude, with corresponding loss of statistical accuracy, in 
the replication method each member of the final ensemble {x„} contributes with the 
same weight. In practice, the value of E is selected to maintain a constant average en- 
semble size and yields an independent evaluation of the ground state energy. To show 
how such an initial value Monte Carlo calculation is actually carried out in practice, a 
schematic outline of the principal steps corresponding to the process depicted in Fig. 
8.4 is shown in Fig. 8.5. 

The method may be improved still further by guiding the random walk using 
an approximate trial wave function <j>(x,r) which contains as much of the essential 
physics as may be understood at the outset. Instead of evolving the solution to the 
imaginary-time Schrodinger equation 


consider instead evolution of the product 

/(*,*•) = <f>{x,r)ij>{x,r) . 

As derived in Problem 8.6, the equation of motion for /(x,r) is 




4> J 


(8.63) 


(8.64a) 


(8.646) 




which includes a drift term jjjgj and a source-sink term 

The infinitesimal evolution operator for <j>{x,T)\j>{x, r) is r + which, 

as shown in Problem 8.6 has the matrix element 


<* B |*(V+e)«-« A ^)|*»-i> = 




(8.65a) 


where 


€ = ?(*„_x) 


£ 

m dx 2 



(8.656) 


and (/>, <j>'. and ( H - —:)$ are evaluated at x n -i- 
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Initialization 

Sample <f> a (x) to obtain N 0 Coordinates 
(Metropolis method) 


Evolution from m th to (m + l) th generation 
Evolve N m coordinates y < from 
according to — * y.) 

(Gaussian random number generator) 

Replicate or delete according to weight 
W(y,) to obtain N m+ 1 coordinates 
(rejection with uniform random number) 

Adjust E if necessary to maintain 
average population N m +i ~ N 


Evaluate ]£ f H<f> a {xi) and <f> a {xi) every M) h generation 
after Me equilibration steps. 



Fig. 8.5 Schematic representation of an Initial value Monte Carlo calculation 
of the ground state energy. The principal steps In generating distributed ac- 
cording to ip(x) and calculating E = are shown In the upper diagram. 

The lower graph shows the schematic form of E as a function of generation. 
Initial equilibration to the ground state requires Me Initial steps. Thereafter, 
essentially Independent samples are obtained by calculating E every Mj gen- 
erations. 


To understand the role of the drift and source terms, it is instructive to compare 
sampling the ground state wave functions using the unguided walk. Eq. (8.62), and us- 
ing the guided walk, Eq. (8.65). in the special case that the trial function is constructed 
from the exact ground state wave function V’o and energy E 0 , <f>{x,r) — e B ° r ipo{x)- 
Whereas even in equilibrium, points are continually added and deleted in the unguided 
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walk by the source-sink term (7(s) - E) leading to a large variance for rapidly varying 
potentials, the source-sink term in the guided walk vanishes, yielding zero 

variance. The Gaussian diffusion term is shifted by the drift term ^ which guides 
members of the ensemble away from regions where the wave function is small toward 
where it is largest. In this special case, / = t)ip[x, r) is just the ground state 
density (^ 0 (*)) 2 - 

Even when the wave function is not known exactly, to the extent to which an 
approximate cj> incorporates much of the essential physics, the evolution is guided by 
that portion of the physics through the drift term and the stochastic treatment of the 
source term is only required to treat the remnant of the physics which is left out of the 
trial function. In the extreme case in which nothing is known about the wave function, 
a constant trial function reproduces the unguided walk. Ratios of matrix elements 
such as those in Eqs. (8.51) and (8.52b) have a particularly convenient form for guided 
walks, since 


(M«> ( 8-66 ) 

_ , 04 >(x) . 

K *(*) ‘ 

By the previous arguments, in the case of a general matrix element the 

optimal guiding function is the solution to the time-reversed equation of motion with 
the initial condition <f> a i,x) at P (see for example Pollack and Ceperley 1984). 

<f>{x,T) = e( T ~ 0)I1 <j> a . (8.67) 

The initial value random walk is closely related to the Green's Function Monte 
Carlo Method which is described in detail by Ceperley and Kalos (1979). Whereas 
path integral Monte Carlo projects out the ground state by successive applications 
of the filter e - £ («--E), the Green's function method iterates the filter (which 
may be thought of as an integral over exponentials /“ e~ T ^ H ~ E ^dr). Importance 
sampling is included in the same way as above by filtering / = jnp using Eq. (8.64). In 
practical calculations, the two methods are roughly comparable. Sampling the inverse 
by some interactive technique such as the Neumann Ulam method entails more 
computation than a single application of but the entire calculation does not 

need to be repeated several times to obtain the e -> 0 limit. 

TUNNELING 

Tunneling problems illustrate some potential pitfalls of the stochastic methods we 
have discussed and physically motivated remedies. Consider the splitting between the 
two nearly degenerate lowest states in the symmetric double well 




( 8 . 68 ) 
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(a) 


(b) 




T T 

Fig, 8,6 Tunneling trajectories In a double well. A portion of a trajectory 
containing two Instantons connecting the left and right wells Is shown In (a), 
and (b) compares a classical Instanton (solid curve) with the average over 
many Monte Carlo histories (error bars). 


where the spatial coordinate has been scaled to yield minima at x = ±1, the energy 
has been scaled such that the barrier height is 1, and the penetrability is controlled by 
the one remaining parameter m. As discussed in Chapter 7, in the stationary phase 
approximation the leading contribution to tunneling properties is given by the instanton 
solution which satisfies the classical equations of motion in the inverted well. Using 
the results of Problem 7.11 for the symmetric well in Eq, (8.68), the instanton solution 
is 

x{t ) = tanh 

with action 



Thus, we expect a general traj'ectory to be composed of segments fluctuating around 
each minimum, connected by trajectories across the classically forbidden region which 
fluctuate around the classical instanton. Figure 8.6 shows a segment of a typical 
Monte-Carlo trajectory connecting the two minima and demonstrates that it has the 
expected instanton behavior. 

Given a periodic trajectory localized in the left well, consider the problem of se- 
quentially updating the configuration with the Metropolis algorithm to randomly sample 
the action. When the time step is so large that it is comparable to the width of an 
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+ 





Fig, 8.7 Sketch of two Instanton trial move showing the result of adding a 
classical two-lnstanton configuration to a trajectory originally localized In one 
well. 

instanton. e ~ y/m. an instanton-anti-instanton pair can be created by moving a single 
coordinate sc m from one minimum to the other. The change in the kinetic contribution 
to the action AS ~ *-*■ = 4 y/m, is then comparable to the action for the instanton 
pair |v / 2m at 3.8 y/m. Thus, a pair will be created directly with roughly the correct 
probability, and once x m has crossed, there is no additional penalty for subsequent 
coordinates to cross. When c << y/m, as required for the continuum limit, the forma- 
tion of instantons in a single step is exponentially suppressed and many variables must 
cross the barrier in a highly correlated configuration with a shape close to that of the 
classical instanton to avoid an exponentially prohibitive action. As e — ♦ 0, the prob- 
ability of generating an instanton solution by a specific sequence of random updates 
becomes arbitrarily small and the number of Metropolis iterations required to change 
the number of instantons goes to infinity. Within a sector of fixed instanton num- 
ber, the sequential updating efficiently sums the local fluctuations around the classical 
solution, even when higher than quadratic terms are important. For example, in Fig. 
8.6b. one observes that the average behavior of trajectories in the frame of the instan- 
ton closely follows the classical result in the forbidden region and is displaced away 
from the potential minima in the allowed region, reflecting the significant contributions 
of anharmonic terms. Thus, we observe a general potential pitfall of the Metropolis 
method: it may accurately sum all local fluctuations in some subspace, but becomes 
effectively trapped in that space for any practical number of iterations. 

Once the essential problem with sequential updates has been recognized and the 
underlying physics has been understood, it is. simple to generalize the algorithm ap- 
propriately. One alternative, sketched in Fig. 8.7, is to use the correlated additive 
trial move, Eq. (8.59), in which the entire trajectory is shifted by a two-instanton 
n - r<) + tanh v/jj^(r a - r<) and the positions of the 
instanton r*, and antiinstanton r a , are picked randomly. The cost in action for such a 
global change is distributed around the classical result, thus assuring that the correct 
equilibrium distribution of instantons is built up. Alternately offering sequential and 
global updates thus effectively sums local fluctuations and samples all instanton sec- 
tors. Note that offering an unphysical global move will not bias the result because it 


configuration /< = tanhW^( 
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will never be accepted: the only danger is omitting physical moves which leave part of 
the space unsampled, if a physical observable is dominated by some specific number 
of instantons, statistics may be improved by importance sampling 

I dxO (2)e~ s W = J dx [0 (z)e-“"( 3 >] . (8.69) 

Here N(x) is any function which counts the number of instantons. It does not need to 
be absolutely precise, since as long as it correctly counts a significant portion of the 
configurations in the desired sector it will appropriately populate that sector. 

The same physical information can be incorporated in a guided random walk by 
appropriate choice of the guiding function <f>{x,r). For orientation, it is useful to note 
that if one wishes to sample the ground state wave function beginning with an ensemble 
of points in the right well, one should definitely not use the ground state wave function 
since the drift term will inhibit rather than encourage tunneling to the other well. 
Heuristically, it is clear that something like e - *** is required in the forbidden region to 
force the ensemble across. The optimal choice </>{x,r) = e^ T ~^ H <l> a always depends 
on the specific final state <t>a appearing in the matrix element being 

evaluated. Problem 8.7 presents a detailed example of how points are migrated across 
the barrier and collected in the region of maximal statistical importance for the matrix 
element. Note that in contrast to sampling the action, where an unphysical collective 
move will not be accepted, an inappropriate trial function will migrate the ensemble in 
the wrong direction. If the trial function becomes too unphysical, the guided random 
walk may become a biased random walk. 

The basic ideas described here for the symmetric double well are applicable to 
a variety of physical tunneling problems, ranging from the lifetime of many-particle 
metastable state described in Problem 8.8 to the contribution of the ground state 
energy of solid 3 He of cyclic interchanges of rings of atoms. 

8.4 MANY PARTICLE SYSTEMS 

The stochastic methods developed in the preceding section may be applied to a 
variety of many particle systems. In addition to all the freedom encountered in treating 
one degree of freedom, we also have the possibility of utilizing alternative functional 
integrals for the evolution operator. 

PATH INTEGRAL IN COORDINATE REPRESENTATION 

One obvious approach to the many-particle problem is to try to generalize the 
methods of Section 8.3 to a Feynman path integral for many particles. We begin by 
considering the initial value random walk to calculate the ground state of a many-Boson 
system. 

Recall that for a single particle in a potential, the filter e -Wp.*) acts in the space 
of all one particle states to select out the ground state. Furthermore, the ground state 
wave function may be chosen positive so that \j){x) may be sampled as a probability 
distribution Eq. (8,67) and the diffusion equation for t/i, Eq. (8.63) yields a positive 
solution. In the many-particle case. e -4»(pi-.pw. **••■*») acts in the full space of 
JV-particle states, including all totally symmetric states, totally antisymmetric states, 
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and states of mixed symmetry to select the lowest energy state. For ordinary systems 
interaction with Coulomb, atomic, or nuclear forces, the low kinetic energy associated 
with spatial symmetry causes the lowest eigenstate of H to be totally symmetric with 
respect to particle interchange, so that e~ 0H will automatically project out the Boson 
ground state. Thus, for a system like liquid *He, the ground state may be sampled by 
repeated application of the infinitesimal evolution operator 


(*!...**!« tH \yi ■■•Vn) = (j~) 1 V ’ ] 

(8.70) 

to a positive trial function 4>t{xi • ■ • ®iv)- Because of the strong short-range repulsion 
and long-range attraction of the Helium-Helium atomic potential, allowing u(y< - y } ) 
to serve as a source-sink term introduces prohibitively large variance. Since, as em- 
phasized in the discussion in Section 8.1, importance sampling becomes especially 
important in high dimensions, it is essential to use a guided random with a trial func- 
tion <f>(xi . . . x n ) which has physically reasonable short-range correlations. One con- 
venient possibility is the Jastrow form <£(x) = fl,*/ /(*« ~ x i) where / is determined 
variationally. 

As derived in Problem 8.6, the infinitesimal evolution operator for a guided random 
walk in the many-particle case is 

[xi...x N \ 4 >e eA j\yt ...yw) = n [jj”] e 

(..-w-iMM’-s (g;71a) 

where the source term is 


5 = e ( Jlil 2 £>, »)(«, y,)^ 

In (8.71 6) 

the drift term is 

and the effective time step is 

(8.71c) 


(8.71 d) 


In contrast to the case of Bosons, formidable problems are encountered in for- 
mulating the initial value random walk for many-Fermion systems. The essential dif- 
ficulty is the fact that e~ 0H <j>T filters out the lowest state of any symmetry, so that 
at large times the component of the lowest antisymmetric state {'/>a\4>t) \ $a) 
is exponentially suppressed relative to the component of the lowest symmetric state 
e -/»Es^ s |^ r )|^, g ) At some point in the calculation, it is necessary to project onto 
antisymmetric states. If this projection could be done exactly, there would be no prob- 
lem. If it is only done stochastically, there is competition between the exponential 
growth of the symmetric noise ~ e 0(®A-.Eo) and the stochastic projection error which 
only decreases as 
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To project onto the antisymmetric space, we write the infinitesimal evolution 
operator between antisymmetric coordinate states 

\2weJ 

( 8 . 72 ) 

where 

The problem now arises from the minus signs in the determinant DetM. To see the 
effect of these signs most clearly, consider the special case of a two-Fermion system, 
which when written in relative coordinates corresponds to solving for the lowest odd 
state in a symmetric potential. The antisymmetrized evolution operator in this case, 
with relative coordinate % = Si - x 2 and reduced mass n, is 


«*i - <-*u«- a 'i» = 1/4 [«-£<■-»' - .-«<■+»■] 




(l _ e -*»**J e -f(«-S)*-*»(|lH) 


( 8 . 73 ) 


As sketched in Fig. 8.8, one may now view the evolution as the diffusion of both 
positive and negative points. The kinetic contribution to the propagator for a point 
at y to x is composed of two parts as shown in Fig. 8.8a. Gaussian diffusion about 
the point y with no change in sign and Gaussian diffusion about the point —y with 
the sign of the point changed. This sum is the exact odd state propagator shown by 
the dashed line. The sequence of configurations obtained by starting with an arbitrary 
odd wave function and diffusing both positive and negative populations is shown in 
Fig. 8.8b. Both the positive and negative solutions separately approach the symmetric 
ground state and the sum, which corresponds to first odd state, becomes exponentially 
suppressed as shown by the dotted line in the bottom graph. 

In the special case of one spatial dimension, the sign cancellation problem may 
be circumvented by working in the ordered subspace xi < x? < ... < xn with the 
boundary condition that the wave function vanish whenever any two adjacent coordi- 
nates coincide. The wave function in this sector is positive and the complete wave 
function may be obtained from it by antisymmetry. In the two particle example, this 
corresponds to evolution in the domain of positive relative coordinate where the wave 
function may be chosen positive and the kinetic propagator is given by the dashed 
line in Fig. 8.8a. Note that one may group the factor fl — e~^ = e~ v ” with the 

potential term and view it as a repulsive “potential" V p arising from the Pauli principle. 

Spin cancellations for Fermions in more than one dimension, however, cannot be 
avoided. In two or more dimensions, the configuration obtained in a single step with 
a sign change by interchanging particles i and 3 may also be reached in a series of 
steps with no sign change in which * and j simply circle around each other. This 
difference between one and higher dimensions reflects the fundamental difference in 
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Fig. 8.8 Lowest odd state In a symmetric potential. The odd-state ki- 
netic propagator Is shown In (a) and a sequence of configurations obtained by 
diffusion by Eq, (8.73) Is shown In (b). 

how nodal surfaces and the surfaces defined by antisymmetry depend on dimension. 
In d dimension, the condition ^(n. ? 2 ...r„) = 0 defines a cfn — 1 dimensional nodal 
surface, whereas antisymmetry specifies constraints of the form = r } - corre- 

sponding to ( dn - d) dimensional surfaces. Thus, for d = 1, the dimensions of these 
surfaces coincide, and antisymmetry alone can completely specify the nodal surface 
of the wave function. For higher dimension, however, the nodal surfaces have higher 
dimension (dn — 1) than the surfaces specified by antisymmetry ( dn — n ), so that an- 
tisymmetry alone cannot specify the nodal surfaces. For example, for two particles in 
two dimensions with relative coordinate r, antisymmetry of the relative wave function 
^(r) = r) on |y specifies a single point ^>(0) = 0, whereas the nodal surface is 
a line in the x — y plane passing through the origin. Hence, for d > 1 antisymmetry 
alone cannot uniquely specify a sector in which the wave function is positive. 

Whereas there is no complete solution to the sign problem for Fermions in more 
than one dimension, there are two useful strategies. One possibility is to fix the nodes 
by selecting the best possible trial wave function and to perform a guided random walk 
in which no particles are permitted to cross the nodal surfaces defined by the trial func- 
tion. Within each region bounded by nodal surfaces, the problem is effectively Bosonic, 
and the result is a variational calculation and upper bound on the energy correspond- 
ing to the best possible wave function with the specified nodes. A second possibility 
is to perform a transient estimate starting with the best fixed-node distribution and 
releasing the fixed-node restrictions. As points cross nodes, cancellations will give rise 
to statistical errors which increase exponentially with evolution time while the system 
relaxes to its ground state. The early stages of the relaxation may then be calculated 
by using sufficiently large sample size. 

The same symmetry considerations encountered in the initial value diffusion prob- 
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lem for many particle systems also arise when the global action is sampled. The 
unrestricted trace Tr(0e~^ H ) for a many-body system would average the observable 
0 over all Boson states, ail Fermion states, and all unphysical mixed-symmetry states. 
Hence, the only physical use of the easily evaluated unprojected trace is in the limit 
fi — + oo in which case it projects out the Boson ground state. To calculate true thermal 
averages of proper statistics, one must sample an action in which one or more sets of 
symmetrized or antisymmetrized states have been inserted. Using Eq. (8.72) at each 
time step yields 


in JPerM"l e - aE, (*?-*:- 

U 11 I DetM" | 


for Bosons or Fermions, respectively, where M n is the matrix defined in Eq. (8,72) for 
the n th time slice, zf = xf , and M normalizes the probability. Since the permanent 
in Eq. (8.74) is positive, thermal Boson averages may be sampled straightforwardly 
in any dimension using the technique developed in Section 8.3. For Fermions, nega- 
tive contributions of the determinant may also be avoided in the special case of one 
dimension by working in the ordered subspace as before. 

Finally, before considering alternative functional integrals for the many-body evo- 
lution operator, it is useful to note that the path integral Monte Carlo approach illus- 
trated above for the case of N particles in coordinate representation may be applied 
to a variety of other physical systems with many degrees of freedom. For example, 
although the most common way of solving lattice gauge theories is to sample the global 
Lagrangian action using the Metropolis algorithm, one may also treat the Hamiltonian 
form of lattice gauge theory as a many-body problem. The degrees of freedom are the 
elements of a group defined in each of the links of a lattice in d spatial dimensions 
(see, for example, Creutz. 1983). In the simple case of 77(1), corresponding to quan- 
tum electrodynamics, a group element at a link originating at site n in direction k may 
be written U = e iAk ^ and the resulting Hamiltonian is 

^ = Ei^W+ A ]D 1 - cos5 *W] (8-75*0 

k,n 1 kn 

where B is the sum of the link variables around an elementary plaquette corresponding 
to the lattice curl 

Bi[n) = Ujk [A fc (n + ey) - A fc (n)] (8.756) 

and the commutation relations [Afc(n), Ek>(n')} = i6kk'$nn' imply Ek(n) = 

Note that conventional electrodynamics is recovered when the lattice spacing -+ 0 and 
the | B 2 term from the cosine dominates. Discrete 77(1) lattice gauge theory thus 
looks just like a many-body problem with coordinates a;,- replaced by compact variables 
0 < A fc (n) < 2jt and a four-body potential connecting links on common plaquettes. 
The only difference relative to the evolution operator (8.70) arises from the kinetic term 
for the compact variable A. which follows by using a complete set of periodic states 
(A|m) = e imA and the Poisson sum formula 
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= y± e im{A’-A) e -^ 

4-/ 2jt 




£(A'-A + 2irn) a 


(8.76) 


In the limit e -* 0, the contributions of the periodic images outside the fundamental 
interval [0, 2ir] are exponentially suppressed, and the evolution for A is precisely the 
familiar Gaussian diffusion encountered in the many-body problem. The infinitesimal 
evolution operator for non-Abelian groups has analogous structure. For example, in 
the case of SU( 2), group elements may be written in the form U = oo/ + »]C<=i a * T * 
where the r,- denote Pauli matrices and the real coefficients a } - satisfy = 1 and 

are thus constrained to the surface of a three-sphere. In the limit e — » 0, the kinetic 
term becomes where AS is the distance between 17(3) and 17(3') and 

produces Gaussian diffusion on the three-sphere. 

The generalization of the potential term in (8.75) is the sum over all plaquettes 
of R&Tr(UUUU ) where the product of the U's is taken around each plaquette. Note 
that this term still has the form of a four-body potential in the compact variables and 
that Re(e iA e iA e iA e iA ) reproduces the cos B potential. (Eq. (8.75)) for U{l), Further 
details are provided by Chin et al. (1984. 1985). Yet another example of this path 
integral Monte Carlo approach is the case of spin systems discussed subsequently, in 
which a random walk in the space of continuous coordinates s,- is replaced by a random 
walk in the space of discrete spin projections try. 


FUNCTIONAL INTEGRALS OVER FIELDS 


It is natural to ask whether any of the functional integral representations of the 
many-body evolution operator using fields are preferable to the particle coordinate 
path integral for stochastic calculations. A priori, it appears counterproductive to 
resort to field variables instead of particle coordinates, since continuum fields must 
be approximated on a discrete mesh. The field representation is thus no longer exact 
in principle, and in order to obtain reasonable accuracy, the number of degrees of 
freedom required is immensely larger than the number of particle coordinates. Recall, 
for example, the case of 208 Pb at the beginning of Section 8.1, which for even moderate 
accuracy would require a (100) 3 lattice with 10 6 degrees of freedom to describe the 
physics of 624 physical degrees of freedom. Hence, a functional integral over fields will 
only be useful when it circumvents an otherwise insurmountable problem, such as the 
Fermion sign problem in more than one dimension. 

Consider first the possibility of sampling the action for the coherent state partition 
function Eq. (2.60) 

Z = / P(O) e -S (8.77) 


where <$> a is a complex variable or Grassmann number and a denotes the point of a 
space-time lattice and any internal quantum numbers. For Bosons, the integrand is 
unavoidably complex, since even the one-body piece <j>* a n + is non- 

Hermitian, and one is thus confronted with the usual sign problem in sampling the real 
part. Note that although the coherent state path integral for Bosons is formally similar 
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to the field theory of a scalar field, only the latter is suitable for Monte Carlo sampling 
since the action for a scalar field may be written in terms of a real field $ and contains 
the Hermitian contribution py - ^) aP 4>aP- For Fermions, practical methods 
have not been developed for Monte Carlo integration over Grassmann variables. Recall, 
for example, that a matrix representation of Grassmann numbers with n generators 
requires 2 n x 2 n matrices. 

Thus, in order to obtain a suitable functional integral over field variables for either 
Bosons or Fermions, it is necessary to introduce an auxiliary field and integrate out 
the complex or Grassmann variables <j> a as in Chapter (7). 

Z = J ^ dT ^ a ^ Vae ^^ 4 ‘ > 

= J D{<t>*4>)D{o)e'^So a t>* - E So dT *«{& -M+r + ) 4^8 78 ) 

= I P(o) [Det^-/i + r + W a^] * . 

Note that in order for the Gaussian integral over a to converge, all the eigenvalues of 
v must be negative so it may be necessary to introduce a constant or diagonal shift in 
the potential (see Sugiyama and Koonin. 1986). 

The essential question is when the resulting determinant is positive so that the 
action may be sampled without sign cancellations. Although positivity is not assured 
in general, the integrand is positive for one important class of problems: those in 
which the potential is independent of an internal symmetry having an even number of 
states. Consider the case of Fermions with a spin independent interaction and write 
the space, time, and spin labels included in a explicitly <f> a = <f> m {x,r). Then the 
interaction is J dxdx' YSm v ( x ~ x ') 2m' on ty a s ' n 6l® 

spin-independent auxiliary field is required and 

Z = J p(t*<fi)P(a)etf dxdx ' dr " (x ’ T)u(x - x ' },r(x '' T) 

= J P(o)[DetM(o)] 25+ V sw (8.79a) 

where 

M xr -,x>f = ~(i + T+ ^fdyv(x-y)<r[y,r)^ ^ (8.796) 

and 

S(<t) = ~^J dxdx 1 dr (t(x,t)v(x - x')o{x',t) . (8.79c) 

Since Fermions have half-integer spins, only even powers 25 + 1 of the determinant 
arise and the integrand is positive. The same argument applies for any other internal 
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symmetries such as isospin, color, or flavor and ground state properties for even num- 
bers of Bosons may be obtained by treating them as Fermions with spin degeneracy 
N as in Section 3.1. 

Once the partition function has been expressed as an integral over a. Eq. (8.79), 
observables are evaluated as the sum of contractions using Wick's theorem in the usual 
way (see Eq. (2.84)): 


(l?(*i n) • • • KO • • • ftiz'A)) 

= LJ 0{p$)P(o) e ~ S W-Y,n! dxdTd *' dT ' r. «.(«••) 

X <f> mi (atxri) ( x n T n )<l>* m , m ( x' n r ‘ n ) . . . ^ {x[t[) (8.80) 

= \[ 

X E C P M; p \ tpi;x[t , . . . M- p \ rpni<Tn (a)5 m „„ m , . 

p 

Note that even though [Det M(a)] zs+1 e~ s ^ is positive, the signs $ p arising 
in Wick's theorem may cause uncontrollable cancellation for some operators. The 
biggest practical problems in applying Eq. (8.80) are encountered in evaluating Det M 
and M~ l . The quantity Det M(cr)e~ s ^ ff ) may be sampled directly using the micro- 
canonical method. Eq. (8.48), or the exponent lnDetM(<r) - 5 ( 0 ) may be updated 
using the relation ^lnDetM(o) = The inverses arising in matrix 

elements. Eq. (8.80) or in updating the action may be evaluated by conventional 
sparse matrix techniques such as the conjugate gradient method, or by stochastic 
methods such as the Neumann-Ulam method (8.41) or sampling a Gaussian integral 

Another closely related method is to use the operator form of the Hubbard 
Stratonovich transformation and replace the trace by a matrix element of Slater deter- 
minants. (Sugiyama and Koonin, 1985), Thus, for example, the ground state energy 
is calculated by evaluating 


where 


Eq = lim 


fP(a) C - a (>)($|t7 g |») ^^ffi 

JP(ff)«- s W(*|t/' < ,|*) 


( 8 . 81 ) 


U _ j < e ~ 12 m f dxdx ' dTdT ‘ ’££K t )[t+! J dyv(x~y)tr(y,r )] ^ 


and I#) denotes an iV-particle Slater determinant. Since U a corresponds to evolution 
in a time-dependent one-body field specified by a{x, r), U„ \<j>) is a Slater determinant 
and {<f>\U a \<f>) is a determinant of overlaps between the single- particle wave functions 
in {<j > j and U a \4)- Again for spin-independent interactions, one obtains the overlap 
determinant to the (25 + l) th power. 
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8,5 SPIN SYSTEMS AND LATTICE FERMIONS 


Additional interesting possibilities arise in the stochastic solution of quantum spin 
systems on a lattice and of closely related lattice Fermion models. 

The magnetic properties of solids may be described by a quantum spin Hamiltonian 
since the exchange interaction between electrons gives rise to an effective spin-spin 
interaction (see. for example Ashcroft and Mermin, 1976), For illustrative purposes, 
it suffices to consider the simple case of the Heisenberg Hamiltonian for spin one-half 
with nearest neighbor interactions 


m 


(8.82) 


where positive J corresponds to ferromagnetic coupling and the spin one-half operator 
is written in terms of the Pauli matrices §,• = |{of, crY , cr|}. Extension of the basic 
ideas to anisotropic couplings, external fields, and higher spin is generally straight- 
forward, and further details may be found in the review by DeRaedt and Lagendijk 
(1985). 

The connection in one dimension between lattice spin Hamiltonians and lattice 
Fermion models, such as the Hubbard model (1963, 1964) is seen by noticing that the 
raising and lowering operators 


a i = = \ 


(8.83a) 


behave nearly like Fermions. They have Fermion commutation relations on sites 

{ a<i at} = 1 af = a] 2 = 0 (8,83&) 

but have Bosonic commutations relations between sites 


[a^at] = [a,* ay} - [a^aj] = 0 . (8.83c) 

True Fermion operators may be constructed from the a's via the Jordan Wigner trans- 
formation 

e . = e;: 1 , Qi c t = e;:; 0 t (8 . 84) 

which inserts the requisite minus signs by counting the number of occupied sites to 
the left of the i th site (see Problem 11). Thus, for example, we may rewrite a lattice 
Fermion model as a spin | model as follows 


E [~ T { c Ui+ 1 + c Ui c <) + u c l c i4 + i'i+i] 

= E [- 2T + u ( s ? s Ui + sr + J) ] . 


In general, except for technical details such as treating the Jordan Wigner phases 
with periodic boundary conditions one may pass freely between the spin and Fermion 
language, and it is often useful to think of the spin-projection representation as an 
occupation number representation. 
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CHECKERBOARD DECOMPOSITION 

One alternative to evaluate the evolution operator for spin systems is to use the 
Trotter formula as we have for other path integrals (Suzuki. 1976). To break up the 
evolution operator into a sequence of infinitesimal steps which are particularly easy to 
evaluate, it is useful to decompose the Hamiltonian into sums of non-overlapping cell 
Hamiltonians. To illustrate the decomposition, which may be performed for any lattice 
in any dimension, we consider a one-dimensional chain and break up H into nearest 
neighbor interactions beginning on odd and even sites 




ffs 

5 -ffodd + Hewn 






-j J2 s t -s i+1 • 
• {.•£} 


(8.86) 

The 

infinitesimal 

operator 

is written in 

the 

usual way 


e -ejr jj, so that when complete sets of intermediate states 

are inserted, the evolution operator has the form 

J2 

(8.87a) 

The essential advantage of this result is that since 77 0dd and H even are sums of 
commuting operators each of the matrix elements of e~ e - Ho<ld and e~ eIi * r * a breaks up 
into products of independent two-spin matrix elements. For example 

= II (mfm? +1 |e £j5, ' s<+ ‘ |m< w,- +1 ) 8.876 

where {M} denotes the set of spin projections on the sites {mim 2 . . . ww}. The 
sequential action of H evea and H 0 dd is sketched in Fig. 8.9. Since the total spin 
projection is conserved, as emphasized by Hirsch et al. (1981), it is convenient to view 
the evolution in terms of world lines representing the trajectories of the up spins or 
equivalently, lattice Fermions occupation numbers. Using the familiar identity relating 
Si ■ Sj to the spin exchange operator P,y 

p a = \ (** ■ s i + i) 

/I 0 0 0\ I 1 

_ 0 0 1 ° j 1 

0 10 0 |-1 

Vo o o iJ l-i 

and the fact P 2 = 1. the infinitesimal evolution operator Eq. (8.87) may be written 

-tJL Up., 
e * = e « e > 


1 ) (8.88) 

1 > 

-1 ) 
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Fig. 8.9 Checkerboard decomposition of e~& H In one space dimension. The 
shaded regions Indicate sites connected by H eve „ and H a <j<j. The solid world 
lines denote one possible trajectory for the up spins under the sequential action 
of H even and if 0 dd In a small portion of the space-time lattice. Because at 
each time step the system evolves either under H even or H 0< u , the world lines 
are constrained to the shaded regions. 
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(8.89) 


For the Heisenberg ferromagnet, J > 0, all the matrix elements are positive and 
the initial-value random walk for any dimension lattice proceeds like the coordinate 
space path integral for the many-Boson problem with the world lines for the up spins 
corresponding to the trajectories for particles. 

The antiferromagnet naively appears to have sign problems analogous to the many- 
Fermion problem because of the negative off-diagonal matrix elements appearing in Eq. 
(8.89) for J < 0. However, a cure is suggested by the fact that classical magnets and 
ferromagnets on bipartite lattices are equivalent. By definition, a bipartite lattice is 
composed of two sublattices such that all the nearest neighbors of a site on one sublat- 
tice belong to the other sublattice and vice versa. Common examples include the linear 
chain, square, cubic, and body-centered cubic lattices. Classically, if all the spins on 
one sublattice are mapped into new variables with a sign change S A -* -S A while the 
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signs are unchanged on the other lattice Sg —* Sg, then J S } - — » — J . SiSj. 

Quantum mechanically, the ferromagnet and antiferromagnet are fundamentally differ- 
ent and therefore cannot be mapped exactly into each other. However, we are still 
free to choose different bases on the two sublattices for our own convenience. The 
appropriate transformation for our present purpose is to rotate all states on one sub- 
lattice by 180° around the a-axis |m) = e l $ a, \m). The transformation of the spin 
operators under this operation is a x -* -a x , <r y -+ -a y and a* —> a* so that 
Bi Bj — * -Bi -Bj + 2<7?(7y and the troublesome ofF-diagonal minus signs are removed. 
The ferromagnetic and antiferromagnetic cases are conveniently combined by defining 
the matrix 




1 

o 

0 

0 


0 

0 

V 

0 


0 

n 

o 

o 


o 

0 
0 

1 


f? = ±l 


(8.90) 


which corresponds to the matrix elements of Pi, in the original basis for r) — 1 and 
the matrix elements in the transformed basis for t) = — 1. Since P{n) 2 = 1. we may 
write 


=e -^P(n) 

r ^ 


0 

0 

0 


0 0 0 

cosh sinh ^ 0 

sinh ^ cosh ^ 0 

0 0 


1 + 2M 0 0 0 

i-sM M o 

0 M i-aM o 

000 1+2M 


(8.91) 


where r) = 1 for a ferromagnet and rj = -1 for an antiferromagnet. The explicit r ? 
dependence of the diagonal matrix elements contains the physical difference between 
quantum ferromagnets and antiferromagnets. Note that in contrast to the Fermion sign 
problem which was cured only in one spatial dimension, the sublattice transformation 
has eliminated minus signs for bipartite lattices of any spatial dimension. For other 
antiferromagnetic problems, however, such as the triangular lattice which is impor- 
tant because it is the simplest example of frustrated spins and the problem of cyclic 
exchanges in solid 3 He, the minus signs cannot be removed completely. 

When the trace of the evolution operator is evaluated instead of a specific matrix 
element as in Eq. (8.87), one must again address the problem of trapping in a restricted 
subset of all spin states. Sequential updating of individual spins only samples states 
of fixed total spin projection (or total Fermion number) since H commutes with 5*. 
In order to sample the full space, microreversible global moves must also be included 
which ofFer the possibility of adding or removing an entire world line. For Fermions with 
periodic boundary conditions, which may be represented by world lines on a torus, one 
must similarly allow for transitions between configurations of different winding number 
n, where n is the number of times a point on a world line must circle the torus before 
returning to its original position. 
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SPECIAL METHODS FOR SPINS 

A method by Hanscomb (1962) exploits the special properties of spin | algebra 
to avoid the finite e errors inherent in path integrals and represents the thermal trace 
as an exact average. Using Eq. (8.88), the Hamiltonian may be rewritten as H = 
' 3y = "I E<«y> | JVfcJ where Pij permeates the spin states at i 

and j and JVj, is the total number of bonds. To calculate the partition function, one 
may omit the constant ~NbJ and expand e~& H as a power series with the result 




.••■Pm.) 


(8.92) 


where m = 1,. ,.N h denotes each nearest-neighbor pair and C n = 

(P mi ,P m , ...P mn ) denotes a particular sequence of n permutation operators. The 
Monte Carlo problem then corresponds to a random walk in the sample space of per- 
mutations {C n ; n = 1, oo} and thermal averages are given by 


<0> = 


E„,c„ 0(C n )Tl(C n ) 

n(c7„) 


where 


U(C n )=±(f}±y Tr{P mi P m 


••■Pm.) 




(8.93a) 


(8.936) 


(8.93c) 


Tr • • • Pi m*. j 

The spin traces of permutation operators are straightforward to evaluate, and for 
ferromagnets, n(C , „) is a positive probability. A random walk to sample n(C„) may 
be defined by a sequence of steps in which a permutation is microreversibly added to or 
deleted from the sequence C n . For example, following Lyklema (1982) one may define 
a trial move for which the probability for adding a permutation is 


where ^ is the probability of choosing a particular permutation Pfn> n+1 is the prob- 
ability of choosing a particular position in the sequence C n , and f(n) is a distribution 
chosen to specify the probability of adding a permutation to a sequence of length n. 
The corresponding probability for removing a permutation is 

F(c n+l -*c N ) = ~^-(i-nn + i)) ( 8 - 94ft ) 

nt 1 


where is the probability of choosing the specific permutation to remove. Using 
the generalized Metropolis algorithm of Problem 8.1. the process is microreversible if 
the trial move to configuration C n + i is accepted with probability 

( i -/(« + i) n(c n+1 A 

V ’ &/(»> ) ' 


P{C n + i) = min 


(8.94c) 
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For an antiferromagnet, Eq. (8.93) is unsuitable as it stands, since each odd term 
in n is negative giving rise to sign cancellations which cannot be handled stochastically 
except at high temperatures. Thus, following Lee ef at. (1984), it is useful to rearrange 
the series using the identity 

^•-1 = ^-4 (8.95a) 

hi, = i (art aj + or at ) . (8.956) 

In the representation of Eq. (8.90) 


•o 

0 

0 

0- 


'0 

0 

0 

o- 

0 


n 

0 

L 

0 

0 

V 

0 

0 

V 

-l 

0 

ft — 

0 

n 

0 

0 

.0 

0 

0 

0. 


.0 

0 

0 

0. 


from which we note that hi,- interchanges spins if i and j have opposite spin states 
and yields zero for identical spin states and that the minus sign of h may be removed 
for a biparticle lattice. Ignoring irrelevant constants, the partition function for J < 0 
may be expanded as follows 


= Tr {OmiOmt • •• 0 mv ) 

n=0 ' ' Cv. 


(8.96) 


where 0 = /i?- or -hij- Since only closed loops with an even number of h,' s con- 
tribute or equivalently by virtue of the sublattice transformation, all C n ’s yield positive 
contributions and the evaluation of thermal expectation values and the random walk in 
the space of operator sequences C„ proceeds as before. 

Another novel feature of spin and lattice Fermion systems is the possibility of 
using a discrete rather than continuous auxiliary field. If some operator A can only 
assume a finite set of discrete values, it is always possible to replace the integral over 
a continuous auxiliary variable in the Hubbard Stratanovich transformation e% bA = 
$ da e~% be,ijrabA by a discrete sum. For example, consider an operator A which 
can only assume the three values {—1,0,1}, in which case a single sum over an Ising 
variable suffices 

e bA * = ~ J2 e" aA A = {-1,0,1} (8.97) 

<r=±l 

where 

tanh 2 - = tanh — . 

2 2 

This discrete Ising auxiliary field has been used by Hirsch (1983, 1984) to replace the 
two-body interaction Un^ni in the Hubbard model by a sum over one-body fields. 
Using the fact that this occupation number for spin up and spin down particles, nj 
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and nj, are 1 or 0. the operator A may be chosen to be (n T - n^) or (n T + ri| - 1), 
yielding the following real identities for positive and negative coupling, respectively. 


and 


e -etr»,n, _ 1 Y' 

2 Jkx 


tank 2 a = tank ( - 


U > 0 


g-st/njm _ 1 Y' e 26cr(»t+'H-l)-iC r <(nt+rat-l) 
2 


ff=±l 

- tanh 2 6 = tanh 


(eU\ 
V 4 ) 


U <0 . 


(8.98) 


(8.99) 


When the Fermion trace is taken over the one-body operator, the resulting Ising action 
has much less phase space than the continuous Gaussian action and is more convenient 
to sample. 


The basic stochastic methods presented in this chapter are currently being applied 
to a broad range of quantum systems involving many degrees of freedom, including 
both many-particle systems and field theories. Although it is impractical to provide an 
exhaustive list of references, the following list provides a starting point for exploring 
applications to specific systems. 

Because of the absence of sign problems for Bosons, Monte Carlo studies of liquid 
and solid 4 He have been the most definitive, and representative results are given by 
Kalos ef al. (1974), Whitlock ef al. (1979) and Kalos ef al. (1981). Extensive results 
are becoming available for a variety of many-Fermion systems including molecules 
(Anderson, 1981; Moskowitz ef al., 1982; and Reynolds et al., 1982), the electron 
gas (Ceperley and Alder, 1980), liquid and solid Hydrogen (Ceperley and Alder, 1981), 
liquid 3 He (Lee et al., 1981) and light nuclei (Zabolitzky and Kalos, 1981; Zabolitzky 
et al. 1982). Applications to spin systems and models such as the Hubbard model are 
cited in the review by DeRaedt and Lagendijk (1985). Because of the simplifications 
which arise for Fermions in one spatial dimension, particular attention has been devoted 
to one-dimensional models such as a potential model for nuclei (Negele, 1979), meson- 
nucleon field theory (Serot et al. 1983), a quark model of hadronic matter (Horowitz 
ef al. 1985), and the Gross-Neveu model (Hirsch ef al., 1982). Lattice gauge theory 
has been studied both in the Hamiltonian form described in this chapter (Heys and 
Stump, 1983, 1985; Chin ef al.. 1984, 1985) and in Lagrangian form as reviewed, for 
example, by Creutz (1983) and Kogut (1985). Recent references to these and other 
topics may be found in the conference proceedings edited by Gubernatis ef al. (1985). 


PROBLEMS FOR CHAPTER 8 


The most crucial problem for learning to apply the ideas developed in this 
chapter is Problem 9, which leads one through the salient practical problems en- 
countered in an actual calculation and then requires a real numerical Monte Carlo 
calculation. The remaining problems derive, apply, or generalize results presented 
in the text. 
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PROBLEM 8.1 Generalized Metropolis Algorithm The standard algorithm of 
Metropolis et al described in Section 8.2 may be generalized in several ways. 

a) Let F(x — » xt) be any distribution, not necessarily symmetrical, and 
define 

- F (%r -» S)e~ s(8r) 


q(x — x T ) = 




Show that if a tentative step xt is generated by F(x —* xt) and accepted with 
probability min {1 ,g(5 — ► xt)}, then the evolution satisfies the microreversibility 
condition (8.27). Note that this algorithm reduces to the standard method if F is 
symmetric. 

b) Show that acceptance with probability is also microreversible. 

PROBLEM 8.2 Variant of the Neumann-Ulam Method Show that when M~ l 
is calculated by evaluating the mean value {■%), Eq. (8.40), the variance is ((£,7 - 

Mr- 1 ) 2 ) = [(1 - *)-%• Jy 1 " ( M ~% where = KjRii- Thus > the method 

has two problems: each walk only contributes to a single matrix element of the 
inverse and the variance increases inversely with the stopping probability. 

A useful alternative is to define a separate score 4- for each j as follows. At 
each step k when the walk has progressed to state »k, the product of all the residue 
Ru,Ri,i, ■ ■ ■ Rik~iik is added to §u k . Thus, the stop probability is removed from 
the score although it still affects the length of the walk and each walk contributes 
to many matrix elements. Show that = M^ 1 . 

PROBLEM 8.3 Comparison of Langevin and Molecular Dynamics Methods 

Write the lowest order finite difference approximations to the Langevin equation, 
Eq. (8.32) with T = — so that (8.34) has unit standard deviation and the molecular 
dynamics equation of motion, Eq. (8.45), to obtain 


x? +1 = X? - i(Ar) 2 ^- + Ar & (Langevin) 

2 oxi 

s” +1 = x’ 1 — i(Ar) 2 -~- + i (x t n+1 — x P 1 ” 1 ) (Molecular dynamics) 


Thus observe that the stochastic noise enters in the same way as the velocity ~ 

. 

Comment on the efficiency of the two methods in sampling the local space and 
in sampling the global space. Thus, explain the potential advantages of alternating 
between the two evolution algorithms. A specific example is given by Kogut (1985). 

PROBLEM 8.4 Discrete Time Errors 

a) To see that the symmetric decomposition e~$ T e~ cV e~% T really yields lead- 
ing errors of 0(c 2 ) and asymmetric choices yield 0 (e) , find the eigenfunctions of 
U n (x, y) = +( 1 ~i) x 1, Since it is clear that a quadratic form will 

satisfy f dyU t] (x,y)^>(y) = e~ cX ip(x), one straightforward method is to try a gen- 
eral quadratic form and to solve for the parameters. Verify that for the symmetric 
case i) = | you obtain a harmonic oscillator wave function e~ a wsc ’ with energy ^ 
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where w = u> ^1 + (~) 2 j . Note that if (e tT e tV ) n is used as a filter to obtain 

the ground state wave function, an extra order of e accuracy is obtained if it is 
multiplied by e~ = v whenever it is sampled for an observable, 

b) Now consider an oscillator potential with an infinite wall at the origin, i.e. 
V (a;) = jx 2 x > 0, and V(x) == -too x < 0. Show that simply adding an infinite 
potential for x < 0 in the infinitesimal evolution operator yields errors of 0{y/e). 

c) XJse the propagator with images, Eq. (8.56) to solve for the first odd eigen- 
state of the harmonic oscillator as in part a) with fj = | and show this hard wall 
boundary condition yields 0 (c 2 ) accuracy. 

PROBLEM 8.5 Evaluation of Kinetic Energy 

a) Derive eqs. (8.49a, b) for ( T ) by inserting p 2 into the path integral two 

ways: (x n \e~i v e~ iT p 2 e~i v \x n -!) 

and {x n \e~$ v e~* T e~$ v p\x n -i)(x n -.i\pe~$ v e~ tT e~ % v |x n _ 2 ). What is the order 
of the leading error in e in each case? 

b) Derive the continuum form of the virial theorem, Eq. (8.58), being careful 
to allow for non-Hermitian boundary conditions. In the special case that ip' vanishes 
at the upper and lower limits, note that (T) = |((x - xo)V'[x)) for any choice of 
xq. Show explicitly that (V') = 0 in this case. How should *o he chosen to optimise 
statistics for the case of the ground state of the harmonic oscillator? 

c) Derive the virial theorem for the discrete evolution operator as follows. 

Let <j> n denote any eigenfunction of the discrete evolution operator e~ ( ^ e~ tT e~ t 
Hence, {4> n \\px e~ €T e~ ( ^]\ <j> n ) = 0 so that the commutator is zero in the trace 

or ground state expectation value. Evaluate the commutator to obtain 

e~ £ £e~ £r e~ e T]|y) = (x e~ € ^\y) 

+ i (xV'{x) + yV'{y)) e-i ?(«-*)*-*<’'<*>+''(»» . 

Since to 0(e 2 ) the evolution operator may also be written e~$ T e~ eV e~i T , show 
that (T) = (jfYli ZiV'(xi))p s to 0(e 2 ), where S is the action for the trace. 

PROBLEM 8.6 Guided Random Walks 

a) Using the Schrodinger equation in imaginary time for \p{x, r), derive Eq. 
(8.64) for the evolution of the product f{x,r ) = $(a:, r) r). 

b) Derive the infinitesimal evolution operator for /, Eq. (8.65). Note that 
this equation has the form naively expected from the diffusion equation Eq. (8.64), 
except that e is replaced by i in the Gaussian. One method is to show 


<*i m*~ tf *~* 



r™L c \n 4M- 

V 2 ire 


in the usual way and to expand In <p(%) around y being careful to retain all 
terms of order e and to normalize the Gaussian appropriately. Another al- 
ternative is to use the Baker-Hausdorf identity e A+ ° — e A e® e |l j4 > D l+ - l on 
e - £ [ an( j note p 2 ^ l g0 that terms like e 2 p 2 must be retained. 
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Observe that in the case of the harmonic oscillator, I is a constant corresponding to 
a trivial rescaling of the time step. The role of i in practical calculations is discussed 
by Moskowitz et al. (1982). 

c) Derive the infinitesimal evolution operator for a many-Boson system with 
wave function ${x\ . . . x n , r) and guiding function <t>(xi ■ . . x n > r). Do any new com- 
plications arise in the many-particle case? 

PROBLEM 8.7 Time-Dependent Guiding Function To understand how a time- 
dependent guiding function, Eq. (8.64), guides a random walk, consider a symmetric 
double well with a high barrier at the origin and minima at ±D/2. Let 4> a {x) be 
a narrow Gaussian of width As centered at —D/2, let 4>b{x) be a positive wave 
function localized in the right well, and consider the matrix element 

a) Explain why the guiding function <f>(x, r) = e^ r ~^ H 4> a is positive at all 
times. Determine its behavior at times very close to ft and explain how the drift term 

forces the ensemble of points into the region of maximum statistical importance. 

b) Consider <j> at early times such that fi — r > ^ for which \4>{P — r)) 

|0){0|&> + |l){l|^t,)e~^~ T ' A where A and denote the excitation energies of 
the first and second excited states and |0) and |1) denote the ground state and 
first excited state. Sketch <f> for (fi - r) « ^ and for (/? - r) » Note that 

|Q) and |1) correspond to the lowest eigenfunctions and <f> 0 in the right-hand 
well satisfying even and odd boundary conditions at the origin and thus show that 
^> e (0)^o(0) = 2mA / 0 °° Tp 0 (x)<f> e (x). Hence, evaluate the drift term at the origin and 
show 

jl £M 2eA -AA 

m 4(0) V?(0) 

Note that since the density at the origin 4? (0) is much less than the average density, 
Dipt (0) « 1 and the drift term will migrate the propulation from the right well to 
the left well in characteristic time much less than 


MM i _ 

2 A A 


In summary, explain qualitatively the role of the guiding function in each of 
the three time domains: ^ - r), ^ < (0 - r) « i, and (/9 - r) < 

c) Define a localized eigenstate pi, as the solution in a single well defined 
equal to V (z) for x < 0 and equal to V (0) for x > 0. Let 4>r be an analogous 
eigenstate in the right well. How does this analysis change if one calculates the 
overlap {<j>L\e~ fiU \<j>R) used to determine the gap in Eq. (8.53)? 

PROBLEM 8.8 Lifetime of a Metastable State Although in general it may be 
difficult to express a physical observable in real time in terms of quantities which 
can be evaluated in imaginary time, it is possible to do so for the lifetime of a 
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metastable state. 



a) Use the asymptotic form of the wave function in the potential sketched in this 
problem to obtain the familiar Breit-Wigner phase shift 

S(k) = S 0 + kb + tan” 1 — — - 

kq — k 

where k = \/2mE, k 0 = y/2 mEo, Eq is the energy of the metastable state, 7 = 
and 6 is the origin with respect to which & is defined. Using the argument in Section 
8.3, explain how a hard wall boundary condition may be imposed at an arbitrary 
position a in the exterior region and used to determine 7. What are the limitations 
of this method? 

b) Since for high barriers, « 1, it is impractical to measure 7 from the 
phase shift, show how to extract it from an energy splitting as follows. For a hard 
wall fixed at positive a, consider the two lowest eigenstates specified by S(k n ) — 
nit — k n a in the limit 7 « |fc 0 — k n \. Vary a to minimize the splitting between fci 
and &2 and show that at the minimum value a m , 


a m +b 


(fc 2 - fci } 2 (l+O 


Now a left well Vl(x) = 9(xt,~x}V (x) + 9(x — Xb)Vi, and a right well Vr(x) — 0(27, — 
x)Vi , + 8{x — Xf))V{x) with ground state energies El and Er. Show that to order 
a m corresponds to the value of a for which El = Er and that b + a — 

Hence show 


r (A£) 2 


1 + 07 


that is, the lifetime is given by the energy splitting in a suitably defined double 
well. Note that since A E ~ {L\v\R) this result has the familiar Fermi golden rule 
form of a transition matrix element squared times a density of states. 


PROBLEM 8.9* Monte Carlo Calculation To fully understand and appreciate 
the stochastic methods described in this chapter, it is necessary to solve a concrete 
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a) The principal practical problem in real calculations is establishing credible error 
estimates. To illustrate the essential issues, Monte Carlo results from studying a 
many-Fermion system in one dimension (Negele 1979, 1986) are shown in the figure. 
To use Eqs. (8.12- 8.13) for the statistical error, we must know how many steps of 
the Metropolis algorithm or applications of e~ eH are required to obtain statistically 
independent samples. Hence, if Oi denotes the i th sample of some observable ( 0 ), 
it is useful to calculate the autocorrelation function. 

mo i+k )} - ( m 2 

(( o ?)) - (( a -)) 2 

where {{ OiOi+k }} = YsiLi OiOi+k- Figure (a) shows the autocorrelation functions 
for the energy and density. Explain why these are different and how often to sample 
each for independent results. If a calculation had not yet equilibrated, how might 
this lack of equilibrium show up in the autocorrelation function? Suppose one uses 
Eq. (8.55) to calculate an observable by averaging over the complete time mesh. 
Are observables on adjacent time slices correlated? How would you take this into 
account in establishing errors? 

b) Figure (b) shows the mean value of the energy obtained by starting with 
our initial configuration, sampling the energy and variance every (m) lh update and 
averaging (n) such samples to obtain the energy and error bars shown. At what 
point has the energy equilibrated? Are the error bars past that point statistically 
sensible? Suggest several ways to check the equilibration and error estimates. 
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c) Figure (c) shows the energy as a function of time step size At 
for three different calculations: Em denotes the virial theorem average 

<£«,,• (|| Xi - x 3 - \v'(\xi - a?y|) + uflac,- - ary |))) when the action Eq. (8.72) is sam- 
pled with the Metropolis method and Et and Em denote the trial energy, Eq. 
(8.51) and normalization energy (8.61) obtained using a trial function composed of 
two-body Jastrow correlation factors multiplying a Slater determinant. Explain the 
expected dependence on At for each energy and comment on the magnitude of the 
At dependence. If this characteristic scale of variation of v is of the order of 0.2 (in 
units where h = m = 1), explain the value of Ar at which you expect convergence 
to set in and comment on the numerical results. 

b) With this preparation, carry out a numerical Monte Carlo calculation on a 
simple model or physical system. For those inexperienced in numerical calculations, 
an ideal starting point is provided by the H~ molecule. The calculation is described 
in detail in project 8 of the text by S. E. Koonin (1985), which also provides a 
working program for use on personal computers. 

PROBLEM 8.10 For the case of many Fermions in one spatial dimension, show 
that in the ordered subspace, the determinant in Eq. (8.72) may be approximated 

DetM ss fl U — Intepret this result in terms of images. 

«= 2 

Determine the evolution operator analogous to Eq. (8.71) for a guided random walk. 

PROBLEM 8.11 Jordan-Wigner Transformation 

a) Verify that the operators defined in Eq. (8.84) satisfy the Fermion anti- 
commutation relations {ciC^} = 5,y, {c^cy} = { c J, c y} = 0- Use Eq. (8.83) and the 
algebra of the Pauli matrices to show that e t7r atoy is a rotation operator and thus 
note that the operators and c\ in Eq. (8.84) create kinks and antikinks in which 
all the spins to the left of site i are rotated around the z axis by ±?r. Does a spin 
problem of the form of Eq. (8.85) with periodic boundary conditions transform into 
a Fermion problem with periodic boundary conditions? 

b) The Bethe ansatz for the one-dimensional 5-function problem in Problem 

1.9 was actually made for the Heisenberg spin Hamiltonian H SjS'-i+i. Show 

that this may be rewritten in terms of Fermion operators as 

H = ( c «+i “ 2c * + e *-i) “ J T. c J c < e J-t-i c »-n 

and take the continuum limit to obtain the second quantized form of Eq. (l) of 
Problem 1.9. Utilize the possibility of rotating the spins on one sublattice to show 
that the ferromagnet corresponds to an attractive 5-function interaction and that 
the antiferromagnet corresponds to a repulsive 5-function. 
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